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CHAPTER 1

INTRODUCTION

An elliptic differential operator D on a compact manifold M is a Fredholm operator. The
only topological invariant for a Fredholm operator is the Fredholm index [Dou72], which is
defined to be dim(ker D) — dim(coker D). Fredholm index is a homotopy invariant. The
Atiyah-Singer index theorem calculates the Fredholm index of D in terms of its symbol
o(D) and M. This theorem establishes a bridge between analysis, geometry and topology
[AS1, AS3]. The Fredholm index is often related to the geometry of the manifold. An
example of this is that the nonnegativity of the scalar curvature implies the vanishing of
the Fredholm index for the Dirac operator.

Index theorems have been generalized to noncompact manifolds of various sorts. Elliptic
operators on noncompact manifolds are no longer Fredholm in the classical sense, but are
Fredholm in a generalized sense with respect to certain operator algebras. An important
topological invariant for an elliptic operator is the generalized Fredholm index, which lives
in the K-theory of an operator algebra. An early example of this was the index theorem for
almost periodic Toeplitz operators, which computes partially a generalized Fredholm index
[CDSS]. Some other examples are the index theorem for coverings [A76, MS, CM], for
foliations [CS], for homogeneous spaces of Lie groups [CM82], and for complete manifolds
of bounded geometry with regular exhaustions [R88]. in the case of a complete manifold
M, Dirac type operators on M are generalized Fredholm operators in the sense that they
are invertible modulo the Roe-algebra. Hence the indices of Dirac operators live in the
K-theory of the Roe algebra.

In this thesis we define the equivariant index map for proper group actions and prove
that this equivariant index map is injective for certain manifolds and groups. We also prove
that the index map [Y95, Y97] is injective for spaces which admit a coarse embedding into
a simply-connected complete Riemannian manifold with nonpositive sectional curvature,

which is the joint work with Qin Wang.



CHAPTER 1I
K-THEORY FOR C*-ALGEBRAS

In this chapter, we will review the K-theory for C*-algebras over C. All material in this

chapter is standard and can be found in most K-theory books, such as [Mur, T, W].

I1.1 The group Ky(A4).

Let A be a unital C*-algebra, and set

P(A) = |J {pe Mu(A):p* =p, p* =p}.
neN

Definition 1. Let p,q € P(A).

e We say p and q are equivalent, denoted by p ~ q, if p = uu* and ¢ = u*u for some

partial isometry u € My, (A).

e We say p and q are unitarily equivalent, denoted by p ~, q, if p = u*qu for some

unitary w in My, (A).

e We say p and q are homotopic, denoted by p ~p, q, if p and q are connected by a

norm continuous path of projections in P, (A).

Proposition 1. If p and q are in P(A), then
P~hq =P~y qg=p~g.
And

D p
pr~qg= ~u and p ~y q = ~h

This proposition tells us that those three equivalence relations are equivalent in P(A).

So let the equivalent classes be denoted by [-]. Let V(A) = P(A)/ ~ be the set of equivalent



classes of all projections in P(A). Define the addition in V(A) by

Lemma 1. V(A) is an abelian semi-group with additive identity 0 = [0].
If A, B are unital C*-algebras and if ¢ : A — B is a x-homomorphism, the induced map
¢« : V(A) — V(B) given by
¢« ([(ai)]) = [(#(ais))]

18 a well-defined homomorphism of semigroups.

Example 1. V(C) =NU{0}.

Definition 2. Let A be a unital C*-algebra. Ko(A) is defined to be the Grothendieck group
of V(A).

Example 2. K((C) =Z.

By the universal property of Grothendieck groups, the homomorphism ¢, : V(A) —
V(B) induced by some homomorphism ¢ : A — B extends to a group homomorphism

Definition 3. Let A be a non-unital C*-algebra and let AT be a unitization of A such that

AT /A =C. Let m: AT — C be the projection. Define
Ky(A) f yer {71'* : Ko(AT) — Ko(C) = Z} :

Example 3. Ko(Cy(R?)) = Z. This can be computed by the Bott periodicity Lemma 12.

Remark. When A is unital, we have
ker {7, : Ko(A") — Ko(C) 2 Z} = Ko(A),

where Ky(A) is defined in Definition 2. Therefore we use ker {m, : Ko(A1) — Ko(C) = Z}

to be the definition of Ky-groups of all C*-algebras.



Theorem 1. Let A be a C*-algebra.
1. Ko(A) is an abelian group.

2. The element of Ko(A) can be written as [p| — [1,], where p,1,, € M, (AT) for some m
and 1y, is the matriz with n 1’s in the diagonal and 0 elsewhere and p — 1, € M,,(A).

If A is unital, we can choose p, 1, € M,,(A).

Theorem 2. The homomorphism A — A QK by sending a — a ® ey, where e1 is a rank 1

projection in K, induces an isomorphism Ko(A) = Ko(A @ K).

Theorem 3. Let J be an ideal in A. Then the exact sequence 0 — J A A/ — 0

induces a short exact sequence of Ko-groups:
Ko(J) = Ko(A) = Ko(A/J).

Definition 4. Let A and B be C*-algebras.

1. Two homomorphisms ¢, : A — B are homotopic, denoted by ¢ ~p 1, if there is a
path {%}[0 1] of homomorphisms vy, : A — B, such thatt — ~,(a) is a norm continuous

path in B for every fized a in A and such that vo = ¢,v1 = 1.

2. A homomorphism ¢ : A — B is equivalence if there is another homomorphism 1 :

B — A such that ¢ oy and 1 o ¢ both are homotopic to the identity.

Theorem 4. When ¢g, ¢1 : A — B are homotopic, then ¢o. = ¢14 for the induced homo-

morphisms Ko(A) — Ko(B).

I1.2 The group K;(A) and the index map.

Let A be a unital C*-algebra, and let
U(A) = U {u € U,(A) : u is a unitary} .
neN

Definition 5. Let u and v be in U(A). We say that u and v are homotopic, denoted by

u ~p v, if they are connected by a norm continuous path of unitaries in Uy, (A).



Let the equivalent classes be denoted by []. Define the addition in U(A) by

Definition 6. Define K1(A) = U(A)/ ~} to be the set of equivalent classes of unitaries in

U(A).
Theorem 5. K;(A) is an abelian group.
Example 4. K;(C) = 0.

Definition 7. Let A a non-unital C*-algebra and let A* be a unitization of A such that

AT /A =C. Let m: AT — C be the projection. Define
Ky (A) % Ker {m, : Ky (AT) = Ky (C) =0},

Therefore, K1(A) = K1(A™).
Example 5. K;(Cy(R)) = K1(C(T)) = Z.
Theorem 6. Let A be a C*-algebra, then Ki(A) = K1(A® X).

Theorem 7. Let J be an ideal in A. Then the exact sequence 0 — J A A/ — 0

induces a short exact sequence of Ki-groups:
K1 (J) 25 Ky (A) I Ky (A) ).
Definition 8. The suspension of a C*-algebra A is the C*-algebra
SAY CoR = A) = Cy(R) @ A= Cy(0,1) ® A.
Theorem 8. For every C*-algebra A, there is an isomorphism

0: Ki(A) — Ko(SA).



Definition 9. For a C*-algebra A, define the K, (A) by
K, (A) = Kyo(S™A), n € N.

Theorem 9. When ¢o,¢1 : A — B are homotopic, then ¢o. = ¢1.« for the induced

homomorphisms K1(A) — K1(B).

u 0
Lemma 2. Let u € U(A). There exists v € U(A) such that is homotopic to
1 (A).

Lemma 3. If A and B are C*-algebras and ¢ : A — B is a surjective morphism, then
¢ extends to a unital surjective morphism ¢ : AT — BT that can lift unitaries in the

connected component of 1 in BT to unitaries in the connected component of 1 in AT,

Definition 10 (The Index Map). Let J be an ideal in a C*-algebra A and v € U((A/J)T).

u

0
Find a v € U((A/J)T) for which is homotopic to 1, € U((A/J)T). Let w €
0 v

U(A™T) be a unitary lift of
0 wv

The index map Ind : K1(A/J) — Ko(J) is defined by

d *
nd(z) < [wp,w*] - [pa],
where x = [u] € K1(A/J).
We remark here that [wp,w*| — [pn] € Ko(J). The reason is the following. Let 7 :
u 0 u* 0
A — A/J be the projection. Then 7 ;(wp,w*) = Dn = p,. Hence
0 v 0 wo*

wppw* € P(JT). And let 7 : J© — C. We have m.([wp,w*] — [pn]) = [pn] — [pn] = 0

because m(w)p,m(w)* ~y Pr.

Theorem 10 (The Long Exact Sequence). Let J be an ideal in a C*-algebra A. The



following sequence is exact everywhere:

s K () 2 K (A) T K (A)T) B Ko () 2 Ko(A) T Ko(A)).

I1.3 The Bott periodicity and the six-term exact sequence.

Let A be a unital C*-algebra. First, we can get the following characterization:
K1(SA) =2 {[f]|f € C(T — U(A)), f(1) ~p 1, for some n.}

This description tells that the elements in K;(SA) are loops in U(A). Let p € P(A), we
define

fo(t) = 2™ =1 4 p(e™ —1), VO<t<I1.
fp has the following properties.
° fp(t)* — (627ritp)* — 6—27ritp* — 6—27ritp — fp(*t),

o fp®)fp(=t) =1,

Therefore f, gives an element in K;(SA).

Lemma 4. Let A be a unital C*-algebra. Then the map

Ba: Ko(A) — Ki(SA)
pl=ld — [ffgl-

defines a group homomorphism.
Theorem 11. 34 is an isomorphism.

Combine Theorem 8 and Theorem 11, we have the following famous theorem.

Theorem 12 (Bott Periodicity). K3(A) = Ky(A).



Theorem 13 (Six-term Exact Sequence). Let A be a C*-algebra and let J be an ideal of

A. The following loop is exact every where

Ko(J) —— Ko(A) —— Ko(A/J)

I |

Ki(A)J) «—— Ki(A) «—— Ki(J).



CHAPTER III
EQUIVARIANT K-HOMOLOGY

In this chapter, we will review the equivariant K-homology. Since K-homology has its root
in differential operators, we first review Sobolev spaces and the first-order partial differential

operators. This chapter is based on [KAS88, HR00].

ITI.1 Sobolev spaces and first-order partial differential operators
Let 8§ be the Schwartz class of R™ which is the set of all smooth complex-valued functions

on R"™ such that for all a, 3, there exists a constant C, g such that
|2°DE f| < Cap,

B Bn
where 2% = 281 ... 2% and D§ = (—i)f+thn (%) b (%) . The extra factors
of (—i) defining D,f are present to simplify later formulas. The functions in 8 have their
derivatives decreasing faster at infinity than the inverse of any polynomials. Let C§°(R™)

denote the set of smooth functions with compact support on R", then it is a dense subset

of 8.

Definition 11. Let u be a smooth, compactly supported function on R™. Let s be a non-

negative real number. The Sobolev s-norm of w is the quantity ||ul|, defined by
a2 = [ 1+ 1€R)Tate) P
where U s the Fourier transform
u(§) = /n e Ty () d.

If U is an open subset of R™ then the Sobolev space H*(U) is the completion in the Sobolev

s-norm of the space of smooth functions on R™ which are compactly supported in U.



The Plancherel formula from Fourier theory asserts that

| uta)Par = o [ iR

Thus, up to a multiplicative constant, the Sobolev 0-norm is the same thing as the ordinary
L2morm. If s; > so then [[ull,, > [ull,,. It follows that H*'(U) may be regarded as a
(dense) subspace of H*2(U). In particular all of the Sobolev spaces H*(U) can be regarded
as subspaces of the Hilbert space L2(U).

If w is a smooth, compactly supported function on R", then the Fourier transform of

the function D%u is the function £*4(§).

Theorem 14. If s > 0 and s € N, then the Sobolev s-norm is equivalent to the norm

\/Z 1D oy

a<s

This theorem follows from Plancherel’s theorem that

a, |12 _ 1 2| (Y2
S 12"l = e 3 | eapas

a<s

and the fact that the function > £2* and (1+4|¢]?)*® are bounded multiples of one another.
Roughly speaking the Sobolev space H*(U) consists of functions supported in U all of
whose derivatives of order s or less belong to L(U).

In order to globalize the Sobolev norms to manifolds we shall need the following lemma:

Lemma 5. If o is a smooth function on an open set U C R™ whose derivatives of all orders
are bounded functions on U, then pointwise multiplication by o extends to a bounded linear
operator on H*(U), for every s. In addition, if ® : U' — U is a diffeomorphism from
one open set in R™ to another whose derivatives of all orders are bounded functions, then

the operation of composition with ® extends to a bounded linear operator from H*(U') to

H(U).

