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CHAPTER 1

INTRODUCTION

In this dissertation we study the asymptotic behavior and zero distribution of certain
polynomials that are associated with a Jordan curve L in the complex plane. We first
consider in Chapter II the so-called Faber polynomials for L, and in the subsequent
chapters we deal with polynomials that are orthogonal over the interior of L. A
further description of these polynomials and the results obtained for them is given in

what follows.

I.1 Faber polynomials

Let ¢(z) be a function with a Laurent expansion at infinity of the form

b_ b_
¢(z):blz+b0+71+z—22+-~, by > 0. (1)
The nth Faber polynomial F,,(z), n = 0,1, ..., associated with ¢ is the polynomial

part of the Laurent expansion at infinity of the function [¢(2)]™. Thus,
[0(2)]" = Fu(2) + O (z_l> as z — 00. (2)

These polynomials were introduced in 1903 by G. Faber in connection with the
problem of generalizing the classical Taylor series from the unit disk to a simply
connected domain. The monograph by Suetin [30] and the paper by Curtiss [2] are
excellent reference sources for the many applications that Faber polynomials have

found in approximation theory, orthogonal polynomials and complex function theory.



Faber polynomials can alternatively be introduced by means of their generating

function. If ¢ denotes the inverse map of ¢, then for fixed z € C,

V' (w) o= Fn(2)

Pw) =z e @

where the series on the right-hand side of (3) converges uniformly on any closed region
{w : |w| > r} on which the generating function on the left-hand side of (3) is analytic
as a function of the variable w.
In particular, it follows that if |z| < r, then
1 w™Y (w)dw

Fuls) =5 ¢ 00 4
(Z) 211 |w|=r 'lb(’ll)) —Z ( )
Assume now that 1 is the smallest number among all those » > 0 for which
has an analytic and univalent continuation from a neighborhood of oo (where it is
originally defined) to the exterior {w : |w| > r} of the circle of radius r. Indeed, we
can always normalize ¢ (multiplying it by a suitable number) to have our assumption

satisfied. Denote by A; the exterior of the unit circle, and let 2 be the image by

of Ay. Then, it is a rather straightforward consequence of the definition of F;, that

Fu(z) = [¢(2)]"(1 + o(1)) (5)

uniformly on closed subsets of 2 as n — oo (notice that ¢ has an analytic and
univalent continuation to €2).

Our interest is in the behavior of F,(z) for points z in the complement of €,
assuming that L := 9 is a Jordan curve such that ¢ has a singularity on the unit
circle. In other words, we assume that 1) has a one-to-one continuous extension to
A, but cannot be analytically continued across the unit circle.

Ullman [32] proved a general result implying that in this case, all points of L



attract zeros of the Faber polynomials. However, this does not discard the possibility
that many other points in the interior domain G of L (perhaps all of them!) could
attract zeros of the F’s as well. The fact is that the single assumption that L is a
Jordan curve is too weak to predict the behavior of F,, on both L and its interior
G. Thus, several works have study this question under additional assumptions on
the smoothness of L and/or the boundary behavior of ¢ near the unit circle. In
particular, under some of these conditions, the domain of validity of (5) has been
extended to include L, or portions of L (cf. [30], [23]). However, the results for z € G
are restricted to estimates on the rate of decay of the Faber polynomials on G ([30,
p. 61], [6]).

In Chapter II of this dissertation we study the behavior of the Faber polynomials
for the specific case when the Jordan curve L is piecewise analytic with no inner cusps
(see Figure 3 in page 16). We also impose an extra condition to the smooth corners
and outer cusps of L (see Section I1.2 for details).

We prove that (5) also holds uniformly on any closed subset of  separated from
the nonsmooth corners of L (see Theorem 11.2.1). In addition, we also give the exact
rate of decay of the o(1) term in (5). We emphasize the word “uniformly” because a
previous theorem in (23] had already established the validity of (5) for points z in L
(nonsmooth corners excluded) but in the pointwise sense. Most interesting of all is the
asymptotic representation that we obtain for F),(z) for values of z € G (see Theorem
I1.2.4). This representation shows that the behavior of F,(z) in G is ruled by only
some of the corners of L. For instance, if L has neither smooth corners nor cusps,
then the “dominant” corners are those with smaller exterior angles. In particular, we
derive from this representation fine statements on the location and distribution of the
zeros of the F,’s (see Section I1.3 for details).

To derive our asymptotic formulas, we make use of the relationship that exists

between the singularities of the generating function in (3) and the behavior of the



coefficients F),(z) of its Laurent expansion at co. When L is piecewise analytic, the
singularities of ¢ on its circle of convergence are finitely many, and the behavior of v
near each singularity is known from the work of Lehman and others (see [13] and the
references therein). The way this specific type of singularities affects the coefficients

F,.(z) is discerned by analyzing the behavior of the integral representation (4).

1.2 Polynomials orthogonal over regions

Let G be the interior of a closed Jordan curve L = G in the complex plane, and let
m denote the two-dimensional Lebesgue measure. Let {P,(z)}.~, be the sequence of
orthonormal polynomials with respect to area measure over G. This is the sequence
of polynomials

P.(z)=kpz"+-, K,>0, n>0,

satisfying the orthonormality conditions

In our investigation, we are concerned with the general question of describing the
asymptotic behavior and limiting distribution of the zeros of the polynomials P,.

This question has been studied to some extent in previous works (see e.g., [17],
[14]). In [14], Levin, Saff and Stylianopoulos (L.S.S.) found that the zero distribution
of the polynomials P, is related to the analytic continuation properties of a conformal
map ¢ of G onto the unit disk. For example, a simplified version of their fundamental
result (Thm. 2.1) is the following: if the mapping ¢ has a singularity on the boundary
L of G, then every point of L attracts zeros of the P,’s.

If the map ¢ can be analytically continued across the Jordan curve L, then either

L is analytic or L is a finite union of analytic arcs joining at corners having interior
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Figure 1: Sets Q, and A,. 99, = dotted lines.

angles of the form 7/N, N > 2 an integer.

The existing results for the second case (i.e., when L is not analytic) are limited
to the analysis of some particular cases. We do not explicitly investigate this case,
although some results will follow as a particular case of Theorem V.2.7 of Chapter V
for a curve L formed by the union of two circular arcs.

In Chapter IIT of this dissertation we investigate the first situation, that is, when
the curve L is analytic. Let ¥ be the conformal map of the exterior A; of the unit
circle onto the exterior Q of L, normalized so that 1)(c0) = oo, ¥/'(c0) > 0. Let
p be the smallest number among all those » > 0 for which ¢ has an analytic and
univalent continuation from A; onto the exterior of the circle of radius r. Because of
the analyticity of L, p < 1. Denote by A, the exterior of the circle of radius p , and
let Q, = ¥(A,) be the image of A, by . Then, ©Q, D Q and ¢ (the inverse map of
1) is analytic and univalent on Q, \ {oco} (see Figure 1 above).

Carleman [1] proved that

Pu() = " G0 (1 4+ o(1) (6)

uniformly on © as n — oo. This result was later improved by Korovkin [11] (it also



Figure 2: Two possible scenarios: G, # 0 (left, white region), G, = 0 (right).

appears in Johnston [10]), who proved that the same formula holds uniformly on any
closed set of Q, (see Section III.1 for more details).

Carleman’s formula (6) implies that the zeros of the P,’s accumulate (as n gets
large) on the compact set C\ €2,. In particular, if the interior G, of C\ ©,, is empty,
then every point of 0f), attracts zeros of the P,, and these distribute, in the limit, as
the so-called equilibrium measure of 09, (see [19, Prop. 2.4]). However, no results
have been given for the most interesting case when G, # ) (see Figure 2 above).

Given the simplicity of the curve L, it is rather surprising that (6) is the only
known result on the asymptotic behavior of the P,’s.

Our main result in Chapter III is, in fact, an improvement of Carleman’s formula
(see Thm. II1.2.1). We prove the following integral representation for P,: if ¢ is a

conformal map of G onto the unit disk, then

! 1 ") [p(t))"Hdt
Jrn+1) 2miJi [p(t) — ¢(2)]
uniformly on compact subsets of G as n — oo.
It is an easy exercise to check that (7) implies (6). The natural question that
arises is whether the interior mapping ¢ plays a role in the behavior of P, if G, is

not empty. The answer is positive.



To show this, we investigate the case when the boundary L, of €2, is a piecewise
analytic Jordan curve without smooth corners or cusps. Employing the same method
of proof for our results on Faber polynomials, we use the integral representation (7) to
prove that (6) holds uniformly on any closed set of 2, that does not contain corners
of L,. The asymptotic behavior of P, at each corner of L, is also given (see Theorem
I11.2.2).

Furthermore, we obtain an asymptotic representation for the polynomials P, in
G, from which fine statements on the location and distribution of the zeros of these
polynomials can be derived (see Section II1.3). This asymptotic representation (The-
orem II1.2.4) shows that the asymptotic behavior of P, inside G, is ruled by only
some of the corners of L,, that is, those with smaller exterior angles.

In Chapter IV we study the particular case in which the analytic curve L is the

lemniscate

L= {z:]zK—1|:TK},
where K € N\ {1} and r > 1 are two (fixed) given numbers. For this curve,

Gp:{z:|zK—1|<1}

is a “rose of K petals” (see Figure 14 in page 79 ) consisting of K open components.

This case is not covered by the above results because although
Lp:{z:|zK—1]:1}

is a piecewise analytic curve, it is not, however, a Jordan curve. In fact, we will
prove that this time the zeros of the corresponding orthonormal polynomials behave
differently (see Section IV.1 for details). With this example we show that the behavior

of P, is also affected by the connectivity of the open set G,.



It is worth noticing that the analysis of this case is carried out by reducing the
problem to a similar one for orthogonal polynomials on the unit circle. To treat
the new problem we prove in Section IV.2 a theorem of independent interest about
the asymptotic behavior of polynomials orthogonal on the unit circle with respect to
positive analytic weights.

In Chapter V, we study the asymptotic behavior of the sequences of polynomials
that are orthogonal with respect to “analytic weights” over the interior GG of a Jordan
curve L. We consider a not identically zero analytic function w defined on G and

satisfying the integrability condition

[ lw()? dm(z) < oo,

together with its corresponding sequence of orthonormal polynomial {P,(z;w)}, -,

defined by the relations
P.(z;w) =Ryz"+ -+, Ky >0, n >0,

/ P, (z;w) Py (z;w) |w(2) *dm(2) = 6ppmy, 1, m >0

(recall m is the area measure).

Here, an essential role is played by the reproducing kernel K, (z, () of the Hilbert
space B2 (G) consisting of all analytic functions on G that are square integrable with
respect to |w[?dm|g. For fixed ¢ € G, K,(+,() is the unique function in B2 (G) having

the reproducing property

/ F(2)Ka (2 Olw(2)|2dm(z) for all f € B2(G).

While the zeros of the polynomials that are orthogonal with respect to area measure

over (G are only affected by the geometry of L, the zero distribution of the polynomials



P,(z;w) depends both on the geometry of L and on the analytic properties of the
weight w. This is so because the zeros of these polynomials are influenced by the
relative position of the singularities of the functions K, (-, (), ¢ € G, and K,(z,() is,
in turn, constructed from w and a conformal map ¢ of G onto the unit disk.

For instance, we prove Theorem V.2.1, which is a generalization of the fundamental
theorem (L.S.S.) mentioned above and characterizes, in terms of the behavior of the
zeros of the P,(z;w)’s, the case when there is at least one ( € G for which K,(-,()
has a singularity on L = 0G. In this case, every point of L attracts zeros, and
for the values of n belonging to some subsequence, the zeros of P, (z;w) follow the
equilibrium distribution of the curve L.

When w has finitely many zeros, the kernel K,(z,() can be constructed from
the zeros of w and the map ¢ by using an iterative procedure (Proposition V.3.4)
that essentially goes back to Nehari [20]. Using this procedure we obtain formulas
for K, (z,() of crucial importance for locating its singularities (see Lemma V.3.6).
We also give a determinant representation for it valid when w has simple zeros (see
Proposition V.3.5).

To investigate the situation in which no K, (-, () has a singularity on L, we study
two specific cases in detail.

Firstly, L is taken to be the unit circle (the nicest analytic curve) and w a mero-
morphic function (a rather complicated weight). We prove that for n varying through
some subsequence of the natural numbers, the zeros of P, (z;w) distribute uniformly
over a critical circle lying inside the unit disk and determined by the relative position
of the zeros and poles of w (see Theorem V.2.3).

Secondly, L is taken to be a piecewise analytic curve bounded by two circular arcs
forming a 7/N-angle, and w is an entire function. In this case, the zeros of P,(z;w)
distribute according to a measure that is supported on a “bubble-shaped” set lying

inside L (see Figure 17 in page 99 and Theorem V.2.7).



The results contained in Chapter V have been published in [19] and were obtained

in collaboration with Dr. Edward B. Saff and Dr. Nikos S. Stylianopoulos.
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CHAPTER II

FABER POLYNOMIALS FOR PIECEWISE ANALYTIC JORDAN
CURVES

II.1 Introduction

Let L be a closed Jordan curve in the complex plane C and let 2 = ext(L) be the
unbounded component of C\ L. By the Riemann mapping theorem, there is a unique
conformal map ¢(z) of 2 onto the exterior of the unit circle {w : |w| > 1} with a

Laurent expansion at infinity of the form

b_ b_
¢(Z):blz+bo+71+722+, bl>0.

The nth Faber polynomial F,,(z), n =0,1,..., associated with the curve L is the

polynomial part of the Laurent expansion at infinity of the function [¢(2)]™. Thus,
[6(2)]" = Fu(2) + O (2_1> as z — 00. (8)

Since their introduction by G. Faber in 1903, Faber polynomials have constituted
an active subject of research with important applications in approximation theory
and complex function theory (see, e.g., [2], [30], [37], and the references therein). In
particular, several works have been devoted to the study of the asymptotic behavior of
the Faber polynomials and their zeros, and it is precisely the purpose of this chapter
to investigate this question for the case when the curve L is piecewise analytic with
no inner cusps.

Before mentioning those results in the existing literature that are relevant to our

investigation, let us state some basic, but very useful well-known facts that are a

11



direct consequence of the definition of Faber polynomials.
Because L is a Jordan curve, the mapping ¢ has a one-to-one continuous extension

to Q, which we also denote by ¢. Let v be the inverse of ¢. For every r > 1, let

so that Ly = L, 1 = Q is the exterior of L, and G, is the interior of L. Then, from

the Cauchy integral formula and Cauchy theorem one immediately gets from (8) that

for all R > 1,
R =g f, P e 9)
a@ﬂwmwgg%@f,w%. (10)

It follows from (10) and the maximum modulus principle for analytic functions

that for every 1 < o < p,

R =l [1+0 (%) (1)
uniformly on Q, as n — oo . Moreover, if L is rectifiable, then (10) is also valid for
R =1, and o can be replaced by 1 in (11).

The asymptotic representation (11) readily implies that for any p > 1, there is a
natural number N(p) such that F,(z) # 0 for all z € Q, whenever n > N(p). Hence,
all possible accumulation points of the zeros of the Faber polynomials lie on L U G}.

However, for discerning the behavior of F,,(z) in the remaining points of the com-
plex plane, formula (9) does not seem to be as appropriate as the one that results

from it through the change of variables z = ¥ (w):

1 ()t
Fn(Z) = 277” T W, A GR. (12)

12



The right-hand side of (12) is the Cauchy integral formula for the coefficient of

1/w™* in the Laurent expansion of the function 1'(-)/(1(+) — 2) at oo; in other words,

/ o0
wﬁuﬁw—) > ot "

This is the generating function of the Faber polynomials. From the discussion in
Chapter 1, it is now clear that the asymptotic behavior of the F),’s (and by conse-
quence, that of their zeros) is influenced by the nature of the singularities of ¢ via
the generating function.

One way in which one can investigate such an influence is precisely by studying
the behavior as n — oo of the complex integrals in (12). This idea was successfully
exploited by J. L. Ullman in his fundamental paper [32] (see also [33]). Using (12) as
the key ingredient, Ullman was able to characterize the set of possible accumulation
points of the zeros of the Faber polynomials defined by (13) for an arbitrary map
¥ with a simple pole at oo (regardless of the geometric significance of ¥). A later
complement to his theorems was produced by A. B. J. Kuijlaars and E. B. Saff in [12].
Using methods of potential theory, they obtained results on the weak*-convergence
of the sequence of normalized counting measures of the zeros of the F},’s (see Section
I1.3 for definitions).

Ullman’s results are of great generality, but do not say much in more specific cases
like the one we are interested in, namely, when the curve L is piecewise analytic with
no inner cusps (some additional conditions will be imposed on the smooth corners and
outer cusps of L). Loosely speaking, we shall deal with the case when v has a finite
number of singularities wq, ..., ws on the unit circle, each wy causing ¥ to transform
a small circular arc centered at wy onto two analytic arcs that meet at zp = ¥(wy)
at a specified angle. Ullman’s contribution to this case limits itself to ensure that

every point of the curve L is an accumulation point of the zeros of the F},’s, while

13



Kuijlaars and Saff’s improvement establishes the existence of a subsequence of the
sequence of normalized counting measures of the zeros of the F),’s that converges in
the weak™-sense to the equilibrium measure of L.

We will be able to say more. For example, a consequence of the asymptotic
formulas that we derive for F;, is that any smooth portion of L will be eventually free
of zeros of F},, and that every compact set lying on the interior of L contains at most
a finite (independent of n) number of zeros of F,,. This already implies that, indeed,
the full sequence of normalized counting measures of the zeros of the F},’s converges
to the equilibrium measure of L.