Suppose now that M is a compact smooth manifold. Choose a finite coordinate cover

{U;} for M and a partition of unity {o;} subordinate to this cover. Using this structure

10



any function on M can be broken up into a list of compactly supported functions on R"; we
construct a Sobolev s-norm of the function on u by combining the s-norm of the constituent

pieces oju, which we regard as compactly supported function on R™. Thus:

2 2
lulls = lloyully -
J

This norm depends on the choice we made, but the different sets of choices give equiv-

alent norms.

Definition 12. Let M be a compact smooth manifold. The Sobolev space H*(M) is the

completion of C*°(M) in the above Sobolev s-norm.

Theorem 15 (Rellich Lemma). Let {f,,} € 8 be a sequence of functions with support in a
fized compact set K C R"™. We suppose there is a constant C so || fml||, < C for all m. Let

s >t. There exists a subsequence fp,, which converges in Hy.
Definition 13. A first-order partial differential operator on R™ is

D= Aj(z)D; + B(z)

r<m

where D = —i(ﬁ for all1 < j < n and Aj(x) and B(x) are in My(C*>(R™)) for some
j

p e N.

Example 6. On the plane R2, let

0 -1 0 i
D= . .
1 0 |97 :

Then D is a first-order partial differential operator on R2.

Definition 14. Let M be a smooth manifold. A first-order partial differential operator
p

A

on M is a linear map P on C°(M)&--- & C>®(M) such that on each local coordinate

{$17 e 7*7:71}:

D =) Aj(x)D; +B

Jj<n

11



where Dj = —ia%j and Aj(x) and B are in M,(C*(R")).

Remark. In fact, we can define first-order partial differential operators on vector bundles
on M. In this case, we use the smooth sections to replace C°°(M). Recall that an m-

dimensional complex vector bundle is a triple n = (p, E, X') such that
1. E and X are topological spaces,

2. p: E — X is a continuous map such that for each z € X, p~!(z) is an m-dimensional

vector space.

3. for each = € X, there is a neighborhood U C X such that p~!(U) is isomorphic to
U xCm™.

A section of n is a map s : X — FE such that pos =1id : X — X. Let (p, E, X) be a
vector bundle over X and X and E be smooth manifolds, a section s : X — FE is smooth

if it is smooth as a map from X to E.

d
Example 7. On the unit circle T, D = —i@ is a first-order partial differential operator

on T.

Definition 15. Let & = (&1, , &) € R and p(x, ) ZA )& + B(x). Then the
partial diﬂerentz’al operator defined in definition 13 can be wrztten as P = p(x,D). Let
ZA &i. o(x,€) is called the symbol of P.

Definition 16. Let P be a partial differential operator on R™ and let o(x,§) be the symbol

of P. If o(x,§) is invertible for all x € R™ and {(# 0) € R™, we call P elliptic.

Theorem 16 (Garding’s Inequality). Let D be a first-order partial differential operator on
M and let K be a compact subset of M. If D is elliptic over a neighborhood of K then there

1s a constant ¢ > 0 such that

lull 2ary + 1Dull p20p) = €llull gk s

for all u € H'(K).

12



Example 8. H!(T) is the completion of { > ane™ € C(T)| Y,z n?lan]? < oo} in the
nez
Sobolev 1-norm, i.e. |[ully = [|f]| L2y + DSl 2

Definition 17. An unbounded Hilbert space operator T is closable if the norm-closure of
its graph is the graph of another unbounded operator, called the closure of T and denoted
T.

Lemma 6. Fvery differential operator D is closable.

Definition 18. An operator which has a unique self-adjoint extension is said to be essen-

tially self-adjoint.

Theorem 17 (Sobolev Embedding Theorem). If s > & + k, then H*(R") is included
within C'(lf(]R") the Banach space of k-times continuously differentiable functions on R™,

whose derivatives up to order k vanish at infinity.

Proof. We need to show that the C*-norm of a smooth, compactly supported function is
bounded by a multiple of the Sobolev s-norm, whenever s > 5 + k. This will imply that the
identity map on C2°(R") extends to a continuous map of H*(R") into C*(R"), as required.

If |o| < k, we compute, using the Fourier inversion formula, that
Du(z) = / eSTEq(€)dE.
Therefore, by the Cauchy-Schwarz inequality,
DR < [(1+ €)7o (14 €)la(e) P

If s> § 4k and k > |af then the first integral is finite. Taking the square roots we get the
required estimate

sup [D%u(z)| < C'|Jull,
X
for some constant C'. O]

Theorem 18 (Elliptic Regularity Principle). Let M be a smooth manifold and U C M. If

D s elliptic over U and if u is a distribution such that Du is smooth over U, then in fact

13



u itself is smooth over U.

To prove this theorem, we need the Sobolev Embedding Theorem and Garding Inequal-
ity. The Garding Inequality implies that the eigenvectors of elliptic operators on compact
manifolds belong to every Sobolev space H*(M). The Sobolev Embedding Theorem asserts
that N, H*(M) is made up entirely of smooth functions on M.

It is immediate from the definition of the Sobolev space that every first-order differential

operator D is bounded when considered as an operator from H'(K) to L?(M).

Theorem 19. Let M be a manifold and let D be an essentially selfajoint differential oper-
ator on M. If D is elliptic over an open subset U C M then for every ¢ € Co(R) and every
g € Co(U) the operator p(g)¢(D) : L*(M) — L*(M) is compact.

To prove this theorem, we need the Rellich Lemma and Garding Inequality. First we
factor the map as follows:
p(9)d(D) : L*(M) — H'(K) — L*(M)
where ¢ is a compactly supported function and K is the compact support of ¢. The first
map is bounded via the Garding Inequality, the second map is compact via Rellich Lemma.

Theorem 20. Let M be a compact smooth manifold and let P be an elliptic differential

operator on M. Then P has closed range, ker P and coker P are finite dimensional.

Example 9. For the differential operator D in Example 7, ker D is the set of all constant

functions and of dimension 1. coker D is the same.

Definition 19. Let M be a smooth manifold. An ungraded Fredholm module is a triple
(H, ¢, F) such that

1. H is a Hilbert space;
2. ¢:Co(M) — L(H) is a homomorphism;

3. F € L(H) such that ¢(f)(F*F —1I), ¢(f)(FF*—1) and [¢(f), F] are in K(H).

14



Example 10. We show that the differential operator D in Example 7 induces an ungraded

Fredholm module. Let H = L*(T), ¢ : C(T) — L(H) is the multiplication operator, i.e.

o(f)(g) = fg for all f € C(T) and g € H. D is unbounded on H, F = D s a

VIiD?

bounded operator on H. Let us check the conditions in the definition 19.
(1) o(f)(FF*—1I) and ¢(f)(F*F —I) are in KX(H).

Since T is compact, we only need to show that FF* — I, F*F — I are compact.

= —(—1) f(t)%ﬁdt (integration by parts)
T

- [ ro-iga

= ([, Dg).

So D is symmetric, then F* = F and FF*—1 = F*F —I = (I+D?)~!. Since the spectrum
of Dis {0,£1,42,--- ,+n,---}, FF* — [ = F*F — [ = (I + D*)~! are in X(H).

(2) [¢(f), Fl € X(H).

On the standard basis {e™ } D(e™) = ne™ and F(e™) = ————=e". Let f =
V1+n?

nez’

efmot ¢ O(T),

: + my n ;
Ff— fF)(e™) = n o ez(n—l—mo)t.
( f f )( ) (\/1+(n+m0)2 \/1+n2>
Hence [F, f] is a shift operator and n+ Mo — n approaches 0 when n ap-

1+ (n+mp)? V1+n?

proaches infinity. So [F, f] can be approzimated by finite rank operators. This means that
[F, f] is a compact operator on H. For any f € C(T) and € > 0, we can find a finite sum
g(t) = Zl: ajeijt such that ||f — g|| < €. Since g is finite sum of compact operators, f is a
compacjt:;;erator.

Therefore (H, ¢, F) is an ungraded Fredholm operator on T.

Definition 20. Let M be a smooth manifold. A graded Fredholm module is a triple (H, ¢, F')

such that

1. H is a Zo-graded Hilbert space;

15



2. ¢:Co(M) — L(H) is a homomorphism of degree 0;
3. F € L(H) is of degree 1 and ¢(f)(F — F*), ¢(f)(F? — 1) and [¢(f), F] are in K(H).

Example 11. We show that the differential operator D in FExample 6 induces a graded
Fredholm module. Let H = L*(R?) @ L?(R?), ¢ : Co(R?) — L(H) is the multiplication

operator, i.e. ¢(f)(g1 ® g2) = (fg1 ® fgo) for all f € Co(R?) and (g1,92) € H. Let

0 -0,
0, = i — zi and 05 = i + ii, then D = 1s unbounded on H,
8$1 81’2 afbl 8332 O 0

D
F = ——— 15 a bounded operator on H. Let us check the conditions in the definition 20.
VI+D? P fi
(1) (f)(F — F*) € K(H).
First for f1, fo € COO(RQ),

(=0:f1, f2) = (f1, 0z 2)-

Then for f & g,h@® 1 € C*(C) & C=(C),

(D(feg)h@l)=(-0.980:f,h&l)
= (=0:9,h) + (0:1,1)
= (g,0:h) + (f, =0.1)
= (f ®g,—0,l ® 0zh)

= (f &g, D(h&l)).

So D is symmetric, then F* = F and ¢(f)(F — F*) = 0 for all f € Cy(R?).
(2) o(f)(F? = 1I) € X(H).
Let f € C°(R?) be a compactly supported smooth function on R%. That ¢(f)(F? —1) is a

compact operator follows from Rellich Lemma.
(3) [F, f] € K(H).

Here we have a formula

16



Since the D is symmetric, the above formula comes from the integration

x 2 [ x 1 _1
\/1+a:2_7T/0 a2 (/1+>\2d’\_tan (A)-

Then for any f € C°(R?),

2 [ 1 1
F fl== e (A + N2+ DHDf — DA+ N+ D?)) ———d
L7, f] 7r/0 1+ X2+ D2 (2% + DIHDS = fDA+ A"+ ))1+)\2+TD? A
2 [ 1 1
= — — e (1+X)[D D[f,D]D) ————=dA\.
7T/0 e 2 (L AD: A+ DU PID) o
Sz'ncelJri)\2 is uniformly bounded and [D, f] is compactly supported 14 D, f] !
L4 22 p2 o ’ PACRY SUpPpoTtet T ey o T e 4 o2

is uniformly bounded and [f, D] is

D
is compact by Rellich Lemma. Similarly, T3 1 D2

compactly supported, TF 21 D2 [fs D]l v L D2 1s compact by Rellich Lemma. Both
1
Tr e D2 and ‘1—1-)\24-@2 approach 0 when X\ approaches infinity. Then for any

bounded interval [0, a] in [0,00), the integral

2 1 ) 1
Fa—w/[o’a] e D (1 + A)[D, f] + D[f, D]D) 1+)\2+D2d)\

is compact. When a is big enough, |F, — [F, f]|| can be smaller than any given positive

number, therefore [F, f] is compact.

II1.2 Equivariant K-homology
Let M be a Riemannian manifold, and let I' act on M properly and isometrically. Recall

that I' acts on M properly in the sense that the map

XxI' - XxX

(z,7) (vz, )

is proper, i.e. the preimage of compact sets are compact. In this case we call X a proper

I'-space.

Definition 21. Let H be a separable graded Hilbert space with I' action. For v € T' and
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F € L(H), we define v(F) € L(H) as

forallx € H.
Definition 22. Let X be a proper I'-space. A graded equivariant Kasparov I'-module over
X is a triple (H, ¢, F') satisfying

(1) H is a separable graded Hilbert space with T' action;

(2) ¢:Co(X)— L(H) is a *-homomorphism of degree 0;

(3) F € L(H) of degree 1 such that the graded commutator [F,¢(f)], (F? — 1)¢(f),
(F—F*)o(f) and (v(F) — F)o(f) are all in K(H) for all f € Cy(X) and v € T.
If [F.o(f)] = (F* = Do(f) = (F = F*)é(f) = 0 for all [ € Co(X), we call (H,¢,F)
degenerate.

In the next definition, we give three equivalence relations between graded equivariant

Kasparov I'-modules.

Definition 23. 1. Let (H, ¢, F}) be a graded equivariant Kasparov I'-module over X for
t € 0,1]. If the map t — F} is norm continuous, we call that (H, ¢, Fy) is operator

homotopic to (H, ¢, F1);

2. Let (H,$,F) be a graded equivariant Kasparov T'-module over X, H' be a Hilbert
space and U : H' — H be a unitary isomorphism preserving the grading. Then
(H',U*¢U,U*FU) is a graded equivariant Kasparov T'-module and we call it is uni-

tarily equivalent to (H, ¢, F);

3. Let (H,¢,F) and (H,¢, F'") be graded equivariant Kasparov I'-modules over X and
the (F — F")¢(f) is compact for all f € Co(X). We call that (H, ¢, F') is a compact
perturbation of (H, ¢, F).

Operator homotopy implies compact perturbation. The linear path will give the homo-

F+F* to

topy. And now we can normalize F' such that F' is self-adjoint. In fact we can use =%

replace F' and they are the compact perturbation to each other.
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Definition 24. We denote by EOF(X) the set of all equivalence classes of graded equiv-
ariant Kasparov I'-modules and denote by Dg(X) the set of equivalence classes containing

degenerate elements in E}. We set K§ (X) = E} (X)/D{(X).

Lemma 7. K} (X) is an abelian group with addition given by direct sum (Hy,¢1, Fy) @
(Ha, 2, Fy) = (H1 ® Ha, 1 ® @2, F1 B Fy). Any degenerate module will give the zero element
and —[(H, ¢, F)] = [(H?, ¢, —F)] where H? = H as a Hilbert space but with the reverse

grading.
Similarly we can define the K;(X).

Definition 25. Let X be a proper I'-space. An ungraded equivariant Kasparov I'-module

over X is a triple (H, ¢, F) satisfying
(1) H is a separable Hilbert space with T' action;
(2) ¢:Co(X)— L(H) is a *-homomorphism;

(3) F € L(H) such that the commutator [F,¢(f)], (F? — 1)o(f), (F — F*)¢(f) and
(v(F) — F)o(f) are all in X(H) for all f € Co(X) and v € T.

If [F.o(f)] = (F* = Do(f) = (F = F*)é(f) = 0 for all f € Co(X), we call (H,¢,F)

degenerate.

Similarly, we give three equivalence relations between ungraded equivariant Kasparov

I'-modules.

Definition 26. 1. Let (H, ¢, F}) be an ungraded equivariant Fredholm I'-module over X
for t € [0,1]. If the map t — F; is norm continuous, we call that (H, ¢, Fy) is

operator homotopic to (H, ¢, F1);

2. Let (H,¢, F) be an ungraded equivariant Fredholm T-module over X, H' be a Hilbert
space and U : H' — H be a unitary isomorphism. Then (H',U*¢U,U*FU) is
an ungraded equivariant Kasparov I'-module and we call it is unitarily equivalent to

(H7 ¢7 F) 7.
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3. Let (H,¢,F) and (H, ¢, F') be ungraded equivariant Fredholm T'-modules over X and
the (F — F")¢(f) is compact for all f € Co(X). We call that (H, ¢, F') is a compact
perturbation of (H, ¢, F).

Operator homotopy implies compact perturbation. The linear path will give the homo-

topy. We can normalize F' such that F' is self-adjoint.

Definition 27. We denote by E} (X) the set of all equivalence classes of ungraded equiv-
ariant Fredholm T-modules and denote by DY (X) the set of equivalence classes containing

degenerate elements in E}. We set K1 (X) = EY (X)/D}(X).

Lemma 8. K| (X) is an abelian group with addition given by direct sum (Hy,é1,F1) ®
(Ha, g2, Fo) = (H1® Ha, 01 D 2, F1 B Fy). Any degenerate module will give the zero element
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CHAPTER IV

COARSE GEOMETRY

In this chapter, we study the coarse structure for metric spaces and compute the K-groups
of the C*-algebras associated to several examples. This chapter is based on [HRY, HR0O0,
Y95, Y97].

Definition 28. Let X, Y be metric spaces. The map f: X — Y is called coarse if

o for any s > 0, there exists r > 0 such that for any x1,x2 € X and dx(x1,z2) < s,

dy (f(z1), f(z2)) <,

e for any R > 0, there exists S > 0 such that for any x1, 22 € X and dy (f(x1), f(x2)) <
R, dx(l'l,xg) < S.

Definition 29. Let X be a metric space and let S be any set. Two maps ¢1,¢2 : S — X

are close if

ilelg d(¢1(s), p2(s)) < oc.

Definition 30. Let X,Y be metric spaces. The maps f,g : X — Y are called (coarsely)

equivalent if f,g are close.

Definition 31. Let X,Y be metric spaces. X,Y are called (coarsely) equivalent if there

erist f: X =Y and g:Y — X such that f o g is close to idy and go f is close idx.

Let X be a proper metric space (a metric space is called proper if every closed ball is
compact). An X-module is a separable Hilbert space equipped with a faithful and non-
degenerate *-representation of Cy(X ) whose range contains no nonzero compact operators,
where Cp(X) is the algebra of all complex-valued continuous functions on X which vanish

at infinity.

Definition 32. Let X and Y be proper metric spaces, and let Hx and Hy be X-module

and Y -module, respectively.
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1. The support Supp(T) of a bounded linear operator T from Hx to Hy is defined to be
the complement (in X xY ) of the set of points (z,y) € X x Y for which there exist

functions ¢ € Co(X), ¥ € Co(Y') such that YT =0 and ¢(x) # 0, ¥(y) # 0.

2. The propagation of a bounded linear operator T : Hx — Hx is defined to be
sup {d(az,y) : (z,y) € Supp(T) C X x X}.

3. A bounded linear operator T : Hx — Hx 1is said to be locally compact if the operators

¢T and T'¢ are compact for all ¢ € Cy(X).

Definition 33. Let Hx be an X -module. The Roe algebra C*(X, Hx) is the operator norm

closure of the x-algebra of all locally compact, finite propagation operators acting on Hx.

Example 12. Let X be a bounded metric space and let Hx be an X-module. Then
C*(X,Hx) = X because local compactness implies compactness and every operators in

L(Hx) have finite propagation.

Lemma 9. Let X,Y be metric spaces and let Hx, Hy be X and Y -modules, respectively.
Let f : X =Y be a coarse map. There is an isometry Vy : Hx — Hy such that for some
R >0,

Supp(V) C {(z,y) € X x Y|d(f(z),y) < R}.

We call that Vy covers f.

With Vy as above, Ad(Vy)(u) = Vyu(Vy)* for v € C*(X,Hx) maps C*(X,Hy) to

C*(Y, Hy). Clearly this V} is not unique.
Lemma 10. Let Vi, Vs be two isometries satisfying the above lemma. The induced maps
on K-theory are equal:
Ad(V1)s = Ad(Va)y : Ki(C*(X,Hx)) — K.(C*(Y, Hy)).
Let X be a metric space and let H; and Hy be two X-modules. The identity map
id : X — X induces an isomorphism id, : K.(C*(X,H;)) — K.(C*(X, H2)). So up to
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isomorphism, K, (C*(X, H1)) does not depend on the choice of X-modules. If f,g: X — Y

are close and Vy covers f, then V; covers g too. We have
Lemma 11. Let X, Y be two coarsely equivalent metric spaces, then K, (C*(X)) = K.(C*(Y)).

Example 13. K,(C*(Z)) = K,(C*(R)).
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CHAPTER V

EQUIVARIANT INDEX THEORY AND NONPOSITIVELY-CURVED
MANIFOLDS

In this chapter, we will define the equivariant higher index map and prove the following

theorem.

Theorem 21. If X is a simply-connected complete Riemannian manifold with nonposi-
tive sectional curvature and I' is a torsion-free discrete group acting on X properly and

1sometrically, then the equivariant higher index map

Ind: KN (X) — K. (C*(X)1)

18 injective.

V.1 The equivariant higher index map.
In this section, we will define the equivariant higher index map. Let X be a complete
Riemannian manifold and let I' be a torsion-free discrete group acting on X properly and

isometrically, where the I' action on X is proper in the sense that the map

XxI' - XxX

(,7) (vz,z)

is proper, i.e. the preimage of a compact set is compact. I' acts on X isometrically if
d(yx,vy) = d(z,y) for all v € " and z,y € X. In this case, we call X a proper I'-space. If

I" is torsion-free, the properness of the I' action implies that the I' action is free.

Definition 34. An X-module is a Hilbert space H equipped with a x-homomorphism ¢ :
Co(X) — L(H) of C*-algebras. If H is 7Z/27Z-graded, we require that ¢(f) is of degree 0
for all f € Co(X). An X-module H is called adequate if $(Co(X))H = H and there is no
non-zero element in Co(X) acting on H as a compact operator. In this paper, we denote

&(f)v by fv for allv € H.
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Definition 35. Let X be a proper I'-space. For v € T and f € Cy(X), we define v(f) €
Co(X) as
(@) = f(y (=)

forx e X.

Definition 36. Let H be an X-module. We say that H is a covariant X -module if it is
equipped with a unitary action p of T', i.e. p: T — W(H) is a group homomorphism from
I to the set of all unitary elements in L(H), compatible with the action of I' on X, in the
sense that for allv e H, f € Cy(X) andy €T

ForyeTl and T € L(H), we define v(T) € L(H) as

V(T)(v) = p(NTp(7)"(v)

forv e L(H). In this paper, we assume that all X -modules are adequate and covariant.

Definition 37. Let Hx be an X-module. A bounded operator T : Hx — Hx is I'-invariant
if y(T) =T forally€T.

Definition 38. The equivariant Roe algebra C*(X)' is the operator norm closure of the

x-algebra of all locally compact and I'-invariant operators with finite propagation in L(Hx).
Lemma 12. The Roe algebra C*(X)'' does not depend on the choice of the X -module Hy .

The proof is similar to Lemma 6.2 in [Y95].
To define the equivariant higher index map, we need to make locally almost I'-invariant

operators in K(l; (X) to be I'-invariant by a I'-averaging process.

Lemma 13. Let X be a metric space and I' be a torsion-free discrete group acting on X
properly. If (Hx, ¢, F) is a cycle for K{ (X), then there exists another operator F' € L(Hx)
such that

[(Hx,¢,F)] = [(Hx, ¢, F')] € K] (X)
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and

Y(F') = F' for all v € T.
The same result is also true for cycles for K§ (X).

Proof. We only prove it for cycles for K} (X). The proof for cycles for K} (X) is similar.
Since the I' action on X is proper and I' is torsion-free, we can find a cover {U;}ier of X
such that U; is I'-equivariantly diffeomorphic to I' x O;, where O; is an open subset of some
vector space and ({71} X O;) N ({72} x O;) = 0 for 1,72 € T and 71 # 2. To simplify
notations, we identify U; with I' x O;. Let {¢;};cr be the partition of unity subordinate to

the cover {U; }icr. Let

FY =% 62Fgt =S F

iel iel
11
where Fj' = ¢2 F¢? for i € I and ) ,; F} converges in strong operator topology. For all
f e C(X),

JP-F) = <Z¢§ (¢§F—F¢>§>>

i€l
is a finite sum and therefore compact. Hence (Hx,®, F) and (Hx, ¢, F") represent the
same element in K] (X).
Choose x; € Co(X) such that x;~(z) = 1 when = € {7} x O; and x;~(z) = 0 when
x¢{y} xO; foryeT and i€ I. Let

Giy = XinFi Xiy
for y € I" and i € I. Then for all f € Cy(X)

f(FzH - Z Gin)

vyerl’
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is compact, where the infinite sum converges in strong topology. For any f € C.(X),

FAD (Gin =7(Gi) | = F D XinF Xioy — VX FY Xier ™
~ver ~yel

=" o (FE = A(FD) xin

vyer

is a finite sum and therefore compact. Let I} = > 1 7(Gi¢) and F' = 37, ; I, then

el
f(F' — F") is compact for all f € Co(X), therefore [(Hx, ¢, F")] = [(Hx,$, F")] € KT (X)
and y(F') = F' for all y € T.

O]

Now let us define the equivariant higher index map. Based on Lemma 13, let (Hx, ¢, F)

be a cycle for K} (X) such that F is T-invariant and has finite propagation. If we have

0
the decomposition F' = , then U is a multiplier of C*(X)! in the multiplier

U 0
algebra M (C*(X)') and U is a unitary modulo C*(X)!' and 9(U) € Ko(C* (X)), where 0
is the boundary map: Ki(M(C*(X)')/C*(X)) — Ko(C*(X)"). 0(U) depends only on
the class [(Hx, ¢, F)] in K} (X). Similarly, if (Hy, ¢, F) is a cycle for K}'(X) such that F
is T-invariant and has finite propagation. Then F is a multiplier of C*(X)' and # is a
projection modulo C*(X)". Hence O[HTF] € K1(C*(X)"), where 0 is the boundary map:
Ko(M(C*(X)T)/C* (X)) — K1 (C*(X)T). 0[LEE] depends only on the class [(Hx, ¢, F)]

in KT (X).
Definition 39.
1. Let [(Hx, ¢, F)] € K} (X) such that F is T-invariant, self-adjoint and has finite prop-

0 Vv
agation. If F = , define
U 0

Ind : K5 (X) = Ko(C*(X)D)

by Ind([(Hx, ¢, F)]) = O(U), called the T'-index of [(Hx, ¢, F)] in Ko(C*(X)');
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2. Let [(Hx, ¢, F)] € K (X) such that F is I'-invariant, self-adjoint and has finite prop-
agation. Define
Ind : KT (X) — K (C*(X)1)

by Ind([(Hx, ¢, F)]) = 8[#], called the T-index of [(Hx, ¢, F)] in K1(C*(X)V).