As for the asymptotic behavior of the Faber polynomials, the estimate (11) can
be improved for a piecewise analytic curve L . Theorem 1.1 in I. E. Pritsker’s paper

[23] implies that if z € L is not a corner, then

Fa(z) = [¢(2)]"(1 +0(1)),  (n — o0) (14)

while if zg is a corner of L, then

Fu(z0) = a[p(20)]"(1 +0(1)),  (n — o) (15)

where « is the exterior angle formed by the two analytic arcs of L that meet at z.
Thus, at least in the pointwise sense (recall (11)), (14) is true for every z that lies
in the exterior or the smooth portions of L. We will show that this is also true in
the uniform sense and will give the exact rate of decay of the o(1) term in (14) (see
Theorem 11.2.1).
As for the behavior of F,, in the interior of L, the most recent results are due to

D. Gaier, who gave in [6] uniform estimates on the decay of F}, of the form

n*F,(z)=0(1), (n— o0) (16)



for z lying on an arbitrary compact set of GG;. The constant A > 0 depends on the
exterior angles at the corners of L (see Section I1.2 below).

We substantially improve this result by deriving an asymptotic representation for
F,, inside L that, roughly speaking, gives us the relevant part of the O (1) term in
(16) (see Theorem 11.2.4).

Summarizing, in this chapter we shall employ the same integral representation
(12) to obtain finer results on the asymptotic behavior of the Faber polynomials
corresponding to a piecewise analytic Jordan curve with no inner cusps. These are
Theorems 11.2.1 and I1.2.4 of Section I1.2. Their proof is postponed to Section II.4.
In Section I1.3 we state and prove a series of corollaries to these theorems about the

zero distribution of the Faber polynomials.

I1.2 Asymptotic behavior of F),

Let L be a piecewise analytic Jordan curve with corners at the points z1, 2o, ..., 24,
s > 1, such that for all 1 < k < s, the two analytic arcs that meet at z; form an
exterior angle \pm, 0 < A\, < 2. Thus, inner cusps are excluded. Recall that, by the
definition of a piecewise analytic curve, each arc of L with z; as one of its endpoints
is part of a longer analytic simple arc containing z; as an interior point.
Let wy == ¢(z1), 1 <k <'s, so that |w;| = |we| = - - = |ws| = 1. The mapping ¢
has an asymptotic expansion about wy involving terms of the form
(w0 = we) e (log(w —we)", e, €C, ijmeZy.  (17)
The exact meaning of this expansion is explained in Section I1.4.1 below (see also

[13]), but for the purpose of stating our main results, a weaker version is sufficient.
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Figure 3: A piecewise analytic Jordan curve L with eight corners zq,- - - | 2s.

If 0 < A\ <2, A\p # 1, then as w — wy, from the exterior of the unit circle,
V(w) = 2z, + Ap(w — wp)™ (1 +0(1)), A #0. (18)

If Ay € {1,2}, then terms of the form (17) with m > 1 may occur in the expansion
of 1 about wy, and we assume L is such that this will always be the case if
e € {1,2}1

Then, if Ay € {1,2}, there are positive integers ry, my, with 7, > A, 1 < my, <

|7k / Ak, such that as w — wy within the exterior of the unit circle,

T'k—l

Dw) =z 4+ 3 o(w —wy) (19)

—i—Ak(; — wg) M (log(w — wy,)™) (1 +o0(1)), A #0.

Thus, Ay, is the coefficient of the first term in the expansion (18)-(19) having a sin-
gularity at wy. It is known (see [22], p. 59) that if A, = 1, then r, = 1 if, and only
if, the curvatures of the arcs that meet at zj, coincide. In this case, m; = 1.

The branches of the functions of the form (w — wy,)?, (log(w — wy))™ that appear

!Suppose A\i, € {1,2}. If a term of the form (17) with m > 1 occurs in the expansion of ) about
wg, then necessarily wy, is a singularity of v». We do not know whether the converse of this statement
is also true.

16



in these expansions can be taken arbitrarily. However, for the sake of definiteness, we

will specify them as follows. Let

0 = arg(wy), 0<0p<2m, 1<k<s.

Then, the values of said functions along the half line {w = re® : 1 < r < oo} are

defined to be

(w—wp)? = (r = DPe* (log(w — wy))™ = (log(r — 1) + i)™ (20)

From the expansion (18)-(19) of 1 about wy, we associate to each z; the number
Ay, the numbers r, and my whenever A\, € {1,2}, and the following pair:

Ak, 0), if A .2},

(re + Ak, — 1), if Ay € {1, 2},

Observe that A, > 2 if \, € {1,2}.

If (aq,b1), (az,by) are two pairs of positive real numbers, we will say that (aq,b;) <
(ag, by) if either a1 < ag, or a; = ag and by > by. Therefore, (ay,b1) < (ag,by) if, and
only if, n=% (logn)® decreases slower than n=22(logn)® as n — oo.

Hereafter, we suppose that the z;’s have been numbered in such a way that

<A17M1> == (A’MMU) < (AU+17M’M+1) <--- < (A87M8>7

with v € {1,2,...,s}.
Recall that € denotes the exterior of the curve L. We will denote its interior
domain by G (instead of by Gy, as we had done in the previous section).

Then, with this notation we have:

Theorem I1.2.1. (a) Uniformly on any closed set E C Q\ {2z : \p, # 1}:

17



Figure 4: Closed sets E and F' as in Theorems I1.2.1 and 11.2.4.

Fulz) = [6(:)]" + O (M) (n — o), (22)

nh

where (A, M) is the smallest element of the set
{(Ay, M) YU {(rg, My) : 2z € E, A\, = 1}.

(b) For every non-smooth corner z; (A\; #1)

O (n), if \j#2,

(23)
(@ ((logn)M;/nT;> . if A =2,

Fo(z) = Ajlo(z)]" +

where (A}, M;) = min{(Ay, My), (ryj, M)}

Remark I1.2.2. (a): If the closed set E in Theorem I1.2.1(a) contains no corners of
L, then (A, M) = (A1, M;) and the convergence order given in (22) is sharp: if £ has

more than s — 1 points, then there is a constant a(E) > 0 such that

max |Fo(2) — [6(2)]"] > a(E) <M> V>0, (24)

z€E

In fact, there are closed sets E for which “max” can be replaced by “min” in (24).
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(b): The estimates (22) (even if E contains smooth corners) and (23) are sharp
in the sense that there are curves L and closed sets E for which the order given is
exact. This can be seen from the finer estimates (79) and (83) obtained in Section

I1.4.3 (see Example 11.2.3 below).

Example I1.2.3. In this example we show that there are curves for which the esti-
mate in (22) is exact. Let 2 = —4, zp = 2/v/3 + i, 23 = i, and let L be the Jordan
curve consisting of the segment connecting z; with 2, plus the one connecting 2z, with
z3, plus the half of the unit circle lying in the left half plane (see Figure 5 below).
For this curve we have A\ = Ay = 4/3, Ay = Ay =5/3, \3 = 1, A3 > 2. Hence,
(A1, M) = (4/3,0) and (22) tell us that for a closed set E containing no corners of
L

?

max |F,(z) — [¢(2)]"] = O (n_4/3> . (n— o0)

zeE

Now, the expansion of ¢ at z3 has the form (19), and since the arcs meeting at
z3 have different curvatures, it follows that r3 = m3 = 1, and therefore (r3, M3) =
(1,0) < (Ay, My). Thus, if the closed set E contains the smooth corner z3, then this
time (22) gives us the worse estimate

max|F(2) = [6(2)]" = O (n7!) . (n— o)

zeE

However, this is exact, since by the equality (79) proven in Section I1.4.3 below, we

have

1 CLA w3 1 Co Aqul™/3
m@azw@m”+ﬁm<]ll +o(1) | + 75 | +ol1)

Z3 — 21 Z3 — 22
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Figure 5: A curve providing sharpness for estimate (22).

Theorem I1.2.4. For z € G,

(n+A1+1) u A 62(n+/\1)9k

Ci Z + R,(2), (25)

n! (logn)™" Z—= 2

where R,(z) converges uniformly to zero on any compact set F C G, and

1/T(—Ay), if Ay <2,
Cl = (26)
(=) MAFL AL+ DAL, if Ay > 2.
Remark II.2.5. (a): The rate of decay of the functions R,(z) in Theorem I1.2.4 is
at least that of the dominant terms in the equality

D= )+ 3 0 (W) (27)

k=u+1

where
O (n—Ak) ’ zf 0< A\ <1,
O (nY) if 1<\ <2,
Tin(2) =
@ (log_IN> if Med{l2), My >1,
O (n~t(log )LL) i f Ny € (1,2}, My =0,

uniformly on compact subsets of G as n — oo.
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(b): In particular, if no Ay € {1,2}, then

O (n~ min{A1,Au+1—A1} IFOo< M\ < 1,
R ( ) f 1 (28)
o (n—min{l,/\wlf/\l}) if 1< <2

These estimates are best possible in the following sense: if 0 < A\ < 1, \; # 1/2,
then for every compact set F' C GG containing more than u + s — 1 points, there is a
constant S(F') > 0 such that

max |R,(z)| > B(F)n~ minthrua—A Vn >0, (29)

zeF

and, in fact, there are compact sets F' C G for which “max” can be replaced by “min”
in (29).

The corresponding statement for the case 1 < A\; < 2 (substitute “u + s — 1
points” by “s — 1 points”) also holds true provided that cglf1)70 # 0 for at least one k
(1 <k <wu), where cglfl)’o is the coefficient of the (w — wy) ™ -term appearing in the

expansion of 1 about wy:

V(w) = 2z, + Ap(w — wy) ™ + cglfl)yo(w — w) "M 4 o((w — wy) M.

I11.3 The zeros of F,,

In this section we discuss some of the implications that Theorems II1.2.1 and I1.2.4
have concerning the zeros of F,.

We say that ¢ € C is an accumulation point of the zeros of the Faber polynomials
F,, if for every open neighborhood U of t, there are infinitely many polynomials F),

having a zero in U. Denoting by Z the set of all such accumulation points ¢, and by
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Z, the set of zeros of F,,, we obviously have

Recall that u is defined to be that positive integer for which
(AhMl) == (Au7 Mu) < (Au-l-la Mu—i-l) S U S <A87 MS) :

Corollary I1.3.1. For any closed set E C Q\ {2y : \p # 1} there is a positive integer
Ng such that if n > Ng, then F,(z) #0 for all z € E.
For any compact set F C G, there is a positive integer Ng such that if n > Np,

then F,(z) has at most u— 1 zeros in F' (counting multiplicities).

Proof. The first assertion of Corollary I1.3.1 is a straightforward consequence of (22)
(notice that, by the definition of F,, the function F,,(z) — [¢(z)]" is analytic at 00).
Consider now a compact set ' C G, and suppose there is a subsequence n; <
ng < -+- < ny < --- such that, for all ¢ > 1, F,,,(z) has more than u — 1 zeros on an
open set U such that F ¢ U c U C G. Without loss of generality, we can assume

that there exist 51, e ,éu such that

ingly __

lim e eié\’“ VIi<k<u.

{—00

Then, by Theorem I1.2.4,

T(ne + Ay + 1)Flne(2> = Zu: -~ (30)

=00 ne! (logng)™ = 2

uniformly in z € U. The rational function in the right-hand side of (30) is not

identically zero and has at most u — 1 zeros in U. By Hurwitz’s Theorem, if ¢ is
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sufficiently large, F,,, has at most u —1 zeros in U too, contradicting our assumption.

]

We already knew from the discussion held in the introduction to this chapter that

ZNQ =0, and it is a consequence of Ullman’s results in [32] that L C Z.

Let vg, be the normalized counting measure of the zeros of F},; that is, if 2,1, ...,
Znn are the zeros of I}, (counting multiplicities) and 9, , is the unit mass Dirac measure

at z,;, then

It is said that the sequence {vpg, }2° | converges in the weak*-topology to the finite
measure p if for every continuous function f defined on C,

lim @fypn:/ifdu.

n—oo C

The equilibrium measure g, of the curve L is the measure defined on any Borel

set B C L by

1
B)=_— dt| .
po(B) = 5 [l

™

In [12] (see Theorem 1.3), Kuijlaars and Saff proved that there exists a subsequence
of {vg, }52, that converges in the weak*-topology to the measure py. Moreover, from
the proof of this result, it follows that if x4 is any other measure supported on L that
is a weak™*-limit point of the sequence {vp, }>° ;, then necessarily u = . We use this

fact and Corollary I1.3.1 to deduce the following

Corollary I1.3.2. The sequence {vg,}32, converges in the weak*-topology to the

equilibrium measure of the curve L.

Proof. By Corollary 11.3.1, for any open disk D C C\ L, vg, (D) < (u—1)/n if n is

sufficiently large. Hence, if p is a weak*-limit point of the sequence {vg, }°2 ;, then
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(D) = 0. Since this implies that u is supported on L, we conclude that p must be

K- L

We finish this section with the following characterization of the set Z N G.

Corollary 11.3.3. The point t € G belongs to Z if, and only if, there exist a subse-

quence ny < ng < --- < ny < --- and real numbers 51, R §u such that
lim e™f% = ¢ 1<k <u, (31)
l—o0

and

=1 t— Zk

In particular, if Oy /7 is rational for all 1 < k < wu, then Z NG is a finite set.

Proof. The “if” part follows by using the argument employed in the proof of Corollary
I1.3.1. For the “only if” part, suppose t € Z N G. Then, there is a subsequence
ny <ng <---<mny<--- and a corresponding sequence of points {t,,,tn,,...} C G
such that

Klim tn, =t, and F,,(t,)=0 V{>1. (32)
Without loss of generality, we can assume that (31) holds, so that by Theorem I1.2.4,

u i(§k+/\19k)
g DA DE () o AT (33)

£—o0 ny! (log ng)M = 2

uniformly for values of z lying in any open disk centered at ¢t and contained in G.
This and (32) force ¢ to be a zero of the rational function in (33).
If 0 /7 is rational for all 1 < k < u, say
. 27Tpk

Oy, w 0<pr <@ Dr G €Z,
k
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then for every n > 1, e™% = ¢?2™nk/% where 0 < S5 < i, Snr € Z. Hence, there

~
16y,

are finitely many €', ..., e for which a subsequence ny < ng < --- <ny < --- can

be found so that (31) holds. This completes the proof of Corollary I1.3.3. [

I1.4 Proofs of the results in Section 11.2
I1.4.1 Development of ¢(w) near wy

Because z; = ¥ (wy) is a regular point of the two analytic arcs of L meeting at it, the
function ¢ can be analytically continued by the reflection principle onto the entire
logarithmic Riemann surface with branch point at wy. The function ¢ is analytic for w
sufficiently close to wg, say 0 < |w—wy| < €, on any finite sector 6; < arg(w—wy) < 05
of this Riemann surface, where € depends, in general, on the sector.

In what follows, we abbreviate by putting y = w — wy. R. S. Lehman [13, Thm.
1] proved that ¢ has the following asymptotic expansion: if Ay is irrational, then as

w — wy, with 6; < arg(w — wy) < 0,

b(w) = Plwy) + 33 eyt o £ 0 (34)

i=0 j=1

if \x = p/q is a fraction reduced to lowest terms, then

o q Li/p) o
Plw) =lwy) + 353 eyt (logy)™, ol # 0. (35)
i=0 j=1 m=0

The terms in the above series are assumed to be arranged in an order such that a
term of the form y****(logy)™ precedes one of the form y" /' (logy)™ if either

P4+ A <V + 5 A ori+ A =4 4+ A and m > m'.
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The precise meaning of these expansions is the following: if ordered as explained

above, either (34) or (35) can be written as

b(w) = blwd) + 3 xal),

n=1

where for all N > 1,

Y(w) — P(wy) — Z;lxn(y) =o(xn())

as w — wy within any finite sector 0; < arg(w — wy) < 5.

As in Section II.2, we fix the branches of the functions of the form (w — wy)?,
(log(w — wy))™ that appear in these expansions by defining them along the half line
{w=ref :1 <r < oo} via (20).

As pointed out by Lehman, the expansions of the derivatives of ¢ are obtained
from (34) and (35) by rearranging the terms obtained after termwise differentiation.
For a more detailed description of these expansions we separate in two cases:
Case 0 < Mg < 2, Ap & {1,2}: as in Section I1.2, we put Ay, := cgfl)@ # 0, and it

follows from (34) and (35) that if v > 0 is sufficiently small, say

min{)\k, 1-— )\k}, Zf 0< A < 1,
O<v<

2—/\]€ if1</\k<2,

then,

Y(w) = 2+ Ay™ + B0y + O (), i 0< M <1, (36)
(w) =z, + Ay + cglfl),oyl“”‘k + C(()Ij:2)70y2>\k + O (y2’\’“+”) , i 1< <2, (37)

(If 1 < Ay =p/q < 2, then p > 3, ¢ > 2, and no log-terms correspond to i = 0, 1,2.)
Case A\, = p, p = 1,2: here ¢ = 1 and there is a smallest integer i, p = A\ <

e < oo for which a log-term of the form 3™ (logy)™*, 1 < my, < |7x/\x], appears
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in the expansion of v, so that in this case

re—1 '
bw) =z + 3 R oy 4+ Ay (log y)™ + Byy™ (logy)™ ! (38)
=0

@) (yAk (log y)mk_2), if my, > 2,
+
CkyAkJrl(lOg y) Lre+1)/26] 1 O <y/\k+1(]0g y)L(?"kJrl)/)\kJ*l) . if my =1,

where c(()]fl)’O # 0 and

— — k) — k) — R
Ak — /r'k- _'_ )\k, Ak . CT.le’mk # O, Bk . Crk717(mk_1)’ Ck- . C(Tk+1)71,|_(rk+1)/)\kj .

Thus, setting

re—1 )
Qk(w) =z + Z C@(ﬁ),oyl—i—)\k =2+ O (y)\k) ’ (39)
i=0
we have
U (w) = Qp(w) + ApAry™ ' (log y)™ + Dyy™ ' (log y)™ " (40)
O (y™~(logy)™2), if my > 2,

+
Cr(1 + Ak)y/\k(log y)L(rwl)/MJ L0 <yAk (log y)L(mH)//\kJ—l) ,if my =1,

where Dk = Akmk + BkAk
I1.4.2 Auxiliary lemmas

Lemma 11.4.1. For every two integers m > 1, £ > 0,

nl(—logn)™ [1 +0 <1og_1 n)}

/01 2"(1 — x)f (log(1 — )" dx = CEESY (41)

as n — Q.
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Proof of Lemma I1.4.1. The proof is by induction. We shall prove the equivalent

statement

/01 2"(1 — 2)" (log(1 — x))™ da

fnl(=log(n + £+ 1)) [1 40 (log ™ (n + £+ 1))]
- (n+0+1)! ‘ 42)

By using the same computations that follow below, one can see that

1_|_%_|_...+L
n+1

1
/ 2" log(l — x)dxr = —
0

so that (42) holds for m = 1, £ = 0. Now assume that (42) holds for some m > 1 and

¢ =0. Then

/01 2" (log(1 — )™ da

(@ = 1) (log(1 — )™
n+1
m+1Z&

= n+12/ 2! (log(1 — z))" dx

_ <—1)":1+<T +1) (Z (og(G+ D))" |, (Z (log(j + 1))”“)) |

=0 Jj+1

0

(43)

m

Now, for m > 0, the function (logz)™/x decreases in (™, 00), so that if ng > e™

is a fixed integer, then for all n > ng

/nﬂ (log(xz +1))™ 2": (log( j +1)™ - /”+1 (log z)"dx

=no
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Hence,

(bg;i?V” +ou)<§2@%y:f”m<(bggiayw + o),

which implies that

m—+1
(log(j + 1))™ (log(n +1)) o).
J+1 m+ 1

>

J=0

Plugging this above in (43), we obtain that (42) is also valid for m + 1, £ = 0.

Finally, assume (42) holds for some ¢ > 0 and all m > 1. Integration by parts
yields

Auﬂ1—@“m%u—xwmx

[ e ) (og(1 — )

- n+1
"‘H m—1
n+ 1/ Y (log(l — z))™ 'dx
_(+ 1)l (—=log(n + L+ 2)™ Lo n!log™ " (n + £ +2)
B (n+¢+2)! (n+¢+2)!

]

Some standard notation that we will use from this point on is the following. For
any 0 < r < oo,

T, ={w:|w=r}, D ={w:|w <r}, A, :={w:|wl >r}
Throughout the remaining of this chapter, D,, will denote an element of some
collection {D,, }5_, of pairwise disjoint small open disks such that D, is centered

at wy and its boundary intersects T, at the points w;, =e Okter) - = ellOr—er) for

some €; > 0 (see Fig. 6 below).
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Figure 6: A collection of disks {D,, }i_;-

Let us define the half-open circular arcs
[wi, wi)™ = {e? 1 0, <O < O+ e},

(wg ,wg]” = {e?: 0, — e < 0 <0},

together with their corresponding open sets (see Figure 6 above)
DLC = Dwk \[wkvwlj)/\7 D;k = Dwk \(wlngk]ﬂ'

If D, is sufficiently small, then 1 has analytic continuations v, ¢_ from A; onto
D;;k, D, , respectively. Hereon, we assume that every element of a given collection
{Du, }i—, has this property.

For every 0 < o < 1, we define 0}, := e, 1 < k < s, and the contour (see Figure

7 below)

FU = TU U (Uzzl(ak, ’LU].CD .

(we use (ox,wy] to denote the half-open segment joining oy with wy. A similar

meaning is attached to [0y, wi] and [0, wg).)
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Figure 7: A positively oriented contour I',, 0 < o < 1.

The exterior of the contour I', is understood to be

ext(FU) = AU \ (Uzzl[dk, ka .

Recall that for every k such that A\, € {1,2}, Qy is defined by (39).
Lemma I1.4.2. Let € > 0 be given. Suppose D,, and o are such that

Vo(DE) CH{z |z — 2| <€}, op € Dy,

and, that in case A, € {1,2}, we also have Qi (Dy,) C {z: |z — 2| < €}. Then,

1 pwe (") (1) )’ (t) ~ nl(logn)Me [ CpAwET
i ), <¢+<5—5 REOE g) KA Y v ( £ o “’kﬂ"@)

Ok
with

1T (—Ay), if A <2 (e, M\ &{1,2}),
Ck = <44)

(_1)Ak+Mk+1(Mk + 1)Ak"7 Zf Ak Z 2 (i.e., )\k; S {1;2})7
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and 1y, (€) converging uniformly to zero on {& : |€ — zx| > €} as n — oo with the

following rate:

O(n"\k), if 0< M\ <1,
O, if 1<\ <2,
rk,ﬂ(ﬁ) =
O (log™ n), if A €{1,2}, My >1,
O (n‘l(log n) L("’“*l)/’\kj_l) ,if A €4{1,2}, M =0.

The constants involved in the O terms are independent of &, and the rate of conver-
gence is exact when 0 < N\, < 1, Ay # 1/2, provided that £ # zj — A%/ZCOQO, and

when 1 < A\, < 2 provided that 017170 # 0.

Proof of Lemma II.4.2. Suppose first that z; is a corner of the curve L with \; ¢

{1,2}. Then, it follows from (36) and (37) that uniformly in {£ : | — zx| > €},

1 1 A O(y*™), 0<A <1,
- +
w(w) _5 Rk — § (Zk - 5)2 O (yAk'H) , 1< )\k < 2,

as w — wy.

Hence, if 0 < \x < 1, then

w/( ) A A Ar—1 /\k QC(IT)7 (zk _é') — A? y2)\k*1 .
Y(w) — k,z:gg + 26630 o 3 O (), (45)

while if 1 < Ay < 2, then

/ Ap—1 (k) Ak
wzbw() w) Ak:]:kg : n C11, O(Zktsz Lo (y2>\k—1> ‘ (46)
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Let us denote by (w —wy,)1, log, (w—wy,), the analytic continuation of (w — wy,)?

and log(w — wy) onto the open set D . For any real 3 > —1,

Wi

W .
/ (t — wy)lt"dt = eTo" /
Ok

Ok

, 1
(wy, — t)3t"dt = eﬁﬁ”wzﬂw/ (1 — z)P2"dx,

and
/1 (1 —:C)Bx”d:c:/()l(l—x)ﬁx”dx—/og(l—x)ﬂx"d:c
_ P+l +1) w  L(B+1)
“TTmtgry OV T
Hence,
Wi ipr,, nt+1+0
and
wy, 1 1
/ok O ((t — wy)it")dt = O (/g (1— t)%"dt) =0 (nﬂ+1> . (48)

Therefore, we get from (45), (47) and (48) that if 0 < A\, < 1, then

[ (Lo, o),
on \U+(t) =& () =&

=€ D(n+ X\ +1)
e [26630(2 — €) — A2] 2sin(2mA w2 T(20)n! N ( 1 )
(21 — &)? I'(n+2M\+1) n2etv )7

so that, using the identity —A\I'(=Xg)T'(A\g) = 7/sin(Ag7), we finally get for 0 <
Ar < 1 (with the understanding I'(—2\;) = oo if A\, = 1/2):

RO A0

i L, <w+(t> T g) i (49)
ol A+ [2c63.0(6 = 2) + A2 wi ™ (1 4 o(1))
ST+ N+ D) AT (=) (€ — 21) 2T (—2M;) (€ — 2)? nAk '
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Similarly, if 1 < A, < 2, then we get from (46), (47) and (48) that

(L) tw@))
3wi L, <w+<t>—£ o) —¢)"
_ n! ( A ) gt (1+0(1)))' (50)

F(n+ X+ 1) \D(=M)( —2) T(=M—-1DE—2) n

Thus, Lemma I1.4.2 for a non-smooth corner follows from (49) and (50).
Next, let us consider the case Ay € {1,2}. From (38) and (40) we see that,

uniformly in {£ : |€ — zx| > €} as w — wy,

_Yw)
Y(w) —§
;C(w) AkAkyA’“_l(log y)m;c DkyAk_l(log y)mk_l
N i + 51
Qr(w) — ¢ 2 — € P (51)
O (y™(logy)™2), iy > 2,
TN Gl + Ay (log y)Lw /A

€ +0 (yAk (log y)L(T’C*l)/)‘kJ*l) , if my = 1.

Now, if £ > 0, m > 1 are integers, then we get from Lemma I1.4.1 that

/wk n(t — wy)’ (loga (t — wy))™dt

Ok

(=D [ a1 = 1) (log(1 — 2) 4+ i(0 F 7)™ da

= (_1)€w2+1+€ 01 xn(l — ;1;')5 (log(l — $))m dr + O(o’n)
_I_z' m(0x F 7T)(_1)Z+m_1w2+1+£€!n!(log )t
(n+£+1)!
n!(logn)m™2
0 <(n+€+1)'> : (52)
and
- " m n!(logn)™
[ 0 (e miitionste - my) -0 (ZLETL) e
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Thus, we get from (51), (52) and (53) that if A\x € {1, 2}, then

1 [ ( £y, (1) t%’(t)g) dt

i o \a(t) =€ W) -
1
@ , if my, > 2,
~ nl(log n)™ ! AkAk!mkaJrA’“ N (10g ”) :
 (n+Ap)! I (e (ret1)/Ae -1
( k) (=1) (€ — z1) O((logn) )7 iy — 1.
n
This completes the proof of Lemma I11.4.2. O]

Lemma I1.4.3. Let E C Q\ {21, : \y # 1} be a closed set and let F C G be a compact
set (see Fig. 3 above). There exist 0 < € < dist(E U F,{z; & E}) and a collection
{Duw, }i—1 such that for every contour I'y with o, € D, , 1 < k < s, the following

statements hold simultaneously:

(a) for every non-smooth corner zy (A # 1),

Ve (Df) Clz:lz—al<e, 2 ¢ (DE), (54)

while for every smooth corner zy, the three arcs

Vi (low, wr)),  Y-([ow,wr)),  Qr(low, wr))

lie entirely on G and

Vi (t) — 21

Pe(t) =€

<2 Qdﬁiﬁ3<

REAOR )

for allt € [op,wi), £ € QN{E € — 21| <€}

(b) 1 has an analytic continuation from Ay onto ext(I'y) with continuous boundary
values on I, when viewing each [0y, wy| as having two sides; ' has continuous,

integrable boundary values on Ty \ {wy, ..., ws}. Moreover, 1 is one-to-one on
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A, UU for any open, connected component U of

DN (ext(FU) \ (U/\k#lbwk))

and v (ext(Fa)) NE=19.

Proof of Lemma I1.4.3. (a): By the continuity of ¢, and the fact that

w<w) — 2k (k)
(0= w iy D0 # 0 VIS k<,

the conditions (54) are trivially satisfied by taking the disks D,,, sufficiently small.
Suppose zj, is a smooth corner (A\; = 1) which is the common endpoint of the two

analytic arcs 73" = ¥([wg, wi)"), 75 = Y ((wy , wg]"). By assumption, 7; is part of a

larger analytic simple arc containing z;, as an interior point, which we denote by ;"

as well. Notice that ;" and L share the same tangent line at z;. Since, as w — wy,

Y(w) = 2 + i o(w — wi) +o(w—wy), il #0,
the arc ¥ ((wg,1/Tg]) lies entirely in Q and is perpendicular to L. If oy is suffi-
ciently close to wy, then by the Schwarz reflection principle for analytic arcs (see [3]),
Y_([ox, wy,)) is the reflection of ¥((wy, 1/7%]) across v;", which is perpendicular to L
and lies therefore entirely on G. In fact, Inequality (55) for ¢_ is also a consequence
of the perpendicularity between ¥ _([oy,wy)) and L. Clearly, similar considerations

apply to the arc v, . Now, because

Qr(w) = 2, + i o (w — wy) + 0 (W — wy),

(@, maps a small circular arc of Ty centered at z, onto an analytic arc tangent to L

at zj, and therefore Qy([ox,wy)) also lies entirely on G and is perpendicular to L,
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provided that oy is sufficiently close to wg. Hence, (55) for @y follows.

Finally, from the Schwarz reflection principle and the fact that

as w — wj, it is easy to see that by making o sufficiently close to 1 we can, in addition,

satisfy the conditions stated in Lemma I1.4.3(b). O

I1.4.3 Proof of Theorems 11.2.1 and 11.2.4

We shall prove Theorems I1.2.1, I1.2.4, and the statements in Remarks I1.2.2, I1.2.5
simultaneously.

Proof of Theorem I1.2.4 and Remark I1.2.5(a): Let E C Q\ {21, : M\ # 1} be
a closed set and let FF C G be a compact set. Lemma I1.4.3 allows us to choose
0 <e<dist(EUF,{z : z& & E}), a collection {D,, };_, and a contour I', with
o, € Dy, for all 1 <k <s, for which all the statements listed in Lemma II.4.3 hold
true.

First, suppose £ € F is not a corner of L. The function ¢'(w)/[¢(w) — &] in the
variable w is analytic on ext(I',) \ {#(§)}, with a simple pole at ¢(£) and integrable
boundary values on I',. We choose a small circle C¢ centered at ¢(§) that lies on
a neighborhood of ¢(§) on which ¢ is univalent. Then, in the integral of (12) with
R > |¢(&)|, the circle Tk can be deformed without altering the value of the integral,

to the positively oriented contour I'; U C¢ to obtain

W(t) =€ 2miJr, () - &

(&) = omi Jre V() — € 2mi

1t (t)dt

2mi Jr, () — &

1 ()t 1 ]{ ' (H)dt 1 ! (t)dt
Ce

= [0(&)]" +
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Similarly, since ¢'(w)/[¢(w) — ] is analytic on ext(T',) for all £ € F', we have

' (t)dt

&) =i, w0 ¢

V¢ e F. (57)

Now, for all £ € FUE\ {2z : A\ = 1},

et g (Gde g~ e (L) L)
et e Bl (e ve)

so that by Lemma [1.4.2,

! (t)dt °. n!(logn)Mr (CkAkaJFA‘“

[ e = Ot wami s LRV (A 0) 69

uniformly in £ € FU (E\ Uyep{z: |2z — 2| <€}) as n — oo. Thus, Theorem I1.2.4
and Remark I1.2.5(a) follows from (57), (59) and the definition of C;, in Lemma I1.4.2.

Proof of Remark I1.2.5(b): Indeed, from the more precise expressions provided
by (49) and (50) for 7y, (), we obtain in the case in which no Ay € {1,2} that if

0 < A; <1 (recall the convention I'(—1) = o0), then

v |20 AR wit™
Rn(é)zl(z[ 20l6 — 2) + Al ui +o(1)>

20 (=2 )nM \ o (€& — 21)?
Cu+1 Akwn+)\u+1
+ ———+o0(1) ], 60
n)\u-!—l*)\l <Ak§+1 5_ Zk; ( ) ( )

while if 1 < A\; < 2, then

- 1 C§k1) sz+/\1+1
Ry (€) = N ES— (Z ot o(1)

n4+Au+1
Cutt Avwe "7 0(1)) . (61)
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Hence, if 0 < A\ < 1, Ay # 1/2, there is Z C {1,2,..., s} such that

nmin{kl,)\u+1—)\1}Rn(§) — Z wZHk<§> -+ 0(1) (62>

keZ

where the Hy’s are different elements of the system of linearly independent functions

2¢30(€ — 20) + A7 o | G A
2o a2 L e ]

Clearly, from every subsequence of {} ez wiHk(£)},—, one can extract a subse-

quence that converges uniformly on compact subsets of G' to a not identically zero
rational function with numerator of degree at most u + s — 1. Hence, if the compact
set F' C G is composed of more than u 4 s — 1 points, there is a constant a(F") > 0
such that

r%ﬂ&@ﬂzawmﬂmﬂwwﬁw Vn>0. (63)

To see that there are compact sets F' for which “max” can be replaced by “min” in
(63), simply notice that, clearly, there is § > 0 such that for every £ € G that is

sufficiently close to any of the corners 2z, k € Z,

>0 >0.

> wiHk(§)

kel

Similarly, from (61) we obtain in case 1 < A\; < 2 and cglfl),o # 0 for at least one k
(1 < k < w), that if the compact set F' contains more than s — 1 points, then there

is a constant B(F') for which

I@MRﬁﬂzmmﬁmmmﬂm}anQ
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Proof of Theorem 11.2.1(a) and Remark 11.2.2(a): We also obtain from (56) and
(59) that

Fufe) = o)) + 18 GAWE | o(l)) (64)

n ((Ak,Mw:(Al,Ml) £
uniformly in £ € B\ U, ep{z : |z — 2| < €}; that is, Theorem II.2.1(a) holds for £
containing no smooth corners.

The proof of Remark 11.2.2(a) follows by proceeding as in the proof of Remark
I1.2.5(b), because of the form of the terms appearing under the ¥ sign in (64).