V.2 Local index theorem.
In this section, we construct the associated localization algebra C(X)', define the local
I'-index map

Indy, : KI'(X) — K.(CH(X))

and prove the local index theorem.

Definition 40. The localization algebra C’Z(X)F is the norm-closure of the algebra of all
uniformly bounded and uniformly norm-continuous functions f : [0,00) — C*(X)' such

that

sup{d(m,m’) : (m,m’) € supp(f(t))} — 0
as t — oo.

Let’s define the associated local I'-index map. For each positive integer n, let {Up,;}; be
a locally finite and [-invariant open cover for X such that diameter(U,,;) < = for all i. Let
{#n.i}i be a continuous partition of unity subordinate to {U, ;};. Let [(Hx, ¢, F)] € K} (X).

Define a family of operators F'(t) (¢ € [0,00)) acting on Hx by

1 1

1 1 1
F(t) =Y (L= (t=n)gp Foz, + (t —n)obp,, ;For,,)
i
for all ¢t € [n,n + 1], where the infinite sum converges in strong topology. Notice that the
propagation of (F'(t)) — 0 as t — oo.

Definition 41.

1. Let (Hx,¢,F) be a cycle for K (X) such that F is T-invariant, self-adjoint and has
0 V()
finite propagation. Define F(t) as above and assume that F(t) =
Uuit) 0
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The local index map

Indy, : K} (X) — Ko(Cp(X)D)

is defined by Indy,([(Hx, ¢, F)]) = [0(U(t))], called the local T-index of [(Hx, ¢, F)] in
Ko(CL(X)Y);

2. Let (Hx,$,F) be a cycle for K1 (X) such that F is T-invariant, self-adjoint and has

finite propagation. Define F(t) as above. The local index map
Indy, : K{ (X) — K1(C5 (X))

is defined by Indy,([(Hx, ¢, F)]) = [8(%“”)}, called the local T'-index of [(Hx, ¢, F)]
in K1(C3(X)D).

Next we will use Mayer-Vietoris argument to show that the local I'-index is an isomor-
phism. Since I' acts on X properly, X is covered by sets of the form I' xz U, where U
is F-equivariantly contractible and F' is a finite subgroup of I' ([BCH]). The existence of
Mayer-Vietoris sequence for localization algebras without group action has been proved in
[Y97] and [HRY]. Then the existence of Mayer-Vietoris sequence for localization algebras

with a proper group action follows from those two results.

Theorem 22. Let X be a metric space and let I' be a torsion-free discrete group acting
on X properly and isometrically. If X1 and Xo are two I'-invariant open subspaces of X
endowed with the subspace metric and are proper I'-spaces such that X = X1 U Xo and

A = X1 N Xo, then we have the following siz term exact sequence

Eo(CHA)T) —— Ko(CL(X1)") & Ko(CL(X2)") —— Ko(CL(X)")

T

Ki(Cp(X)) «—— Ki(CL(X1)") & Ki(CE(X2)") «—— Ki(CL(A)") .
The proof of this requires a couple of lemmas.

Definition 42 ([HRY]). Let U be a I'-invariant open subspace of a I'-space X and let
Hys be an X -module. Denote by C*(U; X)U the norm closure of the set of all locally com-

pact, finite propagation and I'-invariant operators T on Hpyp whose support is contained
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in {x € X|d(z,U) < R} x {z € X|d(z,U) < R}, for some R > 0 (depending on T'). De-
note by C (U, X)U' the norm closure of the algebra of all uniformly bounded and uniformly

continuous functions f : [0,00) — C*(U; X)'' such that

sup {d(m,m') i (m,m’) € supp(f(t))} —0

ast — oo.

Lemma 14 ([HRY]). Let Hy, and Hy, be adequate Y1 and Ya-modules and let F : Y1 — Y»
be a I'-invariant coarse map. The exists a I'-invariant isometry V : Hy, — Hy, such that
for some R >0

supp(V) C {(y1,y2) € Y1 x Ya|d(F(y1),y2) < R} .

Clearly C;(U; X)U is a closed two-sided ideal in C3(X)'. If V : Hy — Hy is a I-
invariant isometry associated to the inclusion morphism U — X as in the previous lemma,

then the range of the map Ad(V) : O3 (U)'' — C3(X)! lies within C} (U; X)'.

Lemma 15 ([HRY]). The induced map
Ad(V) : K (CL(U)") — K.(CLU; X)")

s an isomorphism.

The Proof of Theorem 22. Observe that CF(X1; X)I' and CF(X2; X)U are ideals of
C3(X)V and O3 (X1; X))V + C;(Xo; X)U' = C3(X)F. The Theorem follows from Lemma 15

and the Mayer-Vietoris sequence on page 90 in [HRY].
Theorem 23. Indy, : KL (X) — K.(C:(X)V) is an isomorphism.

Proof. The required isomorphism may be shown by Mayer-Vietoris argument, based on the
fact that X is covered by sets of the form I' x U, where U is contractible. Let P be a
one-point set. Note that P is homotopic to U. By Mayer-Vietoris sequence and the five

lemma it suffices to show that for a single such space I' x U the map

Ind, : KN(I x U) — K, (C3(T x U)D)
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is an isomorphism. For this, it suffices to show that
Indy, : KI(I' x P) — K.(C; (T x P)V)

is an isomorphism. Both sides are isomorphic to the K-theory of compact operators, there-

fore it is an isomorphism.

V.3 Twisted Roe algebras and twisted localization algebras.
In this section, we define certain twisted Roe algebras and twisted localization algebras. In
the case of coarse embedding into Hilbert space, these algebras are introduced by Yu in
[Y00].

Assume that X is a proper I'-space. Let X x R be the metric space with the product

metric. Define the I' action by

Y(x,r) = (yz,7)
for vy € T" and (z,r) € X x R. Note that this I" action is proper and isometric.

Lemma 16.

K(CH(X x R)F) = K; 4 (C*(X)T))
fori=20,1.

By the six-term exact sequence, we only need to show that K;(C*(X x RT)') = 0 for

i = 0,1. This proof is the same as the proof when I is trivial.

Lemma 17. The following diagram commutes

KN(X xR) 24, K;(C*(X x R)T)

~| y |=

K (X) —= Ki(C*(Xx)h)
fori=0,1.

This is the naturality of the index map.
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Based on these two lemmas we only prove Theorem 21 for even-dimensional manifold
X. Let A = Cp(X, Cliff(TX)). Choose a countable dense subset X’ of X such that X’ is
I'-invariant.

Let C*

alg(X,A)Q, be the set of all functions 7" on X’ x X’ such that

(1) T(z,y) e A® X for all z,y € X', where X is the algebra of compact operators;
(2) 3 L > 0 such that T'(z,y) =0 if d(z,y) > L for all z,y € X;

(3) 3 r > 0 such that support(T(x,y)) C B(x,r) for all z,y € X;

(4) v(T) =T for all v € I', where v(T)(z,y) = Y(T(yv*(x),7(y))):

(5) 3 M >0 and N > 0 such that [|T(z,y)|| < M for all z,y € X', and for each y € X',

#{z: T(w,y) £0} < N, #{z : T(y,z) £ 0} < N.

We define a product structure on C’;‘lg(X,A)% by:

(TlTZ)(x7y) = Z T1(357 Z)TQ(Zvy)‘
zeX’

Let

E:{Zax[a:]:axe./l@ﬂ(,Za;ax<oo}.

zeX’ zeX’

FE is a Hilbert module over A ® X:

<Z axr], ) bx[x]> = aibs,

zeX’ zeX’ rzeX’

(Z ax[ac]> a= Z agalx]

xeX/’ rzeX’

for all a € A ® X and Z aglz] € E.
reX'’

C4.(X,A)%, acts on E by:

alg

T (Z am[m]) =y <Z T(%éﬂ)%) (],

reX’ yeX’ \zeX'’
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where T" € Cp, (X, A)L, and Z az[x] € E. T is a module homomorphism which has an

rzeX’
adjoint module homomorphism.

Definition 43. C*(X,A)" is the operator norm closure of Coig(X, A)Y, in B(E), the
C*-algebra of all module homomorphisms from E to E for which there is an adjoint

module homomorphism.

Remark ([Y00]). The twisted equivariant Roe algebra C*(X,.A)" does not depend on the
choice of X'.

Let C}; alg (X, A)E(, be the set of all uniformly continuous and uniformly bounded functions

g:[0,00) = C3y

(X, A)%, such that

(1) 3 a bounded function r(t) : Ry — R4 such that lim r(¢) = 0 and if d(z,y) > r(t),

t—o0

g(t)(z,y) =0 for all z,y € X

(2) 3 R > 0 such that supp(g(t)(x,y)) C B(x,R) for all z,y € X and ¢ € [0, 00).

Definition 44. C} (X, A)'' is the operator norm closure of C; alg (X A)Y/, where

CT iy (X, A%, is endowed with the norm:

lgll = sup |lg()l5E)-
t€[0,00)

V.4 K-Theory of twisted Roe algebras and twisted localization algebras.
In this section, we compute the K-theory of twisted Roe algebras and twisted localization

algebras.
Definition 45.

1. The support of an element T in C;lg(X,A)E(, is defined to be

{(z,y,u) € X' x X' x X :u € supp(T(z,y))};

2. The support of an element g in Cz’alg(X, A)Q, is defined to be

U supp(o(t)).

te(0,00)
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Let O be a subset of X. Define C’;‘lg(X,A)g to be the subalgebra of C}; (X, AL,
consisting of all elements whose supports are contained in X’ x X’ x O. Define C*(X, .A)g

to be the norm closure of C*

alg(X,A)g. We can similarly define C} (X, A)5. Let

Cro(X, A)5 be the C*-subalgebra of C} (X, A)5 consisting of elements g satisfying

g(0) = 0.

Lemma 18. If O is I" invariant and cocompact, then
.t K. (CHX,A)D) — K.(C*(X, A)b)

s an isomorphism.

Proof. This proof is similar to the proofs of Lemma 6.4 and Lemma 6.7 in [Y00]. We have

a short exact sequence:
0— Cj o(X,A)6 — CL(X, A)p — C*(X,A)p — 0.

Hence it is enough to show

K.(CLo(X, A)p) = 0.

Let Ao be the subset of A consisting of elements f satisfying that supp(f) € O and

supp(f) is compact. For all R > 0, let
O(R) = {x € X : 3z € O such that d(z,z) < R}.
Since O is cocompact, we have
C*(X,A)} = Jim Ao ® C*(O(R))'.
Clearly O(R) is cocompact, then
C*(X,A) = Jim Ao ® CH(M) @ X = Ao @ C(T) @ X.

Hence CF (X, A)L is the set of g : [0,00) — Ap ® CF(I') ® K satisfying that g(0) = 0, and
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¢ is uniformly continuous and uniformly bounded.
We prove that
K1(Cf (X, A)p) = 0.

Clearly C7 (X, A)g, is stable. Therefore any element in K1(C (X, A)p) can be
represented by a unitary u in (C7 (X, A)E)T.

For each s € [0, 00), we define

I if0<t<s;
us(t) =
u(t—s) if s <t < oc.

Consider

w(s) = (BZour © I)(I © (B7yu;2,) @ 1),

where s € [0, 00). Notice that w(s) is an element in (C7 (X, A)5) T for each s € [0,1]. We
have

w(0) =u® (B2 1) D1,
w(l) = (Sour ® 1)1 & (Bp2yu; L)) @ 1),

w(1) is equivalent to &3° I & I in K1(C} o(X,A)5) by a rotation. Therefore u is
equivalent to the zero element in K;(C} (X, A)5).

Using suspension, we can also prove that Kg(C’}lO(X,A)g) =0.

Theorem 24. e, : K. (C} (X, A)) — K.(C*(X,A)") is an isomorphism.

Proof. We have the exact sequence
0— Cio(X, A" = C1(X, A)F = C* (X, A)F —0.

Therefore it is enough to show that K*(C}:vo(X,A)F) = 0. Fix z € X and let B, be the

ball with radius r and centered at . Let O, the smallest I'-invariant subset of X
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containing B,.. Then O, is cocompact and

Cio(X, AN = lim C} o(X,A)D,

r—00

From the previous lemma, we know that
K.(Cfo(X,A)p,) =0.

Hence

K.(Cfo(X, A1) =0.

V.5 The Bott elements and Bott maps.

In this section we define the Bott elements and Bott maps. We will define the Bott
element and Bott map for Kj, using suspension we can extend our definition onto K7. Let
X be a simply-connected complete Riemannian manifold with nonpositive sectional
curvature and I' be a torsion-free discrete group acting on X properly and isometrically.
First we define the Bott element for each x € X. Let z,z € X and o(t) be the unique
geodesic connecting x and z such that o(0) = z and o(1) = z. Let v,(z) = % el X.

Define f,(2z) = ¢(2)vy(z) where ¢(z) is a continuous function such that

1 if d(z,2)>c,
¢(2) =

0 if d(z,2) < e

for some constant c.