Let us complete now the proof of Theorem I1.2.1(a) by assuming that £ contains

some smooth corners. We still get from (56) and (59) that if z; is a smooth corner of

E then

A n+Ag
CuAw +o<1>)

Zj — Rk

£(6) = [o()" + 0o + Y LB (

k#j

e g tw'_of))
=7 <¢+<t>—5 i) (65)

uniformly in { € EN{z:0 < |z — z;| < e} as n — 0.

To get a similar estimate for { = z;, choose a small closed simple path ¢; encircling
the segment (o, w,|, whose only common point with D, UT, is 0;. Let R > 1 be
such that ¢; lies interior to Tg. Then, since the function ¢'(w)/[¢(w) — z;] is analytic
on ext(I';) with continuous boundary values on I', \ {w;}, we obtain from (12) and

Lemma 11.4.2 that

ori Fy(2;) = TRW
B t";z) t)dt we (ML) () ) ! (t)dt
}’{ 9 kZ#/ ( —zj TR d”?i o) — =,
B (log n)Mr C;§Akw”+A’c t"Y' (t)dt
=0(o") + 1%&:] nie ( zi — 2k + 0<1)> + .72 Y(t) =z (66)
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To be able to estimate simultaneously the last integral in (66) and the integral in

(65), we use the following identity:

V(w) _ Qiw) ) = Qi) [p(w) - Qw)]Y(w)
b(w)—€ Qijw)—¢ " Qw)—¢ (Qj(w) — &)?
[ (w) — Q;(w)]* (w

+ (67)

[¢! (w)
(Qj(w) — &) (W(w) —€)

Since Q;([oj,w;)) C G, we can assume that ¢; was chosen so close to [o;,w;] that
Q;(w) — z; # 0 for all w # w; in ¢; Uint(¢;). Then, integrating over ¢; equality (67)
for { = z; after it has been multiplied by w", and expressing the last three integrals

obtained in this way over the two-sided segment [0, w,|, we obtain

reon_ S (t) — Qi(e))dr L) — Q, (0 (1)
i¢@—%_2(w_kmw @w—% o B o
L P - QP .

o3s] (Q(t) = 2)” ($(t) — 2)

Thus, from (65), (67), (66) and (68) we see that

2mi Fy (€) = 2mi[p ()" + +§O<b“))
P - QO [ () — QN (1)
* ‘7{% wj] Q (t) - 5 ‘7{% wj] (Q] (t) - §)2
W(t) — QD] (H)dt
*ﬁwﬂ<<>sfww—o’ h

uniformly in { € EN{z: |z — z;| < €} as n — 0.
We proceed to estimate the integrals appearing in (69). For this, we first observe
that if ¢ > 0, m > 1 are integers, and {F(-,§) : £ € EN{z : |z — 2| < €}} is

a uniformly bounded family of measurable functions on [0, w;|, then Lemma II1.4.1
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yields

[ F (= ) loga ¢ = w))at

= (_1>zw?+1+e /01 F(wjz, &)x™(1 — x)" (log(1 — x) +i(0; F 7)™ dw

=0O(o") + (—1)%}?““ /01 F(wjx, §)x™(1 — z)* (log(1 — z))" dx
im(0; F m) (=1 1w 0 nl(logn)™ 1 O(1)
(n+£+1)!

n!(log n)m_2>

(n+£¢+1)!

+

+(1 = 6,,1)0 ( (70)

uniformly in £ € EN{z: |z — 2| < €}, where the O(1) factor appearing in the first
fraction of (70) is independent of the sign + and can be replaced by 1 for a £ such
that F(-,&) = 1. Also,

wj Y. o g n!(logn)™
/Uj O (#"(t — w;)’ (log (t — w,))™) dt = O <<n+£+ i) (71)
Now, recall that with y = w — w; (see (38)-(39)-(40)),
Qj(w) ==z + il o™ + OWN ), Qj(w) = i Ay + Oy, (72)

Y(w) = Qj(w) = Ajy™ (logy)™ + Bjy™ (logy)™ !
O(y"i (logy)™i—2 if m; > 2,
+ ( ) ’ (73)
Oyt (logy) s+ DNy i my = 1,

P (w) — Q(w) = AjA;yM (logy)™ + Dyy™ " (logy)™ ™"
O(yAf—l(log y)mﬂ'_2) if m; > 2,

(74)
o(ij (log y)L(mH)/MJ) if m; =1,
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where CO 1 070, A;#0, Bj and D; are certain constants.
If we set F(t,&) := (Q;(t)—z;)/(Q;(t)—=&), then by (55) in Lemma I1.4.3, {F(¢,€) :
e En{{: € — 2| < e}} is uniformly bounded for ¢ € [0, w;), and we get from

(72), (74) and the equality

-1

(Qi(t) — 2 =cfly (t—w)™ +O((t —w;)' ™)

that

/“’J‘ [P (t) — Q;(t)]dt

i Qj(t) — ¢
::wﬂmwmm—@mﬁ
o Q;(t) —
AN wi
=0 @5W@—%) H(log. (t — wy))™dt
001 9j
+ )J /wg}“t (t, )t ( t—w]) (k)gi(t—wj)) -1t
0010 i

fwj o (tn(t —wj)y (logi(t - w]))mj_z) ;oM 22,
S 0 (7 (t — wy)¥ (log (t — w5 +IAL) | my =1

Combining this with (70), (71), we see that, uniformly in £ € EN{{ : | — 2| < €}

as n — 0o,

?{ [y (t) — Q(t)]dt  (logm)™s! (m AjAjrtmyw’ T O(1)
(o5 w;]

Q,t)—¢ o (—1)rstmi=ir; c§

+ 0(1)) , (75)

where the O(1) factor in (75) can be replaced by 1 if £ = ;.

Similarly, we get from (73), (74) and the equality

(Qi(t) = 2) 2 =)y (¢ —w;)™ + Ot —wy),

43



that

/wj () — Qs ()L (t)dt

% (Q;(t) — )
/ tﬁt” t) — Q;(V)]YL(t)dt
i(t) ZJ>2
fi%i/a t“"f—wﬂ H(logy (1 — wy))™idt
+jéfi/ FALOIE = wy)2 (logat — wy))™ "t

. S0 (82t = w))2 ™ (log (t — w)))™~2), m; > 2,
f;‘;fO( "t — ;)2 (log (t — wy))>™ ), my = 1.

Hence, uniformly in £ € EN{¢: | — 2| < €} as n — oo,

() — QO ()dt  (logn)™ 1 [ 2mi Ayrstmyuw ™ O(1)
% 2 - T ) . (@) + 0(1) )
[ 0,1 (Q;(t) — &) n' (=1)75tmi =t el g
(76)

where the O(1) factor in (76) can be replaced by 1 if £ = z;.
As for the last integral in (69), it follows directly from (73), (74), (55) and (70)

that

/“’J t"[1h(t) — Q; (1) (t)dt
o (Q;(t) — &> (W(t)e — &)
_/wﬂ ( +(t) — Z;) F2(t,8)[w=(t) — Q; (1)L (t)dt
o5 \ V() — (@Q;(t) — 2)? (W (t) — 2))
= [0t — )P (log (t — w;))*™ ) b
o (Uog”)m‘l) . (77)

n2'l’j
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Finally, combining (69) with (75), (76) and (77), and since (r;, M;) < (A;, M;),
we obtain that uniformly in £ € EN{¢: |£ — z;| < €} as n — oo,
(logn log n)Mi
RO =lole) + 0l + T o (HEE ) 4 o (1812
k#j

@) + 0 (””)) 7 (78)

n

with (A}, M5) = min{(Ay, M), (r;, M;)}. Moreover,

Ful) = gz + 3 LB (C’“A’“wn k+o<1>)

oy nA zj — 2,
logn Ajrilmi(—1 rjtmy =1y,
! iw) ( iy (= ()j) i o)) + 0™, (79)
€0,1,0

It is now clear that Theorem I1.2.1(a) is a consequence of (64) and (78).

Proof of Theorem I1.2.1(b): Suppose z; is such that A\; # 1. Choose a contour I',
as the one provided by Lemma II.4.1. Let {; C D,, be a small closed simple path
encircling the segment (o;,w,|, whose only common point with D, U T, is ;. As

before, we obtain from (12) and Lemma I1.4.2 that

n+Ay n
Fu(zy) = 0" + 3 doe)™ (C’“A’“w +0(1)> + 27”% UL

Py nMk Zj — 2k ¢ 77ZJ()_ZJ

If \j = 2, we can assume D, is so small that Q;(w) — z; # 0 for all D, \ {w;}.
Then, in exactly the same way we deduced (79) (for a smooth corner) from (66) and
(67), we find that (79) is also valid for every corner z; for which A\; = 2, whence
Theorem I1.2.1(b) for the case A\; = 2 follows.

If \; # 2, then we have in virtue of (36) and (36) that for all v > 0 small enough,

V(W) =z + A + iy + O (V) i 0< ) <1,
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b(w) = 2+ AN+ Loy ™+ oy O (V)i 1<) <2

Hence, if 0 < v < min{\;,2 — A\;} < 1, then

Y'(w) N 0020)\ yhi !

S S A AL SN y)‘ﬁ'“_l , if 0< A\ <1, 81
Y(w) =z y A; ( ) ’ 0

W) A o + oy +O (), it 1<) <2, (82)

v(w)—z oy A A; ’ T
so that

thy'(t)dt Cozo)\ Aj—1
= \:[(z)]" t"(t — IThdt
2mi é Y(t) — 2 o) + 2miA; Jiojw;] (¢ = w)
+ O (t"(t — wp)T 1) dt
[o,w;] ( ( k) )

n! C(()J% Own+/\
= Ajlo(z)]" — L(n+4+ X +1) (F( Aj)A; ! 0(1>> |

which combined with (77) yields

1 Mk A n+Ag
Fulz) = n gy toen) (C’; — +o<1>)
k#j J T~k
) n+A;
— _— 1 O(a"). 83
nAi (F(_)\j)A]’ +O( )) + (U ) ( )

Since Ay = A\ < \; <2 < Ag if A\, € {1,2}, Theorem I1.2.1(b) for the case \; # 2

follows immediately from (83).
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CHAPTER III

POLYNOMIALS ORTHOGONAL OVER REGIONS BOUNDED
BY ANALYTIC JORDAN CURVES

I11.1 Introduction

Let L be an analytic Jordan curve in the complex plane C and let G be its interior
domain. Applying the standard Gram-Schmidt orthogonalization procedure to the
system of linearly independent functions {1,z,2% ...,2" ...}, one can construct a
unique sequence of polynomials { P, (z)}°, with positive leading coefficients that are

orthonormal with respect to area measure over G, i.e., they satisfy
P.(z)=kpz"+-, K,>0, n>0,

/ P, (2)Py(2)dzdy = 6y, n,m >0,
G

where dxdy is the two-dimensional Lebesgue measure.

These polynomials are sometimes called Carleman or Bergman polynomials for
G. The problem we investigate in this chapter is that of describing the asymptotic
behavior of the polynomials P, and their zeros.

The aim of this introduction is to present those known results that are relevant to
our investigation. We start by introducing some notation that will be used throughout
the chapter.

For any 0 < r < oo, we define

T, :={w:|w=r} A ={w:|w>r}, D :={w:|w <r}.
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Let Q = ext(L) be the exterior domain of L. By the Riemann mapping theorem,
there is a unique conformal map ¥ (w) of the exterior of the unit circle A; onto €2 such
that ¥ (00) = o0, ¥'(c0) > 0. Since the curve L is analytic, there is a smallest number
0 < p < 1 such that ¢ has an analytic and univalent continuation (also denoted by

1Y) to A,. For every p < r < oo, put
Q. ={z=vw):|wl >r}, L =09, G,:=C\Q,.

Thus, if r > p, then L, is an analytic Jordan curve and 2., G, are, respectively, the
exterior and interior domains of L,.

There are essentially two results that reflect the interrelation between the polyno-
mials P, and the canonical conformal maps of the domains €2 and G. The first states

that if p <7 < 1, then for all z € €,

Pn<Z)

= [ SR 1+ (), 59

where

@) (nl/Qp”) , z €1,
@, (n_1/2) (p/r)", z€Q,,

and the constants involved in the O-terms are independent of z.
Formula (84) was first established by T. Carleman in [1], but only for values of
z € Q and with the estimate h,(z) = O(n'/2¢") for some p < ¢ < 1. Its validity for
points z € GNQ, was independently established by E. R. Johnston [10] and Korovkin
[11]}, but with estimates for h,(z) worse than (85). The statement presented here
has been taken from the book of Gaier [5], which seems to provide the best estimate

obtained so far.

'Indeed, Korovkin obtained a stronger result. Using Carleman’s method he proved a gener-
alization of formula (84) for polynomials orthogonal over G with respect to weights of a specific

type.
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Thus, the behavior of P, as n — oo on (2, is rather simple:

lim Fulz) = ¢(2), z€Q,

T+ D/ T o))"

Moreover, since this limit holds uniformly on compact subsets of 2, and ¢’ never
vanishes in €, it follows that for all p < r < oo, there exists a natural number N,
such that if n > N, then P,(z) # 0 for all z € Q,. Hence, asymptotically, the zeros
of P, accumulate on C\ €,,.

The second result connects the polynomials P, with an interior conformal map of
G onto the unit disk Dy and it is based on the completeness of the system {P,}>° .

Consider the vector space

B*(G) = {f analytic on G : /G |f(2)Pdzdy < oo} ,

endowed with the inner product and corresponding norm

(flo) = [ ()G dady, £ = Jif1S)

The system {P,(z)}°%, is complete in B*(G) (cf. [5, §3, Thm. 1]), meaning that if
f € B*@) and
an,f = <f|Pn>7 TZZO

are the Fourier coefficients of f, then

= ian,an(z), (86)

where the convergence of the series is understood in the B%(G)-norm sense.
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Moreover, setting
7(f) := sup{7 : f(2) has an analytic continuation to G,}, f € B*(G), (87)
we have ([34, pp. 130-131])

1
lim sup |y, f|V/" = —— (88)

(f)’

and the series on the right-hand side of (86) also converges to f (or more precisely,
to its analytic continuation) locally uniformly on G, (.
For ¢ € G fixed, let ¢ be that conformal map of G onto the unit disk D; such

that ¢(§) = 0, pe(§) > 0. It is well-known that

is the reproducing kernel (or Bergman kernel) of the space B?(G); in other words, for

¢ € G fixed, K¢(z) is the unique function of B*(G) satisfying

F(&) = {fIKe(1)) VfeBG). (89)

Thus, according to (86) and (89),

Ke(z) = PO > R@R) (90)

™

uniformly (in the variable z for fixed £) on compact subsets of G (,,).
Equality (90) suggests that there might be a closer relationship between the in-
terior conformal maps of G and the polynomials P,, although some doubts might

appear if one is aware that said equality is not a unique feature of the P,’s, since for
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any other complete orthonormal system {x,(z)}"_, in B*(G), the equality

H(E)eh(z) _

i:foxn@)xn(z) (91)

also holds both in the metric of B%(G) and uniformly on compact subsets of G.
However, what is certainly more specific to the system {P,}32 is the Cauchy-

Hadamard type of formula (88), which combined with (90) gives

limsup | P, (6)|V" = —— Veeq, (92)

n—oo 7'(305)

Summarizing, the asymptotic behavior of the polynomials P, in the region of the
complex plane 2, is completely understood and given by (84). Trying to understand
what could happen on its complement C \ €2, is the core objective of this chapter.
Formula (92) is rather weak, but provides some information on the behavior of P, (¢)
for points £ € G.

In Section II1.2 we present our main results. Combining (84) with (90) we derive
an integral representation (Theorem I11.2.1) for the polynomials P,(z) valid for all
z € G, and apply it to the concrete situation when L, = 9€, is a piecewise analytic
Jordan curve without smooth corners or cusps. In this case, we are able to describe
the behavior of P,(z) at every point z of the complex plane (Theorems II1.2.2 and
I11.2.4). In particular, the domain of validity of Carleman’s formula (84) is extended
to include the analytic portions of L,. Immediate corollaries of these theorems about
the zeros of P, are presented in Section II1.3. The remaining sections are devoted to
proving the results. It is worth noticing that the theorems and corollaries that follow

are of a similar flavor to those previously obtained for Faber polynomials.
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III.2 Asymptotic behavior of P,

We have seen in Chapter II how much could be derived from the integral representa-
tion (12) for the Faber polynomials, which is nothing but the Cauchy integral formula
for the coefficients of their generating function. It would therefore be very convenient
to have a generating function for the P,’s that leads to an integral representation for

them. Indeed, we have such a generating function, namely, the kernel function

Pe(©)ee(2) _

ga@aw. (93)

Of course, the inconvenience of this generating function is that Py (&) is the coefficient
of the same polynomial Py (z), whose behavior is precisely what we want to find out.
However, we already know how P, behaves in some part of the complex plane, because

Carleman’s formula tells us that for all z € 2,

Py(z) ~ \J(k+1)/m ¢/ (2)[6(2)]". (94)

Let us make an informal substitution to get from (93) and (94) that for fixed £ € G

and all z € L C ),

%Q%@Nim@ﬂhHWW@WM“ (95)

In order to extricate the coefficient P,(&) from this last series, we can multiply (95)

by [¢(2)]” "V /2mi and integrate it over L with respect to dz. This yields

AR -
fwo~7@+wdmﬁ%@wm<+m,gea
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We have just obtained (albeit very informally) an integral representation for the

polynomials P,. Its correct statement is the content of the following theorem.

Theorem II1.2.1. Let ¢ be a conformal map of G onto Dy, and let p < r < 1. Then,

for any fizxed & such that rp < < 1,

FrTTn 0 A o,

uniformly in € € G, as n — oo.

As it is to expect from Theorem III.2.1, the expression

¢ ()¢’ (2)
[o(2) = @()]?
does not depend on the choice of the conformal map ¢. This can be easily verified

by using the fact that any other conformal map ¢; of G onto D is of the form

901(2) — eiﬂ 90(2790< ) (97)

) —
1—p(&)p(2)
where £ is the point of G mapped to 0 by .

The integral representation (96) has several features that should be highlighted.
First, it holds uniformly in £ € C\ (2, and so there is hope it could lead to new results
on the behavior of P,. Second, it combines in its integrand the exterior mapping ¢
and the interior mapping ¢, suggesting that the behavior of these polynomials could
actually depend on both mappings. Notice also that the O term involved decays faster
than p™ as n — o0, and therefore, it is reasonable to expect it will be negligible.

To illustrate how Theorem III.2.1 quickly leads to new results, let us consider a
concrete situation. The reader should compare the results and methods of proof that

follow with those of Chapter II for Faber polynomials.
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Figure 8: The case of a piecewise analytic L,.

Suppose L, = 02, is a piecewise analytic Jordan curve with corners at the points
21,22, ...,%s, § > 1, such that for all 1 < k < s, the two analytic arcs that meet at
2z, form an exterior angle \pm, 0 < Ay < 2, Ay # 1 (see Figure 8 above). Recall that,
by the definition of a piecewise analytic curve, each arc of L, with z, as one of its
endpoints is part of a longer analytic simple arc containing z; in its interior. A curve
admitting smooth corners (A, = 1) and outer cusps (A\; = 2) can be handled as we
did for the Faber polynomials in Chapter II, but we have decided to exclude this case
for the sake of simplicity.

We assume that the corners z;’s have been numbered in such a way that

A== =X, <A1 < <A

with w € {1,2,...,s}.

Since L, is a Jordan curve, ¢ has a one-to-one continuous extension to §,. Let
wg = ¢(2x), 1 <k < s, s0that |w| = |we| = -+ = |ws| = p. Let ¢ be an arbitrary
conformal map of G onto ID;. Since ¢ is conformal, ¢ maps the curve L, onto a
piecewise analytic curve lying inside the unit disk, with corners at ¢(z1),...,¢(zs),

and exterior angle A\ym at ¢(zx). By the quoted result of Lehman ([13, Thm. 1]),

54



¢(1(w)) has an asymptotic expansion about wy (see Section I11.4.2), which cut at its
second term gives the following: if 0 < A\x < 2, A\ # 1, then as w — w;, from the

exterior of the unit circle,

p(¥(w) = p(z) + Ap(w —we)™ (L +0(1)), Ay #0. (98)
Clearly,
Ae 2 2o

Although the branch of the function (w — wy)* may be taken arbitrarily (with

the expense of changing the coefficient Ay), we will fix it as follows. Let
O = arg(wy), 0<60p<2m, 1<k<s.
Then, the value of said function at e is defined to be
(eie’“ - wk)/\]c = (1 — p)keeinle (100)

Because ¢ maps each analytic arc of L, onto a circular arc, by the reflection
principle, ¢ can be analytically continued from 2, onto a connected open set U D

Q,\ {z1,...,2s}. We denote such a continuation by ¢ as well.

Theorem I11.2.2. (a) Uniformly on any compact set E C GNQ,\ {z1,...,2s}:

'

Po(2) = J(n + )/ ¢ (2)[6(2)]" + O <nf+1/2) (n—o0).  (101)

(b) For every corner z;,

™ F()\])F(n + 2 — Aj)Pn(Zj)

6(2) — dlz)M

li . = i 102
e ) e A e (102)
Z P
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Figure 9: Compact sets E and F' as in Theorems I11.2.2 and II1.2.4.

Theorem II1.2.2(a) tells us that when L, is a piecewise analytic Jordan curve as
described above, the domain of validity of Carleman’s formula (84) can be extended
to include the analytic portions of L,. Moreover, taking &/ = L, with p <r <1 and

applying the maximum modulus principle for analytic functions, we see that

Pa(z) =+ D/m )o@ [1+0 () (2)].

uniformly in z € 2, as n — co. That is, the rate of decay of the functions h,(z) in

(85) is improved as well.

Remark ITI1.2.3. The estimate (101) is sharp: if F has more than 2(s — 1) points,

then there is a constant a(E) > 0 such that

max|[Pa(s) = OG0 2 aB) (5s)  Yazoo (103

In fact, there are compact sets E for which “max” can be replaced by “min” in (103).

The behavior of P, inside G, is given next.
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Theorem II1.2.4. Let ¢ be a conformal map of G onto Dy. Then, with the notations

above,

T T'(n+ M\ +2)P,(2) U A6

_ _ ¢
1T e T(h) 22 (o) = o]

2 + Rn(2),

where

) (n_min{xl,ml—m}) Lif0< A\ <1,
Ry (2) = | (104)
O (n—mln{l,)\u+1*)\1}) , Zf 1< /\1 < 27

uniformly on any compact set F' C G,.

Theorem II1.2.4 is very appealing because it shows that once we are in the interior

domain of L,, the interior mapping ¢ starts playing a predominant role.

Remark ITI1.2.5. The estimate (104) is best possible whenever A\; # 1/2: if 0 < A <
1, Ay # 1/2, then for every compact set F' C G, containing more than u + 2(s — 1)
points, there is a constant 3(F") > 0 such that

max |R,(z)| > B(F)n~ mintAnrea—Ai} Vn>0, (105)

zeF

)

and, in fact, there are compact sets /' C G, for which “max” can be replaced by
“min” in (105).

The corresponding statement for the case 1 < A\; < 2 (substitute “u + 2(s — 1)
points” by “2(s — 1) points”) also holds true provided that bg’f}p = 0 for at least one

k(1 <k < u), where b* is the coefficient of the (w — wy ) P -term appearing in
1,1,0

the expansion of ¢(1(w)) about wy:

(W) = p(zk) + Ap(w — w )™ + b (w = we) T+ 0 ((w — wy) ).
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II1.3 The zeros of P,

We shall now examine the location and distribution of the zeros of P, under the
same assumption of piecewise analyticity of L, . The corollaries that follow are direct
consequences of Theorems I11.2.2 and I11.2.4. The proofs of Corollaries I11.3.1 and
IT1.3.2 below proceed along the same lines as the corresponding Corollaries I1.3.1 and
I1.3.2 for Faber polynomials; therefore we omit it.

We shall denote by Z the set of all accumulation points of the zeros of the polyno-
mials P,; that is, the set of those points t € C such that for every open neighborhood
U of t, it is possible to find infinitely many polynomials P, having a zero in U.

Recall that u is defined to be that positive integer for which

M= = A < A < - < A

Corollary II1.3.1. For any closed set E C Q,\{z1,...,2s}, there is a positive integer
Ng such that if n > Ng, then P,(z) #0 for all z € E.
For any compact set ' C G, there is a positive integer N such that if n > Np,

then P,(z) has at most 2(u — 1) zeros in F (counting multiplicities).

Corollary II1.3.2. The point t € G, belongs to Z if, and only if, there exist a

subsequence ny < ng < --- < ny < --- and real numbers HAl, . ,QAU such that
lim % = % 1<k <u, (106)
l—o0
and R
Akei<9k+(/\1+l)9k)

) —0.
k=1

[p(t) — o))

In particular, if O /7 is rational for all 1 < k < wu, then ZN G, is a finite set.
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Let vp, be the normalized counting measure of the zeros of P,; that is, if 2,1, ...,

Znn are the zeros of P, (counting multiplicities) and §,, , is the unit mass Dirac measure

at z,;, then

The sequence {vp, }°2; is said to converge in the weak*-topology to the finite

measure /i, if for every continuous function f defined on C,

lim /7fypn:/7fdu.
n—0o0 /T C

The equilibrium measure pp, of the curve L, is the measure defined on any Borel

set B C L, by

1
= — dt| .
prn(B) =5 [

Corollary II1.3.3. The sequence {vp,}3° | converges in the weak*-topology to the

equilibrium measure of the curve L,. Therefore, L, C Z.

Proof. The proof makes use of Lemma V.4.3 of Chapter V. The (normalized) con-
formal map of €2, onto Ay is ¢(z)/p, and the logarithmic capacity of L, is p/¢'(00).
Then, by a well-known result relating the logarithmic potential of the equilibrium
measure of a Jordan curve with the exterior conformal map, the logarithmic poten-
tial U"e (z) of pup, is given by

sy _ | 18160 11 2 €, .

log (¢(o0)/p), if z € G,

Let k,, be the leading coefficient of P, an‘d let ¢,(z) := P,(z)/ky,. By the regularity

of the area measure of G (see Section V.4), we have

lim k2" = ¢'(c0), (108)

n—oo
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which combined with Theorem III.2.2 yields

lim |g.(2)"" = [6(2)/¢'(c0)| ¥z € Ly (109)

n—oo

Applying Lemma V.4.3 to the sequence {¢,}22,, the set E = C\ 2, and the function

9(2) = ¢(2)/¢'(00), we find that, with the notation of said lemma, 1; = p1, and

/
lim sup g, (2)]"/™ < Hoo) _ e VR vieaq,.
n—00 P

Moreover, according to Lemma V.4.3(b), if for some z5 € G,

lim Jga(z0)] " = 21 (110)

n—oo p

then {vp, }72, converges in the weak*-topology to iy = fir,.
But, obviously, there exist constants 0 < m < M < oo such that for any 2z, € G,

that is sufficiently closed to 21,

‘A1| B u ’Akl _ u Akez‘(n+1+>\1)6’k

"= lo(20) — (207 125 le(20) — (z)* ~ 1i= le(20) — 9 (z)]

< M,

and so by Theorem III.2.4 and (108), we conclude that for any of these zy, (110)

holds. The proof is complete. O]

Observe that every piecewise analytic Jordan curve 7 is the set L, corresponding
to some analytic curve L. To see this, consider the conformal map g(z) of the exterior
of the curve v onto A; satisfying that g(cc) = o0, ¢'(00) > 0. Fix 1 < 1 < oo and
define L := {z : |g(2)| = n}. Then, the conformal map ¢ of the exterior of L onto A,
is g(z)/n, and therefore, p = 1/n and €, is the exterior of ~.

Let us finish this section with an example.
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/ B TN

Figure 10: Curves v and L of Example 111.3.4.

Example II1.3.4. Choose 7 to be the curve formed by the union of two circular arcs
of equal radius that meet at i and —i forming an exterior angle of value 37/2. Fix
1 < n < oo and define L := {z : |g(z)] = n}. Then, p =1/n and L, = 7. Putting
21 1= 1, 29 := —i, we have \; = Ay = 3/2 (see Figure 10 above). We then consider
the sequence {P,}2°, of orthonormal polynomials with respect to area measure over
the interior of L.

Let ¢ be a conformal map of the interior of L onto A; satisfying ¢(0) = 0. Then,
from the symmetry of the curve v, it follows that ¢(2) = —p(—2), ¢(2) = —¢(—2),
B(i) = n~tei™? p(—i) = n~'e™/2 so that 6, = 7/2, O, = 37/2. Since

Ap = ¢'(z1,) lim .

I @ =@ b

it is easily seen that

i(A1+1)01 i(A2+1)0
ANt = gpeiOatiie

and so, by Theorem I11.2.4,
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Figure 11: Zeros of the orthonormal polynomials Pas(z) (left) and Pso(z) (right) for
the curve L corresponding to n = 1.5 in Example I11.3.4.

n?P,(z) A1p'(2) ( 1 einm

PO = VAT (3D o) — oOF  [ele) + 90(2')]2> o

uniformly on compact subsets of G, = int(7) as n — oco. Hence, for n = 2m +1 odd,

nQPn(Z) B 4A, p(i)¢'(2)p(2) +o(1), asm — o0
) —r@P |

(i)™~ JTD(=3/2)  [p2(z) — ©2(i)]

while for n = 2m even,

n? P,(z) _ 24, ¢'(2) [¢*(2) + ¢*(3)] +o(l), asm — oo.

[D)]"52 T aL(=3/2)  [p2(2) — 2())?

Thus, once the sequence {P,} has been properly normalized, the subsequence
corresponding to even degrees converges to a zero free function, while the one cor-

responding to odd degrees converges to a (different) function with 0 as its only zero
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in G, (¢(0) = 0). Hence, 0 is the only point of G, that is an accumulation point
of the zeros of the P,’s. Indeed, it is easy to see that P,(z) has a simple zero at 0
for all n odd. Figure 11 above shows the plots of the zeros of P,, n = 25, n = 30,

corresponding to n = 1.5.

I11.4 Proofs of the results in Section II1.2

I11.4.1 Proof of Theorem III1.2.1

Recall that ¢¢(2) is the conformal map of G onto the unit disk Dy such that ¢¢(€) = 0,
4,0’5(5) > 0. Fix p < r < 1 and suppose £ € G,.. Because L = 0G is an analytic Jordan
curve, ¢ has an analytic and univalent continuation from G onto G/, which we
denote by ¢¢ as well. Indeed, by the Schwarz reflection principle [3], ¢, satisfies the

equality

we(2) z€ 0 NGyy. (111)

I Caze))

Then, we obtain from (90) in the introduction to this chapter (since 1/r < 7(p¢))

that

IAGINE) (112)

™

PHOE) _ 3

with the series converging uniformly on compact subsets of Gy /,.

Combining equations (84) and (112) we see that for every £ € G,, z € L,

™

A _ S mey e e (13)

+ 3 A e ()

To see that the two series in the right-hand side of (113) converge uniformly in

z € L, observe that in view of (84) and the maximum modulus principle for analytic
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functions, there are certain constants C,, C! (that only depend on ) for which

Pid) k:l(ﬁ'(z)[gb(z)]k <Cki*. VeeG,. Viel, (114)

RE| 4 o) )| < CRR (o)), VEET,, vaeq (119

Multiplying (113) by [¢(2)]~™*!) and integrating over L yields

ee(§) 1 we(2)d > [k+1 ()] (2) d=
67? '27rzf £(z) ntl Zpk T 27727{ [p(2)]nFT

(2,€)dz
+2m?{ P (16)

where

)= 3 A )] ).

Now, observe first that

7% [6(2)]"¢' 22 dz

= k,n >
b oo e Bt

and second, that in view of (115), {H(-,§)}.cq, is a family of uniformly bounded
analytic functions on compact subsets of Gy, N 2. Therefore, we get from (116) by

deforming the path of integration that for any rp < 6 < 1,

ee§) 1 ope)ds  n+l_— 1 ¢ H(z,8)dz
) Ar e [, o N
— Wﬂ(@ + O(8™). (117)

To finish the proof, observe that with the notation f(2):= f(2), (111) gives

1 1
=== — , T 1/r,
o) = e = wGay T
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so that with z = ¢(t), t € Ty, we have

EEW)TOD @GOG

((2)dz = E—) B R —
. @D * e
Hence,
JAEIE A Ao
L [p(z)] T 0z (2) L vz (2) ’

which together with (117) yields (96), because by (97), for any conformal map of G

onto Dy, we have
Pe(§)pe(2) ¢'(§)¢'(2)
v (2) [o(2) — (O

The proof of Theorem II1.2.1 is complete.

I11.4.2 Development of ¢(¢(w)) near wy

This subsection is essentially a repetition of Subsection I1.4.1, so we just state the
facts the we will use later.

Let ¢ be a conformal map of G onto ;. Since ¢ is conformal, ¢ maps the
curve L, onto a piecewise analytic curve lying inside the unit disk, with corners
©(z1),...,¢(zs), and exterior angle \gm at ¢(zx). The function p(i(w)) maps the
annulus {p < |w| < 1} onto those points of the unit disk that lie exterior to ¢(L,).
The function ¢(¢)(w)) can be analytically continued by the reflection principle onto
the entire logarithmic Riemann surface with branch point at wy, being analytic for w
sufficiently close to wg, say 0 < |w—wy| < €, on any finite sector 6; < arg(w—wy) < 05
of this Riemann surface, where € depends, in general, on the sector. By the quoted
result of Lehman ([13, Thm. 1), ¢(¢»(w)) has an asymptotic expansion about wy, of

the following form.
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Set y = w — wg. If A\ is drrational, then as w — w; from any finite sector

01 < arg(w —wy) < 0y,

P($(w)) = p((we)) + X Dby ™™, b # 0;

i=0 j=1

if \x = p/q is a fraction reduced to lowest terms, then

(W) = p((w) + 337 D by M (logy)™, bilo # 0.
Hence, if v > 0 is sufficiently small, say

min{)\k,l—)\k}, if 0< A <1,
0<v<

2— Mg, if 1< A\ <2,

then, as w — wy from any finite sector 6 < arg(w — wy,) < s,
p((w)) = p(z) + A + 0020y + O (), if 0< <1, (118)

P(o(w)) = @la)+ Ay 01 gy M 4502 0y +0 (¥4 if 1< A <2, (119)

where Ay, = bgfl)yo # 0.