Let B = Cp(X, Cliff (TX)) and A = Cy(X, Cliff (T X)).
Lemma 19. f, is an invertible element in B/A with an inverse — f,.

We have a short exact sequence
0—-A—B—B/A—D0,
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then we have a boundary map

9: Ky (BJA) — Ko(A).

Let u = [f,] € K1(B/A) and g, = —f, € B be a representative of u=! € K1(B/A). Define

1 fz 1 0 1 fz 0 -1
w =
0 1 —gr 1 0 1 1 0
and 7 =w w™! and By = . Then B{, 3 are both projections in
0 0 0 0

My(A™) and Bf — 5% € Ma(A). We define

O([fz]) = [BT] — [B5] € Ko(A).
With the constant ¢ in the definition of f,, we can construct “almost flat” Bott element in

the following sense.

Lemma 20. Let X be a simply-connected complete Riemannian manifold with nonpositive
sectional curvature and x,y € X. Let fy, 57,85 and fy, BY, 38 defined as above. Then for

all r,e > 0, there exists ¢ > 0 such that for all z € X,

18T (2) = B{ ()l < e if d(z,y) <,

where ¢ depends only on r and €.

Proof. First we prove that it is true for Fuclidean spaces. Let x,y,z € R", z # x,y and
d(z,y) =r. Let v,(2z) and vy (2) be the unit vectors defined as above and let 6 denote the

angle formed by v,(z) and vy(z). Let ¢ = 1% When d(z,z) > c and d(y, z) > ¢,

l[ve(2) —vy(2)[ = \/Ilvac(Z)ll2 + [lvy ()17 = 2 [[vz(2)]| [lvy (2) ] cos 6
=+v2—2cosf < e
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This is true since 6 will decrease to zero when d(z, z) and d(y, z) approach infinity. We

just choose this c to define f, and f,. Clearly we have

181 (2) = B (2)]| <e.

Now let X be a simply-connected complete Riemannian manifold with nonpositive
sectional curvature and z,y,z € X. Assume that z # z,y and dx(z,y) = r where dx is
the Riemannian metric on X. Let v,(z),v,(2) € T, X defined as above. Let

exp : T, X — X be the exponential map which is a diffeomorphism between T, X and X.
Since X is nonpositively curved, by the comparison theorem in Riemannian geometry

dr, x (exp™" (), exp~(y)) < dx(z,y) = 7. And |lexp™"(z)|| = dx(z,2) and

Hexp_l(y)H = dx(y, z) since exp~!(z) = 0. Since T, X is a Euclidean space, from the first
part we know that on 7, X we can find ¢ such that when Hexpfl(af)H > ¢ and

et )] >

[v2(2) = vy (2)]| < e

We just use this ¢ to define f, and f,. Similarly we have

187 (2) = B (2)]| < e

To define the Bott maps, we need the following difference construction introduced by
Kasparov and Yu in [KY]. Let A be a unital C*-algebra and J be a two-sided ideal of A.

Let p,q € Mi(A) be two idempotents and p — ¢ € My(J). Let

q 0 1—g¢q 0

1—q O 0 q
Z(q) = ,
0 0

S
_
|
»Q

0 1

@)
@)
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then Z(q) is invertible and

Let
p 0 00
L0 1-go0o0
Do(p,q) = Z(q) Z(q),
0 0 00
0O 0 00
then
Do(p,q) € Jt® My (C)
and
10 0 0
0000
Dy(p,q) — € J ® My(C).
000 0
0000

Lemma 21 ([KY]). Let A, J,p,q, Z(q) and Dy(p,q) defined as above, then

1 0 0 O
0 0 0O
D(p7 Q) = [DO(pa Q)] - € KO(‘])
0 0 0 O
0 0 0 O

and we call D(p, q) the difference of p,q in Ko(J).

Now, let us construct the Bott maps. For any [(k(z,y))zyex/] — [pk] € Ko(C*(X)D),
choose (kn(2,y))zyex’ € (C’;flg(X)F)Jr such that H(k:(x,y))x,yex/ — (kn(z,y))zyex

and H ((kn(l’,y))x,yeX’)2 - (k”(x>y))x,y€X’

r. Here (k(2,%))zyex’ is considered as an infinite dimensional matrix and the product is

<1

n

< % and the propagation of (k,(x,¥))zyex’ is
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the matrix product. Then when n is big enough, there is a constant ¢ in the definition of

fz, 85, 87 depending on r and e such that

2
()@ 8. o) = () © e | < € tor i =01

For x,z € X and v € I, we have

1

- —1
V(B] ) =B T(v2) = ().
This implies that (k,(x,y) ® B7)zyex’ is [-invariant and
(kn () ® Bz yexr = (kn(,9) @ G)ayex: € C*(X, AL,

When € is small enough, (k,(z,y) ® 57)zyex’ and (kn(x,y) ® 55 )z yex define two

idempotents p; and pg by functional calculus. Then we construct the Bott map as follows.

Definition 46. The Bott map
B Ko(C*(X)F) — Ko(C*(X, A)")

is defined by

Bk, ) yex] = [pr]) = D(p1;po)

for all [(k(z,y))zyex'] — [pr] € Ko(C*(X)V), where p1 and po are defined above and

D(p1,po) is the difference of p1 and py defined in Lemma 21.

Using suspension, we have the Bott map
B EKy(CHX)') — Ki(CH(X, A)).
Similarly we define the Bott map for K-groups of the localization algebras

(5L)* : KZ(CE(X)F) - K’L(CE(X7 ‘A)F) =01
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In the next lemma we will show that (1) is an isomorphism.
By the proof of Theorem 22, we can easily see that K.(Cj(X,A)l) also has the

Mayer-Vietoris sequence.
Lemma 22. (81). : K.(C;(X)V) — K.(C:(X, A)V) is an isomorphism.

Proof. This proof is the composition of Mayer-Vietoris argument, the five lemma and Bott
periodicity. X is covered by sets of the form I' x U, where U is contractible. Let P be the
one-point set. Note that P is homotopic to U. By Mayer-Vietoris argument and the five

lemma it suffices to show that for a single such space I' x U the map
(Br)« : Ku(CL(T x U)Y) — KL (CL(T x U A)Y)
is an isomorphism. For this, it suffices to show that
(B)s : Ko(CL(T x P)Y) — K (CL(T x P,A)Y)

is an isomorphism. The last map is an isomorphism by the Bott periodicity.

V.6 The proof of the main theorem.
Theorem 25. Let X be a simply-connected Riemannian manifold with nonpositive
sectional curvature and I' be a torsion-free discrete group acting on X properly and

isometrically. Then the equivariant indexr map
Ind : KI'(X) — K.(C*(X)")

18 injective.

Proof. We have the commuting diagram

K.(C3(X)") — 2 K (05X, A))

€x €x
B«

KN(X) —24 & K (0F(X)D) ——F—— K (C*(X, A)D).

*
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From above, we have the isomorphism

ex 0 (Br)soIndy, : KI'(X) — K.(C*(X,A)")) .

Therefore,

Ind : KI'(X) — K. (C*(X)!)

is injective.
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CHAPTER VI

SUBSPACES OF A SIMPLY CONNECTED COMPLETE RIEMANNIAN
MANIFOLD OF NONPOSITIVE SECTIONAL CURVATURE

This chapter is the joint work with Qin Wang. Let X and Y be two metric spaces. A map
f: X — Y is said to be a coarse embedding or uniform embedding [G] if there exist

non-decreasing functions p; and ps from Ry = [0, 00) to Ry such that

L pi(d(z,y)) < d(f(x), f(y)) < pa(d(z,y));

2. lim p;(r) = o0 for i =1,2.

r—00

The main purpose of this chapter is to prove the following result:

Theorem 26. Let I' be a discrete metric space with bounded geometry. If I' admits a
coarse embedding into a simply connected complete Riemannian manifold of nonpositive
sectional curvature, then the coarse geometric Novikov conjecture holds for I, i.e., the
index map from dlirglo K,.(PyT)) to K.(C*(I")) is injective, where

K. (Py(T)) = KK.(Co(Py(I')),C) is the locally finite K-homology group of the Rips
complex Py(T'), and K.(C*(T")) is the K-theory group of the Roe algebra C*(I') associated

toT.

Recall that a discrete metric space X is said to have bounded geometry if for any r > 0
there is IV > 0 such that any ball of radius r in X contains at most N elements. The
coarse geometric Novikov conjecture provides an algorithm of determining non-vanishing
of the higher index for elliptic differential operators on noncompact complete Riemannian
manifolds. It implies Gromov’s conjecture stating that a uniformly contractible
Riemmanian manifold with bounded geometry can not have uniformly positive scalar
curvature, and the zero-in-the-spectrum conjecture stating that the Laplacian operator
acting on the space of all L?-forms of a uniformly contractible Riemannian manifold has
zero in its spectrum.

The coarse geometric Novikov conjecture holds for bounded geometry metric spaces which

are coarsely embeddable into Hilbert space [Y00]. More generally, Kasparov and Yu
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proved the coarse geometric Novikov conjecture for bounded geometry metric spaces
which are coarsely embeddable into uniformly convex Banach space [KY]. The coarse
geometric Novikov conjecture holds for a simply connected complete Riemannian manifold
of nonpositive sectional curvature [HR, HRY, Y97]. Yet it is an open problem if any
simply connected complete Riemannian manifold with nonpositive sectional curvature
admits a coarse embedding into a Hilbert space or a uniformly convex Banach space. It is
also an interesting problem if a bounded geometry metric space which admits a coarse
embedding into a simply connected complete Riemannian manifold of nonpositive
sectional curvature is coarsely embeddable into a Hilbert space or a uniformly convex
Banach space. We remark here that Dranishnikov proved that a metric space with a finite

asymptotic dimension is coarsely embeddable into a non-positively curved manifold [D].

VI.1 The coarse geometric Novikov conjecture

In this section, we shall recall the concept of the Roe algebra [R93], the coarse geometric
Novikov conjecture and Yu's localization algebras [Y97].

Let X be a proper metric space (a metric space is called proper if every closed ball is
compact). and let (Hx, F') be a cycle for Ko(X). Let {U;}; be a locally finite and
uniformly bounded open cover of X and {¢;}; be a continuous partition of unity

subordinate to the open cover {U;};. Define
, 11
— 2 2
P= Y ohr)

J

where the infinite sum converges in strong topology. Then it is not difficult to verify that
(Hx, F') is equivalent to (Hx, F') in Ko(X). Note that F’ has finite propagation so that
F’ is a multiplier of C*(X). It is easy to see that F” is a unitary modulo C*(X). Hence F’
gives rise to an element, denoted by 9[F’], in Ky(C*(X)). We define the index of the
K-homology class of (Hx, F') to be 9[F']. Similarly, we can define the index map from

K1 (X) to K1(C*(X)).

Recall that a discrete metric space is said to be locally finite if every ball contains finitely

many elements.
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Definition 47. Let I' be a locally finite discrete metric space. For each d > 0, the Rips
complex Py(I") is defined to be the simplicial polyhedron in which the set of vertices is T,
and a finite subset {yo,v1, -+, Y} C I spans a simplex if and only if d(v;,~;) < d for all

0<47<n.

Endow Py(I") with the spherical metric. Recall that on each path connected component of
P4(T"), the spherical metric is the maximal metric whose restriction to each simplex
{0k otivi | ti >0, Yo ot; = 1} is the metric obtained by identifying the simplex with

St = {(s0,51, "+ ,sn) ER™ 15, > 0,51 | s? =1} via the map

" to tl tn
Zth — s A
i=0 \/Zi:(} 5 \/Zi:o £ m

where S is endowed with the standard Riemannian metric. The distance of a pair of

points in different connected components of Py(I") is defined to be infinity.

The following conjecture is called the coarse geometric Novikov conjecture:

Conjecture 1. If I" is a discrete metric space with bounded geometry, then the index map

ind: lim K,(PyT)) — lim K,(C*(Py(T))) = K.(C*(T))

d—o0 d—oo
18 injective.

The coarse geometric Novikov conjecture is false if the bounded geometry condition is
dropped [Y98]. In the rest of this section, we shall recall the localization algebra [Y97] and

its relation with K-homology. Let X be a proper metric space.

Definition 48 ([Y97]). The localization algebra C}(X) is the norm-closure of the algebra

of all bounded and uniformly norm-continuous functions g : [0,00) — C*(X) such that

propagation(g(t)) — 0 as t— oc.

The evaluation homomorphism e from C7 (X) to C*(X) is defined by e(g) = g(0) for

45



g € C7(X). There exists a local index map [Y97]
indr, : K«(X) — K.(C}(X)).

Theorem 27 ([Y97]). For every finite dimensional simplicial complex X endowed with
the spherical metric, the local index map indy, : K.(X) — K.(C} (X)) is an isomorphism.
Consequently, if I' is a discrete metric space with bounded geometry, we have the following
commuting diagram:

lim K, (Cj(Py(T)))

d—o0

indy,
€Ex
~

lim K,(Py(T)) _ind,  lim K,(C*(Py(I))).

d—oo d—o00

V1.2 Twisted Roe algebras and twisted localization algebras

In this section, we shall define the twisted Roe algebras and the twisted localization
algebras for bounded geometry spaces which admit a coarse embedding into a simply
connected complete Riemannian manifold of nonpositive sectional curvature. The
construction of these twisted algebras is similar to those twisted algebras introduced in
[Y00].