If 0 < A\ < 1, then uniformly for £ on compact subsets of G\ {z,} as w — wy,

1 B 1 B Ayt
p((w)) — (&) olz) — &) lp(zr) — 0(©)]?
[Bh0(e(zk) = 9(&)) — AF]

[p(2x) — ()2

+0 (). (120)
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If 1 < A\ <2, then

1 1 Ay b gyt

pWW) — 96 9(o) — €  [p(m) — 9O  [p(ar) — pOF O (y*).
(121)
Finally, for £ = z,
L b .
1 Ao A2 +O®yY), 0< <1,
p((w)) — o(2x) B 1 bk (122)

1,1,0
g AT +0(1), 1< <2

111.4.3 Auxiliary lemmas

Throughout the remaining of this chapter, D,, will denote an element of some col-
lection {D,, }i_, of pairwise disjoint small open disks such that D,, is centered at
wy and its boundary intersects T, at the points wj = pe!®*+) ;- = pei®—er) for

some €5 > 0.

Let us define the half-open circular arcs

[wi, w)™ = {pe”? : 0, <0 < O + e},

(wy, wi]”™ = {pe” : O —er < 0 < O},

together with their corresponding open sets

D;;k 1= Dy, \[wk’vwl—:),\? D;k 1= Dy, \(wlszk’]/\'

If D, is sufficiently small, then 1) has analytic continuations ¢, ¥_ from A, onto
D, Dy, , respectively, and wi(Dik) C G. Hereafter, we assume that every element

wi?

of a given collection {D,, };_; has this property. Notice that ¢(¢1(w)) is the analytic
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Figure 12: A positively oriented contour I',, 0 < o < p.

continuation of ¢(y(w)) from A, onto D .

For every 0 < o < p, we define oy, := o€, 1 < k < s, and the contour
[y =T, U (Ui (ok, wy]) -
The exterior of the contour I', is understood to be
ext(T'y) := Ay \ (Ui_q[ow, wi]) -
Lemma III.4.1. Suppose € >0, D, and o}, are such that

Vi(DE) C{z: |z — 2| <€} CG, o) € Dy,.

Then

1 wy, " t"
2i /ak (w(@b—(t)) —0(©) e () - w(&)) “

n!pn+>\k+1 Akei(n+>\k+1)9k
T T+ M +2) (n—mnw(s) e T’f’"“)) ’
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with 1, (&) converging uniformly to zero on GN{& : |€ — zx| > €} as n — oo with the

following rate:

O(n™), if 0< X\ <1,
Tk,n<§>: ( )
O™, ifl<i <2

The constants involved in the O terms are independent of £, and the rate of conver-

gence is exact when 0 < Ay < 1, A\ # 1/2, provided that o(&) # p(zx) — Az/bng)p,

and when 1 < A\ < 2 provided that bglff’o #0.

Proof. Let us denote by (w — wk)i the analytic continuation of (w — wy)? onto the

open set Dik. For any 3 > 0,

Wk

Wi .
/ (t — wy)Ltndt = 707 /

ok ok alp

and
! 8. n ! B n ol B n
/U/p(l—x):vdmz/o(l—:v)xdx—/o (1 —2)" 2"dx
B+ (n+1) o a" I'B+1)
- T(n+p5+2) P nft
Hence,
i3, B
WEo o \Bon _ejFﬁwarH [+ 1r'(n+1) "
/Uk (t — wy)tmdt = CEY +O (0",
and

/wk O ((t —w)it") dt = O </:(p . t)ﬁt”dt> -0 <n/1)35> .
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Therefore, we get from (120), (123) and (124) that

[ Gwor=re ~swor=me)*
o \p(0-(1)) —2(&) (W (1)) — #(&)
Ay 2 sin(Apm)wy D 4 1)n!
@ —p(=)P L(n+ M +2)
B3 0(e(zr) = 0(€) = A7) 2isin(2Apm)w "+2A’“+1F(2)\k+1)n!+ ( o )
[p(ar) = () T(n + 2 +2) e

so that, using the identity I'(—A\)I'(A\x + 1) = —7/sin(A\g7), we finally get for 0 <
Ar < 1 (with the understanding I'(—2\;) = oo if A\, = 1/2):

1 W t" t"
il (mb(t)) o0 ) = w(ﬁ)) o (125)

- n! Akwgﬂkﬂ ., [b((J]fz),o(SD(f) —p(z ))—i—AQ] n4+2\p+1
T+ e +2) \TEAE) — o) T T(=20)[0(6) — ()P (14 o(1))

Similarly, if 1 < Ay < 2, then we obtain from (121), (123) and (124) that

1 Wy, tn t"
2mi /ok (w(%(ﬂ) — (&) WL (t) - @(f)) “
- n! Agwth N b qup (1 4 0(1))
S T(n+ X +2) \D(=Xe)lp(z) — @) T(=Ak — D]e(§) — ¢(z1)]?n

]

The following lemma is just a reformulation of Lemma I1.4.3 of Subsection 11.4.2

(even simpler, since this time no A\, € {1,2}). Therefore, we omit its proof.

Lemma I11.4.2. Let £ C (Gﬂﬁ,;) \{z1,...,2}, F C G, be two fized compact
sets. There exist 0 < € < dist(E' U F,{z1,...,25}) and a collection {D,, };_, such
that for every contour I', with o, € D,,, 1 < k <'s, the following statements hold

simultaneously:
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(a) for every corner z,
e (D$k> C{z:lz—z| <€} CG, =z &Yy (Difk) ; (127)

(b) ¢, Y have analytic continuations from A, onto ext(I',) with continuous bound-
ary values on Uy \ {z1,...,2:} when viewing each [0y, wy| as having two sides.

Moreover, ¥ is one-to-one on A, UU for any open, connected component U of

DN (ext(To)\ (Ui, D, ))

and 1) (ext(l})) NE=0.
I11.4.4 Proof of Theorems II1.2.2 and I11.2.4

We shall prove Theorems I11.2.2, I11.2.2, and the statements in Remarks I11.2.3, T11.2.5
simultaneously.
Let F C (G N ﬁ,,) \{z1,...,2}, FF C G, be two fixed compact sets. Let p <1 < 1

be such that £ C G,. Then, according to Theorem II11.2.1, for 0 <n <1 —r,

Vel Ry = G f AR oG . ()

uniformly in ¢ € G, D EUF as n — 0.
Lemma I11.4.2 allows us to choose 0 < ¢ < dist(E U F,{z1,...,2:}), a collection
{Dw, }i_, and a contour I', with o, € D, for all 1 < k < s, for which all the

statements listed in Lemma I11.4.2 hold true.
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Figure 13: A positively oriented contour I';, 0 < o < p.
For each 1 < k < s, let ¢, C D,, be a positively oriented closed simple path
encircling the segment (o, wg], whose only common point with D, UT, is 0. Define

=T, U (Ui_1lr), ext(I}):=A,\ Ui_; (€ Uint(ly)) .

g

Let ¢ € E . The function (¥ (w))'/ [o(¥(w)) — ¢(€)]” in the variable w is analytic
on Dy Next(I'%) \ {¢(£)}, with a double pole at ¢(¢) and continuous boundary values
on Ty UT. We choose a small circle Ce C Dy Next(I) centered at ¢(&) that lies on
a neighborhood of ¢(§) on which v is univalent. Then, in the integral of (128), the
circle Ty can be deformed without altering the value of the integral, to the positively

oriented contour I, U C¢ to obtain

]{ [p(@))'t™+dt f (@)t dt ]{ ()]t dt
e (1) = 0@ e [p(w(®) =@ 1 [p( (1) — p(©))

- 1 / n+1
-1, (mw»—w(s))t o (129)
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Making the change of variables t = ¢ (¢~'(v)) and applying the Cauchy integral

formula we obtain

7{ [p(p(t))] 't dt _7§ [ple~ ()" v _ 2mi(n + 1)[6(§)]"¢' (&)
oW (t) — (O] Jew@en  [v— o) ¢ () ’

which combined with (129) yields

}’{ le(@)]'t"dt  2mi(n + 1)[$(5)]"¢'(£) (130)
[o(w(t

o) —p(©OF (&)

S

1 / n+1 n
_éiimwm—w@>t &+ 0L),

uniformly in £ € E as n — oo.
Similarly, if ¢ € F, the function p(1)(w))’/ [e(¥(w)) — p(€)]? in the variable w is

analytic on Dy Next(I"s) with continuous boundary values on Ty U I'

o)

and we get

from (128) by deforming the path of integration from T; to I'; that

[p(w))'tdt r )
7{ (@ (1) — () Zék< w(f)) t"dt+0(e"),  (131)

uniformly in £ € F as n — oo.
We proceed to estimate the integrals under the ¥ sign in (130) and (131). Inte-

grating by parts over £, we get

1 S
ﬂ(wwm—w@>t “

_ Z—H B Z—i—l n N 1 t”dt
o)) =70 P —o© . P00 — o0

Wi, Ak Ak
=) [ Qm¢_u»-—w@> (00 )dﬁ+o D, )

uniformly in £ € EU F as n — oo.
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Thus, we get from (128), (130), (131), (132) and Lemma II1.4.1 that, uniformly

in ¢ € Fasn — o0,

u SO é—)A ez (n+A1+1)0%
AT

v 1) Py(€) = > i

(n+ 1) n+A1+1
I'(n+ A +2)

it 0(1)> . (133)

— (2

while, uniformly in £ € F as n — o0,

ML () & i(ntA+1)0k
PO = SO + Sy (S 3 s o))
(134)
So, Theorem III1.2.2(a) follows from (134), while Theorem II1.2.4 follows from
(133). Indeed, from the more precise expressions provided by (125) and (126) for
rkn(€), we see that if 0 < A; < 1, then the o(1) term in (133) (which is R,(-) in

Theorem I11.2.4) has the form (recall the convention I'(—1) = o0)

Rn(&) =

&5 T(—2M)[p(€) — o(z)P?

L[ P (€ Ape e
( ,\k:zx:u+1 L(=Aus1)[p(€) — (k)

nM

w oA (k) —olz 2] pi(n+2X1+1)0;
1 ( Zs@(é) [663.0 (#(€) — (1)) + AF] +0<1>)

5t 0(1)) , (135)

nAu+1—A1

while if 1 < A\; < 2, then

1 B U S0/(5 6571)70 i(n+A142)0
( 2 Th — )o@ —ol)E T O“))

/ )A ez(n+)\u+1+1)0

—— s
e\ 7 2 T )0 — o

t 0(1)) . (136)

Thus, the estimate for R, (-) in equality (104) of Theorem II1.2.4 follows directly
from (135) and (136). Moreover, the statement of Remark II1.2.5 is derived by an

argument analogous to the one employed in Subsection 11.4.3 to deduce Remark

[1.2.5(b) from (60) and (61).
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It only remains to prove Theorem II1.2.1(b). Let z; be a corner of L,. Since

z; € G, for all p <r < 1, we still get from (128) that as n — oo,

P ¢ S,
m(n+1) Pul(z) == = kz::lfék (w(Mﬂ)—@(%)) n
+0(0") + O(p"(r +n)") .

Integrating by parts over ¢ (just as we did to get (132)) yields

t"dt

1 / n+1 _ n
. (g)(w)) - Wj)) v =00 = (n+ D) f e

(137)

If k& # j, this last integral can be taken over the two-sided segment [0}, wy] to get

from Lemma I11.4.1 that for all 1 < k <'s, k # 7,

!
) "t

1

72 (w(w(t)) — (%)
n &

=) [ (mw_(t)) —e(z)  e(Ua(t) —p(z)

_2mi(n 4 1)lpn et Ay et (At 1)0 ) >
B CESYEE) <r<—Ak>[@<zj> ~oe W) (138)

Wi

)ﬁ+0@ﬂ

If 0 < A\; < 1, we can deform directly ¢; to the two-sided segment [0, wi] and get

t"dt " t"

72- P((1) = olz) /«:k <90(¢+(t)) —o(z)  e-(t) - @(Zj)) “
/L (/wk (t — w;) V" dt — /wk (t — wj)_Ajt”dt)

-+ (f 5
+ /:k O ((t — wy)5t") dt — /:k O ((t —wy)"t") dt

2isin(—\;m)I'(1 — )\j)n!w?Jrl_/\j Lo ( " )

AJF(TL + 2 — )\J) TLH_U
___Zminku +o () (139)
- AJF()\J)F(’I’L + 2 — /\]) n1+“ ’
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while if 1 < A\; < 2, we need to integrate by parts one more time:

tdt
fﬁw¢U) (2)
jé (t —wy)” w”+/1 t—uwi*%ﬂdt—lzﬂoﬂt—w» B dt

= A (1 O\ ) (( wj) o (Jj _wj)ir_Aj)

n Wk 1-N e Wk 1=Xj p"
—m </O-k (t — w])+ t 1dt — /Uk (t — 'lUj)_ t 1dt> + O (nZ)\j)

1-X;

. n—+
27Tm!wj

T AT (n+2— X))

+O<pd>. (140)

Then, combining (137), (138), (139) and (140) we conclude that

) Palz)=— Y 2 ( A <[z e

iz W AT (= )le(z) — o(20)] +O<1)>

e+ 0 (%) + 0™ + 0+,

which together with (99) finishes the proof of Theorem II1.2.2(b).
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CHAPTER IV

POLYNOMIALS ORTHOGONAL OVER THE INTERIOR OF
SOME SPECIAL LEMNISCATES

IV.1 Introduction and main result

We first recall part of the notation introduced in Section III.1.
Let L be an analytic Jordan curve in C. The interior and exterior domains of L

are denoted by G and (), respectively. For any 0 < r < oo,

T, ={w:|w=r}, A ={w:|jw|>r}, D.:={w:|wl <r}.

Let ¢ be that conformal map of A; onto Q such that ¥(o0) = oo, ¥'(c0) > 0.
Let 0 < p < 1 be the smallest number such that ¢ has an analytic and univalent
continuation to A,. Define Q, := ¥ (A,), L, :== 09, and G, := C\ Q,.

In Section II1.3 we obtained some results on the location and distribution of the
zeros of polynomials {P,(z)}7°, that are orthonormal with respect to area measure
over G for the case when L, is a piecewise analytic Jordan curve without smooth
corners or cusps. In particular, we saw that if F' is a compact set lying in the interior
of L,, then (Corollary II1.3.1) P,(z) has at most a finite (independent of n) number
of zeros in F' (counting multiplicities). Moreover (Corollary II1.3.3), the sequence
{vp, }22, of normalized counting measures of the zeros of the P,’s converges in the
weak*-topology to the equilibrium measure of L,.

The purpose of this chapter is to show that these statements do not necessarily
hold if L, is a piecewise analytic curve such that G, is not connected (and therefore,

L, is not a Jordan curve). We provide an example of a curve L for which the zeros
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of P,(z) remain fixed for all n varying through a specific subsequence (say n €
N C N), and so, the corresponding sequence of normalized zero counting measures
{vp, }nen converges in the weak*-topology to a discrete measure whose support is
contained in G,. However, the complementary subsequence {vp, },zn will converge
to the equilibrium measure of L,,.

Let K € N\ {1} and r > 1 be two given numbers. Consider the lemniscate
L:= {z:|zK—1|:rK}.
It is easy to see that L is an analytic Jordan curve for which p = 1/r and
Lp:{z:|zK—1|:1}.

Thus, L, is a piecewise analytic curve consisting of “K congruent petals” (see Figure
14 below). Any two consecutive arcs of L, meet at 0 forming an exterior angle of
value /K. In particular, when K = 2, L, is the Bernoulli lemniscate.

Notice that G, = {z D -1 < 1} is not connected; it has K connected compo-

nents.

Theorem IV.1.1. Let {P,}° be the sequence of polynomials orthonormal with
respect to area measure over the interior G = {z D -1 < TK} of the lemniscate

L. Then,
(a)

K(m+1
Bm+1) ko) k1K _ym >0, (141)

PKm+K—1(Z) = . z

(b) for all0 < j < K —1,

lim =
m—00 m(1+j—2K)/K\/(Km +i4+1)/7 [((+j-K)/K)

(_1)mer+j+1me+j<z) B SIi-K PK K (J+1/K
rK —r=K(1 — 2K)
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Figure 14: Curves L and L, for K =2, K = 3 and K = 6.

uniformly on compact subsets of G, = {z DK —1) < 1}. In particular, for any
compact set ' C G,, there is a number Np € N such that if n > Np and n #

K — 1mod(K), then P, has no zeros on F.

Recall that the behavior of the polynomials P, (z) in Q, = {z D -1 > 1} is
already given by Carleman’s formula (84).
Let wg 1,wk.2, - - ., Wk ik be the K roots of the unit. We see from Theorem IV.1.1(a)

that if n = Km + K — 1, then P,(z) has a zero at 0 of multiplicity K — 1 and a zero
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Figure 15: Zeros of Pyy(z) for the lemniscate L corresponding to K = 3 and r = 1.4.
at each wg; of multiplicity m, so that

K—1 K
n naia

It follows that the subsequence {I/me +K71}::0 converges in the weak*-topology to
the measure + 3.1, 6, ;.
On the other hand, Theorem IV.1.1(b) and Carleman’s formula imply that every
weak™*-limit point of the subsequence {vp, }, 4K 1 mod(x) ISt be supported on L, (see
Figures 15 and 16), which forces said subsequence to converge in the weak*-topology
to the equilibrium measure of L, (this assertion can be proven by using standard
arguments of potential theory similar to those in the proof of Corollary I11.3.3).