Let M be a simply connected complete Riemannian manifold of nonpositive sectional
curvature. In the following, we shall assume that the dimension of M is even. If dim(M)
is odd, we can replace M by M x R. Indeed, the product manifold M x R is also a simply
connected complete Riemannian manifold with nonpositive sectional curvature. And if
f:T'— M is a coarse embedding, then the induced map f': T — M x R defined by

f'(v) = (f(7),0) is also a coarse embedding so that we can replace f by f’. Thus, without
loss of generality, we assume dim M = 2n for some integer n > 0.

Let A = Co(M, Cliff(TM)) be the C*-algebra of continuous functions @ on M which have
value a(z) € Cliff(T, M) at each point # € M and vanish at infinity, where Cliff(7,, M) is
the complexified Clifford algebra of the tangent space T, M at x € M with respect to the

inner product on T, M given by the Riemannian structure of M. Note that the
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exponential map at any point x € M

exp, : IpyM — M

is a homeomorphism, which induces a *-isomorphism:

A =2 Cy(R*™) @ Man (C),

where by M (C) we denote the algebra of k x k complex matrices.

Let I be a discrete metric space with bounded geometry. Let f: ' — M be a coarse
embedding.

For each d > 0, we shall extend the map f to the Rips complex Py(T") in the following

way. Note that f is a coarse map, i.e., there exists R > 0 such that for all vy, € T,

d(y1,72) <d = du(f(n), f(12)) < R

For any point x =} .cyy € Py(I'), where ¢y, > 0 and }_ ¢y =1, we choose a point
fz € M such that
d(fe, f(7)) < R

for all v € I with ¢, # 0. The correspondence z — f, gives a coarse embedding
P,(T") — M, also denoted by f.
Choose a countable dense subset 'y of Py(T") for each d > 0 in such a way that 'y C Ty

when d < d'. Let X be the algebra of all compact operators on a separable Hilbert space

Hp.
Let Cy (Pa(T'),A) be the set of all functions

T: Pd X Fd - ARXK
such that

1. there exists C' > 0 such that | T(z,y)| < C for all z,y € T'y;
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2. there exists R > 0 such that T'(z,y) = 0 if d(z,y) > R;

3. there exists L > 0 such that for every z € P;(I"), the number of elements in the

following set
{(z,y) €Ty xTyq: d(z,z) <3R, d(y,2) < 3R, T(z,y) # 0}

is less than L;

4. there exists r > 0 such that

Supp(T(x,y)) € B(f(x),7)

for all z,y € T'y, where B(f(z),r) ={pe€ M : d(p, f(z)) < r} and, for all z,y € I'y,
the entry T'(z,y) € A® K is a function on M with T'(z,y)(p) € Cliff(T,M) ® K for

each p € M so that the support of T'(z,y) is defined by

Supp(T'(z,y)) :={p € M : T(z,y)(p) # 0}

Remark. For any T € C*

a1g(Pa(L), A), there is r > 0 such that

Supp(T'(z,y)) € B(f(x),7)

for all x,y € T'y4. Since f: Py(I') — M is a coarse embedding, there exists S > 0 such that
d(f(z), f(y)) < S whenever d(x,y) < R. It follows that

Supp(T'(z,y)) C B(f(y),S +r)
for all z,y € I'y. Hence, the adjoint 1™ of T" defined by
T*(z,y) = (T(y,2))" € AKX  (Vo,y €Tq)

is also an element of C7, g

(Pu(T'), A). Therefore, Cy; (Py(I'), A) is a x-algebra.
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A product structure on Cp; (P4(I'), A) can be defined by

(T1To)(x,y) = Y Ti(w,2)To(z,y).

zely

Let

E = E aglz] : az € ARK, E aya, converges in norm
z€ely zely

Then E is a Hilbert module over A ® X:

<Z az(z], Y bx[m]> = albs,

zel'y zel'y zel'y

Z azlz] | a= Z azalr]

x€ly z€ly

for all a € A ® K. The x-algebra C*

Mg(fﬁ(r)7f0 acts on‘ETby

T Zar[m] :Z ZT(y,w)ax [yl

xEFd yel"d IEGFd

where T € Cy (Py(I'), A) and > az[z] € E. Note that T' is a module homomorphism

which has an adjoint module homomorphism.

Definition 49. The twisted Roe algebra C*(Py(I'), A) is defined to be the operator norm
closure of C’;‘lg(Pd(F),A) in B(E), the C*-algebra of all module homomorphisms from E

to E for which there is an adjoint module homomorphism.

The above definition of the twisted Roe algebra is similar to that in [Y00].

Let C7 ,,(Pa(I'), A) be the set of all bounded, uniformly norm-continuous functions
g: Ry — C;lg(Pd(F)wA)

such that

1. there exists a bounded function R(t) : Ry — Ry with tlim R(t) = 0 such that
— 00

(9(t))(x,y) = 0 whenever d(x,y) > R(t);
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2. there exists L > 0 such that for every z € Py(T"), the number of elements in the

following set

{(xay) €lgxTy: d(SU,Z) < 3R, d(y7 Z) < 3R, g(t)(l‘,y) 7& O}

is less than L for every ¢t € R,.

3. there exists r > 0 such that Supp((g(t))(z,y)) C B(f(z),r) for all t € Ry, z,y € T'y,

where f: P;(T') — M is the extension of the coarse embedding f : ' — M and

B(f(z),r) ={pe M :d(p, f(x)) <r}.

Definition 50. The twisted localization algebra C}(Py(T),A) is defined to be the norm

completion of C7 ) (Pa('),A), where Cy ,, (Pa(T'),A) is endowed with the norm

salg

19lloc = sup [lg(t)llc=(pyr).a)-
teR4

The above definition of the twisted localization Roe algebra is similar to that in [Y00].
The evaluation homomorphism e from C7J (FPy(I'),A) to C*(Py(I"), A) defined by

e(g) = g(0) induces a homomorphism at K-theory level:

ect lim K.(C}(Pa(D),A) — lim K.(C*(Py(D), A)).

d—o0

Theorem 28. Let I' be a discrete metric space with bounded geometry which admits a
coarse embedding f : I' — M into a simply connected, complete Riemannian manifold M

of mon-positive sectional curvature. Then the homomorphism

ey lim K (CL(Py(D),A)) — lim K, (C*(Py(T),A))

d—o0 d—o0

s an isomorphism.

The proof of Theorem 28 is similar to the proof of Theorem 6.8 in [Y00]. To begin with,
we need to discuss ideals of the twisted algebras associated to open subsets of the

manifold M.
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Definition 51.

1. The support of an element T in C*

wig(Pa(T), A) is defined to be

Supp(T) = {(w,y,p) €ElyxTgxM: pe Supp(T(w,y))}

(2,9,p) € Ta x Ty x M : (T(z,y))(p) # o};

2. The support of an element g in CT (Py(T"),A) is defined to be

alg

LJ Supp(g(t)).

teR4

Let O C M be an open subset of M. Define Cj; (FPu(I'),A)o to be the subalgebra of
C*

alg(Pd(F),A) consisting of all elements whose supports are contained in I'y x I'y x O, i.e.,

C;lg(Pd(P)PA)O = {T € C;lg(Pd(F)vA) : Supp(T(xa y)) C Oa v ANTIS Pd}
Define C*(FPy(I'),A)o to be the norm closure of Cy; (Py(T'), A)o. Similarly, let

Chatg (PaD): Ao = {9 € C a1y (PUT), A) : Supp(g) € Ty x Ty x O}

and define C7 (P4(I'),A)o to be the norm closure of C7 ,; (Fa(I'), A)o under the norm

alg
[9llco = supser, 19 llcx(py(r).a)-
Note that C*(Py(I'), A)o and CJ (Py(I"), A)o are closed two-sided ideals of C*(Py4(T"), A)

and C7 (P4(T"), A), respectively. We also have an evaluation homomorphism

e: Cp(Fy(T'), A)o — C*(Pa(T), A)o given by e(g) = g(0).

Lemma 23. For any two open subsets O1,0y of M, we have
C*(Pd(F)VA)OI + C*(Pd(F)VA)OQ = C*(Pd(F)J‘A)01UOQ7

C*(Pa(T), A)o, N C*(Pa(T), A)o, = C*(Pa(I'), A)01n0,

Cr(Pa(T), A)o, + CL(Py(T'),A)o, = CL(Pa(T'), A)0,00,5
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CL(Pa(T), A)o, N CL(Pa(l'), Ao, = CL(Pa(T),A)0:n0,-

Consequently, we have the following commuting diagram connecting two Mayer-Vietoris

sequences at K-Theory level:

ALy BLg CLo
-
CL, BIL, AL, .
| |
e Ay By Co
/ /
Cq By Ay

where, for x = 0,1,
AL* = K* (Cz(Pd(F)a‘A)OlﬁOQ)> CL* = K* (Cz(Pd(F)a‘A)OlU02)a

A, =K, (C*(Pd(I‘),A)omoQ), C, =K. (C*(Pd(r)vﬂ)OﬂJOz);
BL, = K, (Cz(Pd(I‘),A)@) P . (CE(Pd(F),.A)OQ)a
B, = K, (C*(Pd(l“),f[)ol) P k. (C*(Pd(l“),ﬂ)02).

Proof. We shall prove the first equality. Other equalities can be proved similarly. Then
the two Mayer-Vietoris exact sequences follow from Lemma 2.4 of [HRY].

To prove the first equality, it suffices to show that
C:z(lg(Pd(F)’ 'A)01U02 - C;lg(Pd(F)v ‘A)Ol + C:z(lg(Pd(F)’ 'A)Oz'

Now suppose T' € Cp,; (Pa(I'), A)o,u0,- Take a continuous partition of unity {¢1, 2} on

01 U O4 subordinate to the open over {O1,O3} of O U Oy. Define two functions

T, Th: Tyxl'y— ARXK
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Ti(z,1)(p) = o1(0) (T(2,9)(0)),
To(a,9)(p) = 22(0) (T2, 9)(0))

for z,y € 'y and p € M. Then Ty € Cy; (Pa(T'), A)o,, T € Cpy, (Pu(l'), A)o,, and

I'=h+Tye C;lg(Pd(F)v‘A)Ol + C;lg(Pd(F)"A)OQ

as desired. ]

It would be convenient to introduce the following notion associated with the coarse

embedding f: ' — M.

Definition 52. Let r > 0. A family of open subsets {O;}icy of M is said to be

(T, r)-separate if
1. 0;N0O; =0ifi+#j;
2. there ezists v; € I' such that O; C B(f(v;),r) C M for each i € J.

Lemma 24. If {O;}icy is a family of (T',r)-separate open subsets of M, then

ey : lim K*(Cz(Pd(F)ﬂ‘A)uieJOi) - dILHOlO K*(C*(Pd(r)7‘A)uieJoi)

d—oo
is an isomorphism, where U;c 7O, is the (disjoint) union of {O;}ic.

We will prove Lemma 24 in the next section. Granting Lemma 24 for the moment, we are

able to prove Theorem 28.

Proof of Theorem 28. [Y00]. For any r > 0, we define O, C M by

0, = | BU().7).

yel’

where f : T' — M is the coarse embedding and B(f(vy),r) ={p € M : d(p, f(v)) <r}.
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For any d > 0, if 7 < 7’ then C*(Py(T"), A)o, € C*(Py(T"),A)o,, and
Ci(Py(T),A)o, € Cr(Py(T'),A)o,,. By definition, we have

C*(Fy(T), A) = lim C*(Py(T), Ao, ,

T—00

Cr(Py(l),A) = lim C7(Py(T),A)o

T—00

.

On the other hand, for any r > 0, if d < d’ then 'y C Ty in Py(T") C Py (T") so that we
have natural inclusions C*(P4(T"), A)o, C C*(Py(T'),A)o, and
Ci(Pa(I'),A)o, € C;(Py(I'),A)o,. These inclusions induce the following commuting

diagram

€x

K«(Cp(Py (1), A)o,) Ku(C*(Py (T'), A)o,.)

7 -

K. (Cy.(Pg(T), A)o,.) J K. (C*(Py(T), Ao,.)
K. (Cp(Py (D), A)o,,) K. (C*(Py (1), Ao,,)

K.(C;(Py(1), A)o,,) * K.(C*(Pqa(I"), Ao,,)

which allows us to change the order of limits from lim lim to lim lim in the second
d—o0 r—00 r—00 d—00

piece of the following commuting diagram

lim K, (C5(Py(D),A)) & . lim K,(C*(Py(T),A))

d—00 d—00

| |

lim lim K, (C(Py(T),A)o,) %, lim lim K,(C*(Py(T), A)o,)

d—o00 T—00 d—o00 T—00

| |

lim lim K,(C(Py(T),A)o,) &, lim lim K,(C*(Py(T),A)o,)

T—00 d—00 r—00 d—00

So, to prove Theorem 28, it suffices to show that, for any r > 0,

e, : lim K, (CL(PyT),A)o,) — lim K,.(C*(Py(T),A)o,)

d—o0o d—oo
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is an isomorphism.