We prove Theorem IV.1.1 by expressing the polynomials P, in terms of orthogonal

polynomials on the unit circle with respect to some particular weights that we specify
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Figure 16: Zeros of Pjg(z) for the lemniscate L corresponding to K = 6 and r = 1.2.

next. For fixed 0 < j < K — 1, consider the measure
Irfw + 1|_2(K_1_j)/K|dw|, lw| =1,

on the unit circle Ty, and let S;,(w) be the nth monic orthogonal polynomial with

respect to this measure; that is, they satisfy the defining properties
Sjn(w) = w" + lower degree terms, n >0,

/ S (W) S (W) w 4 1| 72EDE Q| = 6,0, 1,m > 0. (142)
Ty
Let «;, > 0 be such that ~;,S;,, is orthonormal. Then, we have

Proposition IV.1.2. Forall0 < j < K —1, m >0,

Pmsj(2) = 2Z2Qm(w), w= ot (143)
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where
Sjmi1(=1")
Km Sjm(=1r%)

w+rk

o | 2Em bk DS () 1 [Rmagel
j,m - rEm TKSj7m+1(—TK) rEm+j+1 T ’

Hence, K;n is the leading coefficient of Prpy;.

Sjm(w)

(144)

and

It is a well-known fact that the zeros of polynomials that are orthogonal on the
unit circle have all their zeros lying in the open unit disk (see [31, Thm. 11.4.1]).
Therefore, S; (=) # 0 and Q;,(w) is well-defined by (144).

Now suppose that the proposition above is true. It is clear from (142) that
SK—I,m(Z) = Z’m7 7K—1,m = 1/\/ 271', (146)

and so Theorem IV.1.1(a) follows immediately from (143), (144) and (145).
Theorem IV.1.1(b) is a statement that only concerns points z € {z D -1 < 1},
and in (143) we have w = (2 —1) /7. So that in order to prove part (b) of Theorem
IV.1.1 from Proposition IV.1.2, it suffices to know the behavior as m — 0o of v; .,
S;m(=rE), and S (w) in |w| < r K.
Now, by a well-known theorem of Szegé (see (153), (157) and the explanations in

Section IV.2 below),

imSim _ i\ (K—j-1)/K
lim w:@ﬁ) 1/2 (rK—i—w 1)( = ;o Jw] > 1, (147)

m— 00 wm™m

where the function in the right-hand side of (147) is positive at w = oc.
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In particular,

. S 1<—T‘K) . =il
1 ZygmtlNt ) K 1 = 148
o Sj,m(_TK) o, s, \/% ( )

The behavior of S}, (w) in Jw| < r~% when 0 < j < K — 1 is given by Theorem
IV.2.1 of Section IV.2. Applying said theorem with s = 1, a; = —1/r%, A\ =
—(K—1-3)/K and h =1 we get

A
(1 — T_2K> '

lim (—r%)"" NS, (w) = — , 149
i (=) S () T(n) (1 + r—Kw)™ (w + 1K) (149)

uniformly on compact subsets of {w Dw| < }
Having (148) and (149) at hand, it is then very easy to deduce Theorem IV.1.1(b)

from Proposition IV.1.2. We then pass to the proof of Proposition IV.1.2.
IV.1.1 Proof of Proposition IV.1.2

First, notice that because L is invariant under a rotation of angle 27 /K about the ori-
gin, if we set Gy := {z € G: —7/K < arg(z) < w/K}, then for any two nonnegative

integers ¢ and s

K-1

/zefsdxdy: Z e2ﬂj(€s)i/K>/ 2z dady
G G1

J=0

K [. zZz°dxdy, if { —s = 0mod(K),

0, otherwise .

Now, with w = (2% — 1)/r®, Q;m(w) is a polynomial in z of exact degree Km
containing solely powers of zX. By (150), 27 Qjm is then orthogonal with respect to

area measure on G to all powers of the form z5™+7 0 <m/ <m, 0 < j < j.
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If L1 =LN 8G1, then

)1/K

L, = {z = (TKU)+1 , W= el << 7T} with —7 < arg(TKew—l—l) <7

Applying Green’s formula (see e.g., [20, Formula (106), p. 241]) we get for powers of

the form 25+ 0 <m’' <m,

-1\ —
/ z Q]m( T ) /ij,mZKmurjdl'dy

o ’i]mr j{ md
C2(Km' +j 4 1) Q””( >Z :

K K _
__ Krimr Q0 [ s
2(Km/ +j+1) ’ rk

Fjm " ]{ ( Ko+ 1)j/KQ () (rKw 4 1)K gy,
= row (W
2(Km’ + j +1)i Jr, ” (rEw + 1) D/K

/K

2% /K ———177¢
B g A M GATRRVUTI
T o(Km/ + £ 1) Sy, (K + 1) D/K
K P ORI
KimT e (r*w + Dwl|dw|
2(Km/ +j+1) Jr, Qjim (W) (rfw + 1) IrKw + 1|2(K—J—1)/K
K2 pK(m+1) S, K (rEw + 1) |d
— st (Samn ) = S g y) T D
2(Km' +j+1) Jo \ 7 Sjm(=r%) P 4 1[2E D/
K2 rK(m-i—l) m d
= 2 +1( j{ Sjm(w Y(rEw + 1)™ | w|7‘7
Q(Km +7+1)S rKw + 1|2(K Ji-1)/K
0, if 0 <m' <m,
= K?ymTK(2m+1)Sj,m+1(_7"K)

- ; =1, fm =m.
2(Km + 7+ 1)72,,8m(—rK)
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The proof is complete.

IV.2 Orthogonal polynomials on the unit circle

The theory of orthogonal polynomials on the unit circle is rather well-developed. An
extensive account of the existing results can be found in the classical books [31], [4],
[7], and more recently [27]. In this chapter we will restrict our attention to a special
class of absolutely continuous orthogonality measures, and we will be concerned with
the asymptotic behavior of the corresponding orthogonal polynomials.

Let W(z) > 0 be a measurable function (also called a “weight”) defined on the

unit circle Ty, and such that
0< / W(z)|dz| < co.
T1

Under these conditions, there is a unique sequence of polynomials {s,(z)}. -, with

positive leading coefficients that are orthonormal with respect to the weight W:
Sp(2) ="+, W >0, n>0,

/ $n(2)sm(2)W (2)|dz| = dpm, n,m >0.
Ty

One of the earliest results in the theory is a theorem proven by Szego6 that gives
the asymptotic behavior of the polynomials s,(z) in the exterior of the unit circle for

a weight W satisfying the so-called Szeg6 condition:
/ log W (2)|dz| > —oc0. (151)
Ty

To state that theorem we need to introduce first the Szegd functions.
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If W satisfies (151), then the function

1 t+z
— [ 1 t dt 152
exp (4= [ 1os W (1)~ at|) (152)

is well-defined for all z € C \ Ty. Its restriction to the unit disk Dy is the interior
Szeg6 function for W and we denote it by D;(z; W) (see [31, Chap X, §10.2]). The
restriction of the same function (152) to the exterior of the unit circle A; is called the
exterior Szeg6 function for W, and we denote it by D.(z;W). These two functions

are analytic in their respective domains and they are related by the equality

Du(zW)= — L
=W =

It is worth having in mind the multiplicative property of the Szeg6 functions: if

W,V are weights satisfying the Szeg6 condition, then
De(z;WV) = De(z;W)De(2 V), Di(z;WV) = Di(z; W)Di(2 V).
Szeg6 proved that if W satisfies (151), then
sn(2) = (27)"Y22" D (2; W) (1 + o(1)) (153)

uniformly on closed subsets of A; as n — oo. Moreover, if 0 < p < 1 is the smallest
number such that D.(z; W) admits an analytic continuation to A,, then (153) also
holds uniformly on closed subsets of A,.

If S,(2) := sn(2)/7n is the nth monic orthogonal polynomial with respect to W,
then it follows directly from (153) that

lim V275, = D.(co; W) = D;(0; W)™, (154)

n—~o0

86



and
D.(z; W)

Sn(z) = 2" D(00 1)

(14 0(1)), (155)

uniformly on closed subsets of A, as n — oo.

We now restrict our attention to a special class of weights. Let 0 < o < 1
and let a1, aq,...,as be s distinct complex numbers all lying on the circle T,. Let
Al > Ay > -+ > As be s given numbers such that A\, € R\ {0,—1,-2,...} for all

1 <k <s. Consider a weight of the form

W(z) = (ﬁ |z — ak|2’\k> h(z), =ze€ Ty, (156)

where h(z) is an arbitrary strictly positive weight defined on T; that coincides with
an analytic function on some annular open neighborhood of T;. Further, we assume

that the exterior Szegd function D,(z;h) for h is analytic on |z| > ¢ and satisfies
D.(a;h) #0, 1<k<s.

The exterior Szegé function D.(z) = D.(z; W) for W has an analytic continuation
to A, with a singularity at each ax, 1 < k < s. Likewise, the interior Szegé function

D;(z) = D;(z; W) is analytic on Dy /,. Indeed, these functions are given by

D.(z) = D.(z; h) ﬁ ( : >Ak , —m< arg(

k=1 Z — Q

)<7r, ze Ay, (157)

Z — Q

Di(z) = Di(z ) [T (1 —a@p2)™ , —w<arg(l—amz)<m, ze€Dy.  (158)

k=1
Values of A\, € {0, —1,—2,...} are purposely excluded because their corresponding
factors (z—ay )™ do not create a singularity (but a zero) for D.(z) at ay,, and therefore,

these factors may be simply regarded as being part of the function h(z).

Let {S,} -, be the sequence of monic orthogonal polynomials on T; with respect
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to W. Then the behavior of S,, on A, is given by (155). An asymptotic representation
for S, (z) holding for values of z € D, has been recently given in [15, Thm. 3], but
for the case when A\, € N, 1 < k < s (that is, when each a; is a polar singularity of
De(z)).

The proof is based on the following integral representation given in the same paper

[15, Formula (38), p. 12]': for any o < r < 1 fixed,

2miD;(0) "' Dy(2)S,(2) = ]{ Flo)edt +O(r*") (159)

Tl t—Z

uniformly on compact subsets of I, as n — oo, where
F(z) = D.(2)Di(z), o<]|z| <1/o.

We shall equally use (159) to find the behavior of S, (z) in D, for a weight W as gen-
eral as in (156). Our main motivation has been to be able to manage the polynomials
orthogonal over the lemniscates considered in Section V.1, where the problem of find-
ing their asymptotic behavior was reduced to a similar one for orthogonal polynomials
on the unit circle with respect to weights of the form W (z) = |[rfz + 1|72K-1=3)/K
withr > 1, K e N\ {1}, 0<j < K.

Define

Uy = arg(ag), 0 <9y <2m,

D\e(ak):limDe(z)/< : )Ak, 1 <k<s.

z—ag Z— Qi

With the assumptions and notation above, we have

IThe results in [15] go far beyond (159): a full asymptotic expansion valid in all C is given for
polynomials orthogonal with respect to an analytic and positive weight on T;.
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Theorem IV.2.1. Let {S,} —, be the sequence of monic orthogonal polynomials on

Ty with respect to the weight in (156), and let w € {1,2,...,s} be such that

AL =A== Ay > A1 = A2 20 2 A

Then,
TA)D(n+2—A\)Sn(2)  Di(0) & Dy(ag)Deo(ay)eim D
= R,.(2), 160
ot (n+ 1) D;(2) ];::1 ap — 2 + fin(2) (160)
with
O(5") if =1 and u=s,
R.(2) =10 (n_()‘l_’\““)) if =1 but u<s,

O (n—min{l,Al—Au+1}) Zf /\1 % 17
uniformly as n — oo on any compact set £ C D,, where 0 < § < 1 is a constant

depending on E.

Proof of Theorem IV.2.1. Fix a compact set E C D, and take r = ¢'/2 in (159) to

get that

27 D;(0) " Dy(2)S(2) = }{T ST 0@ (161)

uniformly in z € F as n — o0.

Fix anumber 0 < o < gsuch that £ C D, and D.(z; h) is analyticon {z : |z| > o}.
For each 1 < k < s, put oy, := 0e™* and let ¢, be a simple, positively oriented con-
tour contained in the annulus {z : ¢ < |z| < 1}, containing the segment (oy, ax| in its
interior domain, and such that ¢, N T, = {ox}. We assume that any two ¢;’s are

disjoint. Define the positively oriented contour

Fo’ = ch U (U)\k>0 Ek) U (U)\k<0 [Uk’ ak]) ’
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The exterior ext(I',) of the contour I, is understood to be

ext(I'y) := A \ ((Un,s0mt(Ch) ) U (Uno (%, ax]) ) -

Recall that F(z) = D.(z)D;(z) where D.(z) and D;(z) are given by (157) and
(158). Define

fk(z)::}"(z)/< & )/\k, 1<k<s.

Z— ag
The function F(z) is analytic on D/, N ext(I';). Moreover, F(z) is continuous
up to I', when viewing the segment [0y, ax] as having two sides.
Applying the Cauchy theorem, we can deform T; into I', so that the integral in
(161) is expressed as an integral over the contour I',:

+ 30 (e 1) / wFnr . +0 (™), (162)

)\k<0 Ok t_Z

where FT denotes the continuous extension of F to the left side of the segment

(o), ag):

Fr) = lim  F(z), t€opa].
am(ze "k ) >0

We need to estimate the integrals in (162). Since |F(t)| is bounded on T,, we

have

/ FO" 1~ o), (163)

t—z
uniformly in z € ¥ as n — o0.

To estimate the other integrals, let us abbreviate by putting

F(t)tH
Gk(t72) = ];(—)Z ’
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so that

fék F(t)tr dt:f@( t >Ak Fi(O)t" dt:% (t— ap) Gl 2)"dt,  (164)

t— =z t — ag t—z 2

with —m + 9y < arg(t) <V + 7, —7 + 0 < arg(t — ax) < 7+ Uy, for t € (.

For any p € NU {0}, we have for z € F fixed (differentiating with respect to t),

p i
[G(t, 2)t"| P Z() (t, )P [ (n + 1 —v) (165)
=0 v=1
P 0, ifp=0
=t" P J[(n+1—0v) | Gi(t,2) + P = O(n"t"),
v=1 O(1/n), if p>0

uniformly in 2z € E as n — oo.

Thus, if Ay > 0 is an integer, then by the Cauchy integral formula,

271
_ =k ngr_ n1(Ag—1)
?gk(t ap) M G(t, )t dt = o) [Gr(t, 2)t"] L:ak (166)
 2miGy(ag, 2)ay ™ Ml N 0, if Ay =1,
(e = Dl(n+1 = At 0( fk),mkn.
n+<—"k

uniformly in z € F as n — o0.
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Now, consider a A; > 0 that is not an integer. Then, integration by parts yields

7{ (t — ap) M Gy(t, 2)t" dt

Ly,

t—op
arg(t—ay)—m+9

g 1 [Gk(t Z)tn](J 1)
t—ak)Ak ITT (=, +17)

A=

t—oy
arg(t—ay)——m+9p

[Ak]

= Jz::l O (nj_lan)

20 sin(m (M) 2 (n 41 =) [ "~ [Gy(t,2) + O (1/n)]dt
H,}iﬁJ 1({/\k} +1) ok (t — ak){)\k}

B 2isin(m ) TIN 7+ 1= [A] +1) par el
_[Gk(ak,Z)—i'O(l/n)]' )\kJ 1({/\ }+Z) /U'k (ak—t)“k}

el gt

isin k WJ ‘(n — ] 1) [
2 (m {11 (n+1—[M\] + )/Uk [Gk(ak,z)—Gk(t>Z>]m

nii'z# 1<{Ak} +1)

+0 (ntM=1om) (167)

with arg(ay —t) = Uy, t € [0k, ag).
Putting Gi(t, 2) = Gi1(t, 2) + iGr2(t, z), we see that for every t € [0y, ai], there

are t1,ts € [t,ax] such that (again, derivatives taken with respect to t)
Gk(ak, Z) — Gk(t, Z) = [G;,l(tl, Z) + Z’G;{:’Q(tQ, z)](ak — t) . (168)

Now

k

/ " (@ — )~ g — ni=he / DAy gy (169)
o ale
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and

/1 (1 —z) P gn=el gy = /1 R e e /U/Q (1 —z) P gl gy
o 0 0

/e
D= {4+ 1= [ A)) o
- C(n+2—\) +O(>

T - {M))
nl_{)\k} '

(170)

Thus, combining (167), (168), (169), (170) and taking into account at the same

time the properties of the Gamma function

[Are]-1
Pin+1=[\)) I (n+1=[A) +i) =T(n+1),
T [Arl—1
FHAMPT(A = {M}) = sin(r Dwd)’ C({Ar}) 1:[0 ({Ae} +14) = T(\p),

we obtain that if Ay > 0 is not an integer, then

}{ (t — ap) M Gy(t, 2)t"dt =

2miG(ag, 2)al ' M (n 4+ 1) o ot

M) . (171)

uniformly in z € ¥ as n — o0.

Similarly, we treat the case A\ < 0 not an integer.

: ar FH(t)n : a t to\M
(6’2”"“ — 1)/ ) dt =2i sin(7r)\k)e”’\’“/ < Filt) ( ) t"dt
ok —z op, t—2 \t—ay
— 2 sin(m )G (ax, 2) / Sap — )M at

Ok

2 sin(mAy) / " 1Grlan, 2) — Gu(t, )] (a — ) £ dt
Ok
 2iGy(ag, 2)ay ™ M sin(mA)T(1 — M)T (0 + 1)
B L(n+2—\)

Qn
O (nZ—Ak>
_2miG(ay, 2)af ™MD (n 4+ 1) o o™t

S (172)
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Therefore, we get from (162), (163), (166), (171) and (172) that

1/ F)e i ¢"'T(n 4+ 1)V F (ay,)
2w Jry, t— 2z = Tn+2—= X)) (ap — 2)
n+1
+30 (&) +onvow@. am

uniformly in z € E as n — oo.