Let » > 0. Since I" has bounded geometry and f : I' — M is a coarse embedding, there
exist finitely many mutually disjoint subsets of T', say I'y := {~; : i € Ji} with some index
set Jy for k=1,2,---, kg, such that I" = |_|l/,2°:1 I';; and, for each k, d(f(v:), f(v;)) > 2r for
distinct elements ~;,~y; in I'j.

For each kK =1,2, -, ko, let
Ori = | B(f (), 7).

1€y
Then O, = UZ‘)Zl O, and each O, or an intersection of several O, , is the union of a
family of (I, r)-separate (Definition 52) open subsets of M. Now Theorem 28 follows from

Lemma 24 together with a Mayer-Vietoris sequence argument by using Lemma 23. O

V1.3 Strong Lipschitz homotopy invariance

In this section, we shall present Yu’s arguments about strong Lipschitz homotopy
invariance for K-theory of the twisted localization algebras [Y00], and prove Lemma 24 of
the previous section.

Let f: ' — M be a coarse embedding of a bounded geometry discrete metric space I' into
a simply connected complete Riemannian manifold M of nonpositive sectional curvature,
and let r > 0. Let {O; }ies be a family of (T, r)-separate open subsets of M, i.e., (1)
0,N0; =0ifi+# j; (2) there exists 7; € I such that O; C B(f(7;),r) C M for each i € J.
For d > 0, let X;, i € J, be a family of closed subsets of P;(T") such that v; € X; for every
i € J and {X,};c is uniformly bounded in the sense that there exists ro > 0 such that

diameter(X;) < ro for each i € J. In particular, we will consider the following three cases

Of {Xi}iEJ:

1. X; = Bp,)(7i, R) == {x € Py(T') : d(z,7:) < R}, for some common R > 0 for all

1€ J;
2. X; = A, asimplex in Py(T") with ; € A; for each i € J;

3. X; ={v} for each i € J.
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For each i € J, let Ap, be the C*-subalgebra of A = Co(M, Cliff(T'M)) generated by those

functions whose supports are contained in O;. We define

A(X;rield) = Jles C(Xi) ® Ao,

= { Dic,Ti | Ti € C*(Xi) ® Ao,, supey [ITi]| < OO}-

Similarly we define A} (X; : i € J) to be the C*-subalgebra of

(o

e

b; € C1(X;) ® Ao,, sup||bi] < oo}
i€

generated by elements €, ; b; such that

1. the function

P R[] ¢ (X)) @ Ao,

ieJ e

is uniformly norm-continuous in t € R,..

2. there exists a bounded function ¢(t) on R4 with lim;_ ¢(t) = 0 such that

(bi(t))(x,y) = 0 whenever d(x,y) > c(t) foralli € J, z,y € X; and ¢t € Ry..

For each natural number s > 0, let A;(s) be the simplex with vertices

{yeT: d(y,v) <s}in Py(T) for d > s.

Lemma 25. Let O = U;cjO; be the (disjoint) union of a family of (I',r)-separate open
subsets {O;}ies of M as above. Then

1. C*(Py(I),A)o = I%ILH;O A*({x € Py(T) : d(z,v;) < R} :i € J);
2. Ci(Py(), Ao = I%l_tg(j A7 ({z € Py(T) : d(z,v;) < R} :i e J);

I

3. lim C*(Py(T),A)o lim A*(Ay(s) i€ J);

d—oo 5—00

4. dli—>nolo Ci(Pa(l),A)o = lim AL(Ai(s):i€J).

S§— 00

Proof. [Y00]. Let Ao be the C*-subalgebra of A = Co(M, Cliff(T'M)) generated by

elements whose supports are contained in O. The support of an element > . az[z] in
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the Hilbert module

E={ Z ag[z] : az € AR K, Z aya, converges in norm}

z€ly z€ly

is defined to be

{(z,p) €Tqax M : p e Supp(ag)}-

Let Ep be the closure of the set of all elements in EF whose supports are contained in
'y x O. Then Ep is a Hilbert module over Ap ® X and C*(Fy(T"), A)o has a faithful

representation on Ep. We have a decomposition

Eo = @EO

ieJ

Each T € €y, (Pa(T'), A)o has a corresponding decomposition

T:@n

icJ

such that there exists R > 0 for which each T; is supported on

{(z,y,p): p€ Oy, x,y €Ty, d(zx,v) <R, d(y,v) < R}.

On the other hand, the C*-algebra C*({z € Py(T') : d(z,v;) < R}) ® Ao, has a natural

faithful representation on
C({z eTy:d(z,v) <R} @K A,

so that on Ep, for each R > 0, the algebra A*({x € Py(T') : d(x,v;) < R} :i € J) can be
represented as a subalgebra of C*(P4(T"), A)o. In this way, the decomposition T' = ®;e;T;

induces a *-isomorphism

C*(Py(T), A)o = Rh_r}r;O A*({z € Py(T) : d(z,v;) < R} :i € J)
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as desired in (1). Then (2),(3),(4) follows easily from (1). O

Now we turn to recall the notion of strong Lipschitz homotopy [Y97, Y98, Y00].
Let {Y;}ics and {X;};cs be two families of uniformly bounded closed subspaces of P;(T")
for some d > 0 with v; € X;, v; € Y; for everyi € J. Amap g: | |;c; Xs — | ];c; Y is said

to be Lipschitz if
1. g(X;) CY; for each i € J;

2. there exists a constant ¢, independent of ¢ € J, such that

d(g(z),9(y)) < cd(z,y)

for all z,y € X;, i € J.

Let g1, g2 be two Lipschitz maps from | |, ; X; to | |;c ; Y;. We say g1 is strongly Lipschitz

homotopy equivalent to gy if there exists a continuous map

F:[0,1] x (WiesXs) — UicsYs

such that
1. F(0,2) = gi(z), F(1,x) = ga2(x) for all z € U;je s X;;

2. there exists a constant ¢ for which d(F(t,z), F(t,y)) < cd(x,y) for all z,y € X;,

t € [0,1], where 7 is any element in J;

3. F is equicontinuous in , i.e., for any £ > 0 there exists § > 0 such that

d(F(tl,Qj’),F(tQ,.ﬁU)) <eforall x € LliEJXi if |t1 — t2| < 4.

We say { X, }ics is strongly Lipschitz homotopy equivalent to {Y;};c s if there exist
Lipschitz maps g1 : U;je g X; — UiegY; and g2 : Ui Y — Uieg X, such that gigs and gog1
are respectively strongly Lipschitz homotopy equivalent to identity maps.

Define A7 ((X; : 4 € J) to be the C*-subalgebra of A} (X; :i € J) consisting of elements

Dicsbi(t) satisfying b;(0) = 0 for all i € J.
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Lemma 26 ([Y00]). If {X;}ics is strongly Lipschitz homotopy equivalent to {Y;}icy then
K. (A} o(Xi i € J) is isomorphic to K.(A] o(Yi i € J)).

Let e be the evaluation homomorphism from A} (X; :i € J) to A*(X; : i € J) given by
Dies 9i(t) — Sicgi(0).

Lemma 27 ([YO00]). Let {7;}ics be as above, i.e., O; C B(f(~;),r) C M for each i. If
{A;}ics is a family of simplices in Py(T') for some d > 0 such that v; € A; for alli € J,
then

ex t Ki(A7(Aj i€ J)) = Ku(A" (A i e J))

s an isomorphism.

Proof. ([Y00]) Note that {A;}ics is strongly Lipschitz homotopy equivalent to {;}ics.
By an argument of Eilenberg swindle, we have K. (A7 o({vi} : 4 € J)) = 0. Consequently,
Lemma 27 follows from Lemma 26 and the six term exact sequence of C*-algebra

K-theory. O
We are now ready to give a proof to Lemma 24 of the previous section.

Proof of Lemma 24. ([Y00]) By Lemma 25 we have the following commuting diagram

dlirgo Cz(Pd(F)7‘A)UieJOi < dlirgo cr (Pd(r)?‘A)UieJOi

lim A7 (Ai(s); : i€ J) ¢ lim A"(Ai(s);: i € J)

1R

which induces the following commuting diagram at K-theory level

lim K. (CL(PUT), A0, )~ Tim Ko (C(PalD), A0,

d—o00 d—oo

lim K. (A*L(Ai(s) e J)) % lim K, (A*(Ai(s) e J)).

§—00

Now Lemma 24 follows from Lemma 27. OJ
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V1.4 Almost flat Bott elements and Bott maps

In this section, we shall construct uniformly almost flat Bott generators for a simply
connected complete Riemannian manifold with nonpositive sectional curvature, and define
a Bott map from the K-theory of the Roe algebra to the K-theory of the twisted Roe
algebra and another Bott map between the K-theory of corresponding localization
algebras. We show that the Bott map from the K-theory of the localization algebra to the
K-theory of the twisted localization algebra is an isomorphism (Theorem 29).

Let M be a simply connected complete Riemannian manifold with nonpositive sectional
curvature. As remarked at the beginning of Section VI.2, without loss of generality, we
assume in the following dim(M) = 2n for some integer n > 0.

Recall that A := Co(M, Cliff(TM)) is the C*-algebra of all continuous functions ¢ on M,
with values a(z) € Cliff(T,, M) for every x € M, such that xh_}nolo a(z) = 0, where Cliff(T,, M)
denotes the complexified Clifford algebra of the tangent space T, M with respect to the
inner product on T, M given by the Riemannian structure on M. Since dim M = 2n, the
exponential map

exp, 1 TuM =2 R*™ — M

at any point x € M induces an isomorphism
Co(M, CLff(TM)) = Co(R*™) @ Man (C).

Similarly, we define B := C,(M, Cliff(TM)) to be the C*-algebra of all bounded functions
a on M with a(x) € Cliff(T, M) at all x € M.

Let x € M. For any z € M, let o : [0,1] — M be the unique geodesic such that

Let vy(2) := HZ:% € T, M. For any ¢ > 0, take a continuous function ¢, . : M — [0, 1]
satisfying
0, ifd(z,2) <

G el2) = > (1)
1, ifd(z,z) >ec.
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For any z € M, let

fo.c(2) 1= ¢ue(2) - va(2) € T M.

Then f; . € Cy(M, Cliff(TM)). The following result describes certain “uniform almost

flatness” of the functions f; . (z € M, ¢ > 0).

Lemma 28. For any R > 0 and € > 0, there exist a constant ¢ > 0 and a family of
continuous function {¢y c}aem satisfying the above condition (1) such that, if d(z,y) < R,

then

sup || fz,c(2) = fye(2)|lmom <e.
zeM

Proof. Let ¢ = %. For any x € M, define ¢, .: M — [0,1] by

0’ if d({L‘,Z) S %
bre(2) =4 fd(z,2) =1, if £ <d(x,2) <2,
]-7 lf d(fL‘,Z) Z %

Let x,y € M such that d(x,y) < R. Then we have several cases for the position of z € M
with respect to z,y.
Consider the case where d(x, z) > ¢ = 2 and d(y,2) > ¢ = % Since

¢$7C(z) = ¢y,c(z) = 1, we have
fre(2) = fye(2) = va(z) — vy(2).

Without loss of generality, assume d(z, z) < d(y, z). Then there exists a unique point y’ on
the unique geodesic connecting y and z such that d(y', z) = d(x, z). Then d(y',y) < R
since d(z,y) < R, so that d(x,y’) < 2R.

Let exp, ' : M — T, M denote the inverse of the exponential map
exp, : T, M — M

at z € M. Then we have

L [lexpz(@)]| = d(z, ) = d(y/, 2) = || exps ()| > e = 2£;
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2. |exp; t(z) —exp; 1 (v/)|| < d(x,y') < 2R, since M has nonpositive sectional

curvature;

el _ ewrl@)
3. va(2) = — iy and vy(2) = - sy

Hence, for any z € M, we have

1fz,e(2) = fye(2)l = llva(2) — vy (2)|| <2R/(2R/e) = ¢

whenever d(z,y) < R. Similarly, we can check the inequality in other cases where z € M

satisfies either d(z,z) < cor d(y,z) < c. O

Now let’s consider the short exact sequence
0—A—B-"B/A—0,

where A = Cy(M, Cliff(TM)) and B = Cy(M, Cliff(T'M)). For any f,. (x € M, ¢ > 0)
constructed above, it is easy to see that [fy ] == m(fzc) is invertible in B/A with its

inverse [— f; c]. Thus [f; ] defines an element in K;(B/A). With the help of the index map
9 : Ki(B/A) = Ko(A),
we obtain an element O([fz,c]) in
Ko(A) = Ko (CO(M, cnff(TM))) ~ K, (00(R2”> ® Mo (C)) ~ 7.

It follows from the construction of f; . that, for every x € M and ¢ > 0, O([fz,c]) is just
the Bott generator of Ky(A).
The element O([fz,c]) can be expressed explicitly as follows. Let

1 fa:,c 1 0 1 fx,c 0 -1
Wa:,c: ;

0 1 foe 1 0 1 1 0
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bx,c - Wx,c Wg;cl 5
0 0
1 0
bo =
0 0

Then both b, . and by are idempotents in Ma(AT), where AT is the algebra jointing a unit

to A. It is easy to check that
byc —bo € Co(M, CLff(TM)) @ Mz (C),
the algebra of 2 x 2 matrices of compactly supported continuous functions, with
Supp(bg,c —bo) C Bu(x,¢) :={z€ M :d(z,z) < c},

air @12
where for a matrix a = of functions on M we define the support of a by

a21 a2

2
Supp(a) = U Supp(ai,;).
i j=1

Now we have the explicit expression

[fa.c]) = [bxc] — [bo] € Ko(A).

Lemma 29 (Uniform almost flatness of the Bott generators). The family of idempotents
{bgctrem >0 i Ma(AT) = Co(M, CUTM))" @ Mo(C) constructed above are uniformly
almost flat in the following sense:

for any R > 0 and € > 0, there exist ¢ > 0 and a family of continuous functions

{gﬁ%C : M — [0, 1]} such that, whenever d(z,y) < R, we have

zeM

Sél]\% [b2,c(2) — by,C(Z)HCliﬁ(TZM)@MQ(C) <g,
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where by . is defined via Wy e and fyc = ¢z as above, and CUff(T, M) is the

complexified Clifford algebra of the tangent space T, M .
Proof. Straightforward from Lemma 28.
It would be convenient to introduce the following notion:

Definition 53. For R > 0, > 0,¢ > 0, a family of idempotents {bg}zenr in
Mo (AT) = Co(M, CL(TM))*T @ Mo(C) is said to be (R, e;c)-flat if

1. for any x,y € M with d(z,y) < R we have

sup 162(2) = by (2) || ctigrr. py v (€) < E-

2. by — by € Co(M, CF(TM)) @ M2(C) and

Supp(by — by) C Byr(z,c) :={z € M :d(x,z) < c}.

Construction of the Bott map (,:

Now we shall use the above almost flat Bott generators for
Ko(A) = Ko (CO(M, Chﬁ(TM)))
to construct a “Bott map”
B Ku(C*(Pu('))) — Ki(CT(Pa(), A))-

To begin with, we give a representation of C*(Py(T)) on ¢?(Ty) ® Hp, where Ty is the
countable dense subset of P;(I') and Hj is the Hilbert space as in the definition of

Let C*

a1g(Pa(I')) be the algebra of functions

Q: Fd er—>j<(H0)
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such that
1. there exists C' > 0 such that [|Q(z,y)| < C for all z,y € I'y;
2. there exists R > 0 such that Q(z,y) = 0 whenever d(z,y) > R;

3. there exists L > 0 such that for every z € P;(I"), the number of elements in the

following set
{(x,y) € Fd X Fd : d(a:,z) < 3Ra d(y,Z) < 3Ra Q(xvy) 7é 0}

is less than L.

The product structure on Cy; (Py(I)) is defined by

(@1Q2)(z,y) = > Qu(,2)Qa(2,y).

zel'y

The algebra Cj, (F4(L')) has a x-representation on ?*(Ty) ® Hy. The operator norm
completion of Cy,, (P4(I')) with respect to this *-representation is *-isomorphic to
C*(P4(T")) when I' has bounded geometry.

Note that C*(Py(I")) is stable in the sense that C*(Py(I")) = C*(FPa(T")) ® My(C) for all
natural number k. Any element in Ky(C*(P;(T'))) can be expressed as the difference of
the Ky-classes of two idempotents in C*(P4(T")). To define the Bott map

Be: Ko(C*(Py(T"))) — Ko(C*(Py(T"), A)), we need to specify the value 5,([P]) in
Ko(C*(Py(T),A)) for any idempotent P € C*(Py(T")).

Now let P € C*(Py(T")) € B(¢*(I'y) ® Hyp) be an idempotent. For any 0 < g1 < 1/100, take
an element @ € Cy; (Py(T')) such that

1P = QI <er.
Then ||Q — Q?|| < 4¢1 and there is R., > 0 such that Q(z,y) = 0 whenever d(z,y) > Rc,.

For any e > 0, take by Lemma 29 a family of (R, , €2; ¢)-flat idempotents {bz }zens in
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Mz (AT) for some ¢ > 0. Define

Q. Qo: TyxTg— AT ®K @ My(C)

by

Qz,y) = Q(z,y) ® by
and

Qo(z,y) = Q(z,y) @ by,
respectively, for all (z,y) € Ty x Ty, where by = . Then

0 O
Q, Qo € Clyy(Pa(I), AT © My(C)) = Cjyy (Pu(T), AT) ® My(C)

and

Q — Qo € Cly(Py(T), A) ® M2(C).

Since I" has bounded geometry, by the almost flatness of the Bott generators (Lemma 29),
we can choose €1 and €2 small enough to obtain @, @0 as constructed above such that

1Q% = Q| < 1/5 and [|QF — Qo < 1/5.

It follows that the spectrum of either @ or @0 is contained in disjoint neighborhoods Sy of
0 and 57 of 1 in the complex plane. Let f : Sp LI S7 — C be the function such that

£(So) = {0}, £(S1) = {1}. Let © = f(Q) and ©¢ = f(Qo). Then © and Oy are
idempotents in C*(Py(T), A") @ Ma(C) with

O — O € C*(Py(I'), A) @ Ma(C).

Note that C*(Py(T),A) ® My(C) is a closed two-sided ideal of C*(Py(T'), AT) ® Ma(C).
At this point we need to recall the difference construction in K-theory of Banach algebras
introduced by Kasparov-Yu [KY]. Let J be a closed two-sided ideal of a Banach algebra

B. Let p,q € B* be idempotents such that p — ¢ € J. Then a difference element

66



D(p,q) € Ky(J) associated to the pair p, q is defined as follows. Let

q 0 1—¢q 0

1—q O 0 q
Z(p.q) = € My(BH).

We have
q 1—gq 0 0
o 0 0 0 1 N
(Z(p,q) = e My(B™).
1—gq 0 q 0
0 q 1—q O
Define
P 0 00
o 0 1—-¢ 00
Dy(p,q) = (Z(p,q)) Z(p,q).
0 0 00
0 0 00
Let
1 000
00 00
p1 =
00 0O
00 0O

Then Dy(p,q) € Ma(JT) and Do(p, q) = p1 modulo My(J). We define the difference

element

D(p,q) == [Do(p, q)] — [p1]

in K()(J )
Finally, for any idempotent P € C*(P;(I")) representing an element [P] in Ko(C*(Py(T"))),
we define

B«([P]) = D(©,80) € Ko(C*(Pa(T), A)),
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The correspondence [P] — (,([P]) extends to a homomorphism, the Bott map
B+ Ko(C™(Fy(T))) — Ko(C™(Fa(T), A)).

By using suspension, we similarly define the Bott map
B+ Ki(CF(Fa('))) — Ki(CF(Pa(I), A)).

Construction of the Bott map (5r). :

Next we shall construct a Bott map for K-theory of localization algebras:
(BL)s = Ku(CL(Pa(I)) — Ku(Cp(Pa(T), A)).
Let C7 ,1,(Pa(I')) be the x-algebra of all bounded, uniformly continuous functions

g9 Ry — Ciy(Pa(T)) C B(¢*(Tg) @ Ho)

with the following properties:

1. there exists a bounded function R : Ry — R, with 1tlim R(t) = 0 such that

— 00

9(t)(z,y) = 0 whenever d(z,y) > R(t) for every t;
2. there exists L > 0 such that for every z € Py(T"), the number of elements in the
following set

{(z,y) €Ty xTy: d(z,z) <3R, d(y,z) < 3R, g(t)(x,y) # 0}

is less than L for every t € Ry.

The localization algebra C7 (Py(T")) is *-isomorphic to the norm completion of

CT.a1g(Pa(I)) under the norm

19]loo == sup [lg(@)
teRL

when I" has bounded geometry. Note that C7} (P4(I")) is stable in the sense that
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Cr(Py(T)) = C} (Pa(I')) ® My(C) for all natural number k. Hence, any element in
Ko(C7(P4(I"))) can be expressed as the difference of the Ky-classes of two idempotents in
C5 (Pa(I')). To define the Bott map (5r)« : Ko(Cj (Pa(I'))) — Ko(Cj (Pa(I'),A)), we need
to specify the value (8r)«([g]) in Ko(Cj (Py(T"),A)) for any idempotent g € C} (Py(T"))
representing an element [g] € Ko(C (Pa(T))).

Now let g € C7 (Py(I')) be an idempotent. For any 0 < 1 < 1/100, take an element

h € CF 4,(Pa(I')) such that

lg = hlleo < e1-

Then ||h — h?|| < 4e; and there is a bounded function R, (t) > 0 with tlirn R, (t) = 0 such
that h(t)(z,y) = 0 whenever d(z,y) > R., (t) for every t. Let Re, = supycg, R(t). For any
g9 > 0, take by Lemma 29 a family of (R, ,e2; ¢)-flat idempotents {by }zens in Ma(A1) for

some ¢ > 0. Define

R, ho : Ry — Clyy(Py(T), AY) @ Ma(C)
by
(%(t)) (z,y) = <h(t)(:c, y)) R by € AT ® K @ My(C),
(ﬁo(t))(w,y) = (h(t)(x,y)) ® ( ; 2 ) € A ® K ® Ma(C)

for each t € Ry. Then we have
h, ho € Cf 4g(Pa(l), AT) @ Ma(C)

and

h—hy € Cf uy(Pa(T),A) ® Ma(C).

Since I' has bounded geometry, by the almost flatness of the Bott generators, we can
choose €1 and &2 small enough to obtain ?L,%O, as constructed above, such that

h% — h||s < 1/5 and Hﬁg — ho|| < 1/5. The spectrum of either & or hg is contained in
disjoint neighborhoods Sy of 0 and S; of 1 in the complex plane. Let f : Sy U S — C be
the function such that f(So) = {0}, £(S1) = {1}. Let n = f(h) and no = f(ho). Then n
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and 7y are idempotents in C} (Py(T), A1) ® Mz(C) with
n—mno € Cp(Pa(l), A) @ M(C).
Thanks to the difference construction, we define

(BL)«([g]) = D(n,mo) € Ko(CL(Fa(l), A)).
This correspondence [g] — (1) ([g]) extends to a homomorphism, the Bott map
(BL)« : Ko(CL(Fa(I'))) — Ko(CL(Pa(T),A)).
By suspension, we similarly define
(BL)« = Ki(CL(Fy(T'))) — Ki(CL(Pa(T), A)).

This completes the construction of the Bott map (81 )s.
It follows from the constructions of . and (/L )«, we have the following commuting
diagram

K. (CL(Pa1) ~225 K (€3 (PA(T), W)

ﬁ*

K (C*(Pa(I))) —— K (C*(Pa(I'), A))

Theorem 29. For any d > 0, the Bott map
(BL)x + Ku(CL(Py(I))) — Ki(CL(Pa(T), A))

s an tsomorphism.

Proof. Note that I has bounded geometry, and both the localization algebra and the
twisted localization algebra have strong Lipschitz homotopy invariance at the K-theory
level. By a Mayer-Vietoris sequence argument and induction on the dimension of the

skeletons [Y97, CW02], the general case can be reduced to the 0-dimensional case, i.e., if
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D c Py(T) is a o0-separated subspace (meaning d(z,y) > § if x # y € D) for some § > 0,
then

is an isomorphism. But this follows from the facts that

K.(CL(D) = ] K(CL(),

yeD

K. (CL(D,A)) = ] K-(Ci({}.A)
yeD

and that (1)« restricts to an isomorphism from K, (C} ({7})) = K.(X) to
K (CL({r}hA)) = Ki(X® A)

at each v € D by the classic Bott periodicity. O

V1.5 Proof of the Main Theorem

Proof of Theorem 26. We have the commuting diagram

lim K,(Cf(Py(T))) P lim K, (C%(Py(T),A))

d—o00 o d—00

ind
=~

lim K, (Py(T)) __ind, lim K,(C*(Py())) %, lim K,(C*(Py(T),A)).

d—o0 d—oo d—oo

Hence, B, o ind = e, o (B1)« o indy. It follows from Theorem 27, Theorem 28 and Theorem

29 that [, o ind is an isomorphism. Consequently, the index map
ind: lim K,(FPy(T)) — lim K,(C*(Py(T))) = K.(C*(T))

d—o0 d—o0

is injective. ]
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