Recall that 1 < wu < s is an integer such that

AL =A== Ay > A1 = A2 20 2 A

From (173) we obtain the following relations: if A = 1 and u = s, then

F(n + 2 — /\1)F()\1) f ) t" v Z (n+1) ﬁk]:k(ak) o" /2
— )L (174
2mi" T (n + 1) /11‘1 t—z z:: ar — 2 +O o O <Q ) (174)

If Ay =1 but u < s, then

F(n+2—)\1)F()\1)/ f(t>tndt: u ei(n-‘rl)ﬁk]:k(ak)
2mip"t (n+1) Jn,

+> 0 (nhl_kk) (175)

t—z o]

ap — =

If Ay # 1, then

D(n+2—X)T(\) / For s et F (ay) <1) ( 1 )
2"t I'(n+1) Jm, t—z Z:: ag — z O n +kzu;10 nM=Ax )
(176)
The theorem follows from (161) and relations (174), (175) and (176). O
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CHAPTER V

ZEROS OF POLYNOMIALS ORTHOGONAL OVER JORDAN
REGIONS WITH WEIGHTS

V.1 Introduction

Let G be the interior of a closed Jordan curve L = G in the complex plane, and let
m denote the two-dimensional Lebesgue measure. For a function w : C — C, analytic

and not identically zero on G that satisfies the integrability condition

/G lw(z)[*dm(z) < oo, (177)

we consider the space

B(G) = {f analytic on G : /G |f(2))P|w(z) > dm(z) < oo} : (178)

endowed with the inner product and corresponding norm

(flod = [ FE G ) dm(=),  Ifllsye) = (1 Hu. (79

Let {P,(z;w)}, -, be the sequence of orthonormal polynomials with respect to the

measure |w|?>dm|g. This is the sequence of polynomials,

Py(z;w) =Rpz"+ -+ kY >0, n=20,1,2,...,

n

that are orthonormal with respect to the inner product ().

The aim of this chapter is to investigate the zero distribution of the sequence
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of polynomials {P,(z;w)},-,. Namely, we address the following question:  given
a domain G and a function w as described above, where do the zeros of the P,’s
accumulate as n — oo ?

This question has been previously studied to some extent for the case when w = 1
(see [17], [14]). In [14], the authors found that the zero distribution of the polynomials
P,(z;1) is related to the analytic continuation properties of a conformal mapping ¢ of
G onto the unit disk D. For example, a simplified version of their main result (Thm.
2.1) is the following: if the mapping ¢ has a singularity on the boundary L of G, then
every point of L attracts zeros of the P,(z;1)’s.

If the map ¢ can be analytically continued across the Jordan curve L, then either
L is analytic, or L is a finite union of analytic arcs joining at corners having interior
angles of the form 7/N, N > 2 an integer.

If L is analytic, then Carleman’s formula (84) implies that the zeros of the
P,(z;1)’s must accumulate on the compact set C\ Q, C G (see Section III.1 for
definitions). In particular, if the interior G, of C\ €, is empty, then it is easy to see
(e.g., applying Lemma V.4.3 of Section V.4 below) that the sequence of normalized
counting measures of the zeros of these polynomials converges in the weak*-topology
to the equilibrium measure of the compact set 0§2,. Thus, the most interesting case
is when G, # (), which we have analyzed in Subsection III.3 under the additional
assumption that 0€, is a piecewise analytic curve without smooth corners or cusps.
We have also seen with the example provided by the lemniscates in Chapter IV that
different results should be expected according to whether or not G, is connected.

The existing results for the situation when L is not analytic are limited to the
analysis of some particular cases. It seems that in this case only the corners of L
attract zeros of the polynomials P,(z;1). For instance, in [17] the authors took G to
be either the interior of an equilateral triangle or the interior of a square. In both

cases they showed that the zeros lie on (and are dense in) the segments joining the
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center of G with the vertices of the triangle/square. A similar result that we will
discuss later was obtained in [14] for a lens-shaped domain bounded by two circular
arcs.

The purpose of this chapter if to investigate what could happen if one introduces
a weight w like the one described at the beginning of this introduction. A key role
in our investigation is played by the reproducing kernel of the space B2 (G), which is
the unique function

Ky(2,():GxG—C (180)

such that

Ku(-,¢) € BL(G) V(CeG, and f(¢) = (fIKu(-,())w YfEBLG). (181)

When w is a function as described above, we find that the zero distribution of the
P,(-;w)’s depends on the analytic continuation properties of the family of functions
{Kw(+,¢) : ¢ € G}. For example, Theorem V.2.1 of Section V.2 below, which extends
Thm. 2.1 of [14], can be roughly stated as follows:

If w is such that the polynomials are dense in B2(G), and if for some ¢ € G,
Ky(+,C) has a singularity on the boundary OG of G, then every point of OG attracts
zeros of the P,(z;w)’s (a converse of this statement is valid in some sense as well).

The relevance of this result is strengthened by the fact that we have formulas that
express K, (z,() in terms of the weight w and a conformal mapping ¢ of G onto the
unit disk D, which help us to determine the singularities of K, (-, (), and in particular,
whether or not this kernel has a singularity on 0G. For instance, it is well-known

that if w(z) # 0 for all z € G, then (see [30], p. 37)
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It is clear from this formula that certain properties of ¢ and w will guarantee that
K, (+, ¢) has a singularity on OG. Possibly the simplest is that w has a zero at a point
zp € JG in a neighborhood of which |¢/| is bounded below.

Much more interesting is the situation when w has zeros in G. In this paper
we derive formulas for K,(z,() when the number of these zeros is finite. We use a
well-known iterative procedure that, given a zero a € G of w, allows one to construct
K, (z,¢) from the kernel corresponding to the weight w(z)/(z — a) (see Proposition
V.3.4). Applying this procedure we derive Lemma V.3.6 of Section V.3, which gives
a representation of the kernel in terms of w and ¢. If the zeros of w inside G are
simple, then a simple determinant representation for K,,(z, () is given in Proposition
V.3.5.

To gain insight into what can happen in the less transparent situation where
K,(+,¢) can be analytically continued across G for every ¢ € GG, we analyze in detail
two specific cases. First, we let G be the unit disk, and take w to be meromorphic
with no poles in G. We prove that the zeros of the P,(z;w)’s accumulate on a disk
of radius » < 1, and each point of the boundary of this disk attracts zeros of the
polynomials. The radius r is determined by the zeros and the poles of w.

In the second case, GG is a domain bounded by two circular arcs that meet at —i
and ¢ with opening angle 7/N, N € N, N > 2. The weight w is taken to be an entire
function. This case was studied in [14] for N = 2, w = 1, and it was shown that the
zeros of Bergman polynomials for these lens-shaped domains accumulate on an arc I’
that connects the vertices —i, i (see Figure 17(a)). The same result is true for N > 2.

For a general entire function w, we find that the zeros of the P,(-; w)’s accumulate
on a compact set consisting of two subarcs of the same curve I' and a “bubble”
connecting these two subarcs (see Figure 17(b)). This bubble is determined by the
zeros of w, and each boundary point of it, as well as each point of the two subarcs,

attracts zeros of the polynomials.
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(a) (b)

Figure 17: (a) Zeros accumulate on I' in unweighted case and (b) on bubble with
subarcs of I' in weighted case for w entire.

We remark that in both of the above cases one can consider more general functions
w. As long as we are able to determine the singularity of K, (-, () that is closest (in
some sense) to G, our method of proof will yield similar results. For example, the same
phenomenon is observed in the case of a lens if one considers meromorphic weights.
However, we restrict ourselves to the case of w entire for the sake of simplicity.

The rest of the chapter is organized as follows. In Section V.2 we introduce some
notation and present the main results. In Section V.3 we establish the existence of
the kernel function as well as some of its properties and formulas. In Section V.4 we
derive a basic relation between the orthogonal polynomials and the kernel function
(Corollary V.4.2), and give (in Lemma V.4.3) the general argument that is employed
in Section V.5 to prove the zero distribution results.

The results of the present chapter have been published in [19] and were obtained

in collaboration with Professors Edward B. Saff and Nikos S. Stylianopoulos.
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V.2 Main results

Throughout this chapter, (G,w) will denote a pair formed by a bounded Jordan
domain G and a function w : C — C that is analytic and not identically zero on G,
and that satisfies (177). In each theorem, it will be clearly stated whether any other
property of G' or w is assumed, and P,(z) := P,(z; w) will denote the n-orthonormal
polynomial with respect to the measure |w|?*dm|¢ corresponding to the domain G and
weight w so specified. The letter D will stand for the open unit disk and D, for the
open disk {z : |z| < r}.

For any GG under consideration,
®:C\G—-C\D (182)

will denote the exterior conformal map from C \ G onto C \ D, normalized so that
®(00) = oo and P'(c0) > 0. This map ® can be naturally extended to a homeomor-
phism (also denoted by ®) between L := 0G and the unit circle T := 0D. Then, the
equilibrium measure py, of the compact set L can be defined as the preimage by ® of

the normalized arclength measure |dz|/27 on T, that is,

1
A) = —/ d
pa) = o [

for any Borel set A C L. We refer the reader to [24] or [26] for the definition of the
equilibrium measure of more general compact sets and also for the related notion of
logarithmic capacity of a set E, which we denote by cap(FE).

If @ is a polynomial of degree n with zeros zi,z,..., 2, (listed according to

multiplicity), the normalized counting measure of the zeros of @ is denoted by v and
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defined by

where ¢, denotes the unit mass at the point z.
We say that the sequence of Borel measures {o,,} converges in the weak*-sense to

. * .
a measure o, symbolically o, — o, if

lim /7 fdo, — /7 fdo .
n—o0 g T

for every function f continuous on the extended complex plane C.

Recall that K,(z, (), defined by (180) and (181), is the reproducing kernel of the
space B2(G) introduced in (178). The existence of this kernel, as well as some of
its properties, will be established in Section V.3. With this notation, we have the

following basic theorem:
Theorem V.2.1. For any (G,w) as above, if

(a) there exists a subsequence N° C N such that

*
vp, — i, as n—oo, neN,

then

(b) there ezists a point ¢ € G for which K, (-,() has a singularity on the boundary
L of G.

Moreover, if w is such that the polynomials are dense in B2(G), then (b) = (a); that

is, (a) and (b) are equivalent.

Remark V.2.2. There are several results giving conditions that ensure the complete-
ness of the system of polynomials in Banach spaces of analytic functions on a domain

G whose norm is given by an integral over G with respect to a weight function. For
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example, see the survey [18] and the papers [8], [9], as well as the references therein.
Here, we just mention that when w is analytic in G (which is the case in Theorems
V.2.3 and V.2.7 below), the polynomials are dense in B2 (G). This assertion is easy

to verify with the help of Thm. 2 of [8].

We drop the subscript w and write K (z, () for the kernel corresponding to w = 1,
which is the so-called Bergman kernel function of GG. For the practical determination
of the singularities of K, (-, (), one can use formula (196) of Section V.3 for a weight
w # 0. When w has finitely many zeros on G, the iterative procedure given in
Proposition V.3.4 of Section V.3 can be used to find K, (z,() in terms of the weight
w and a conformal map ¢ of G onto . Notice that in the Bergman case w = 1,
the possibility of continuing K (-, () analytically across L is independent of ( since,
as easily follows from (196), K (-,() has a singularity on L if and only if an interior
conformal map ¢ has a singularity on L.

We now consider the particular case in which the boundary of G is as nice as

possible, namely, the unit circle, and the weight w is a meromorphic function.

Theorem V.2.3. Let w # 0 be a meromorphic function in C that is analytic in D.

Let
{a1,..., a0} = set of zeros of win D,
{b1,ba,...} =set of zeros of win C\D,
{c1,¢9,...} =set of poles of w;

and let

A= {|a;| : 1/a; = ¢; for some j and mult(c;) > mult(a;) + 1},
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where mult(c;) and mult(a;) denote the respective orders of the pole c¢; and the zero
a;. Set
T i=1max ({07 |CL1|, SRR |CLg|, |b1|_17 |b2|_17 e } \"4> :

Then, for all but countably many z € D,

_ . |z|if |z] > r
limsup | P, (z)["/" = : (183)
nee rif |z <r

which implies that:

(a) if r =0, then

vp —— 0 as mn — oo,
where 0y denotes the unit point mass at 0;

(b) if r > 0, then any measure that is a weak™-limit point of the sequence {vp,} is
supported in D, := {z:]z| <r}. Let N C N be a subsequence (which indeed

exists) such that the limsup in (183) is realized for some z € D,.. Then
Vp, — lly as n—o00, neN,

where p, := |dz|/27r is the normalized arclength measure on the circle T, =

{z:]z| =r}.

Example V.2.4. Let w(z) := (z — a)’/(1 — za)*, where 0 < |a] < 1 and v > 1,
A > 0 are integers. Then, according to Theorem V.2.3, when A < v + 1, {vp,} has
at least a subsequence converging weakly™ to p,. However, if A\ > v 4 1, the entire
sequence {vp, } converges weakly* to dy. Figure 18 illustrates the case A =0, v = 1.
Figure 19 illustrates the case A = 2, v = 1. Another example is discussed after the

proof of Theorem V.2.3 in Section V.5.
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Figure 18: Zeros of P,, n = 40(¢), 50(+), 60(o), for G =D and (a) w(z) = z — 1/2,
(b) w(z) =2—3/2, (c) w(z) =z — 1.

Remark V.2.5. The ideas involved in the proof of Theorem V.2.3 can be applied

to other functions w not necessarily meromorphic. For example, the function

l m
w(z) =[(z=a)[[e"*%, aeD, djeC\D,

i=1 j=1
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Figure 19: Zeros of P,, n = 10, 15, 20, for w(z) = (2 — 1)/(2 — 2)?* and G = D.

1
2

has essential singularities at each d;, and for this function the conclusions of Theorem

V.2.3 hold with

7= max ({0 lay|, ... |ael, |5 ydm|-1}) .

Remark V.2.6. We note that a result similar to Theorem V.2.3 is known for orthog-
onal polynomials on the unit circle T. Let ¢, be the n-th orthonormal polynomial
with respect to a measure o in the Szegé class of T, and let 0 < p < 1 be the smallest

number such that the reciprocal of the interior Szegé function for o’

1 2 i
D(o',2)"" :=exp {—/ log J’(Q)e i Zd@}
0

A el — 2

is analytic in Dy, := {z : |2| < 1/p}. In [16] it was shown that for some subsequence
N CN,

*
Vg, — p, as n—o00, neN,

105



where (1, is the arc-measure |dz|/2mp on T, if p > 0, or u, = & if p = 0. Hence, if

w(z) is as in Theorem V.2.3 then

Dlwl’, )™ = mamma s zll(f))) =z
where
v = mult(a;) and h(z) = w(z)/[(z — a1)" -~ (= — a)"].
Thus
p=max ({0, ]as], ... lacl, [br| 7", [bo] 1, F A AY)
where

A" :={l|a;| : 1/@; = ¢; for some j and mult(c;) > mult(a;)} .

So, if w is as in Theorem V.2.3, the zeros of the ,’s and the zeros of the P,’s
accumulate on the same circle, except possibly when A4 # A*. Indeed, for w(z) =
(2 —1/2)/(2 — z) the Szegd polynomials have all zeros at the origin (since |w(z)| = 2
for |z| = 1), while the weighted Bergman polynomials have zeros accumulating on

|z =1/2.

We now consider a special class of domains bounded by a piecewise analytic Jordan
curve. Let N > 2 be a natural number and let G be a lens-shaped domain whose
boundary L consists of two circular arcs L, and Lg (L, being to the left of Lg)
meeting at ¢ and —i with opening angle 7/N. Let a and 3 be the angles formed by
L, and Lg with the segment [—i, 4], respectively. Notice that L, and Lg are arcs of
circles centered, respectively, at a := cot o, b := — cot 3, with corresponding radii
Po i=1/sinq, ps := 1/sin 3. In the limit case when either o or 5 = 0, one of these

circles becomes the imaginary axis.
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For any point z € G, let

(184)

be the reflections of z with respect to L, and Lg, respectively. The following facts
are stated without proof, since they can be obtained by using the method employed
for N = 2 in Section 4 of [14].

The set

M= {z€G:|B(z) = |B(25)]} . (185)

is an analytic Jordan arc that lies on G, except for its two endpoints ¢, —i. Define
Ga = int(La U F) 3 Gﬂ = il’lt(Lﬁ U F) .

Then, by the reflection principle, the function

d(z) if 2eC\G
B(2) = 11 /B(z0) if 2 € Go UT (186)
1/®(z)if 2 € Gy

is analytic in C\T', and |®| is continuous in C. If pr := ’'N{Jm z = 0} is the midpoint
of I', then

0 < Rr:=|®(pr)| < |®(2)] Vz#pr. (187)
For any Rr < r < oo, consider the level set

Vr 1= {z LB (2)] = 7“} : (188)

When Rr < r < 1, 7, is a Jordan curve that intersects I' at two conjugate points,

and it is such that ~, \ T consists of two analytic simple arcs, one contained in G,,
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Figure 20: Curves I' and ~, for N =2, a = 7/8, r = 5/7. Here, Rp ~ 0.58731.

the other in G3. Notice that yg. = {pr}, 71 = L, and that for r > 1, ~, is a standard

level curve of the exterior mapping ® (see Figure 20 above).

Theorem V.2.7. Let G be a lens-shaped domain with opening angle w/N, and let
w # 0 be an entire function. Let {a1,...,as} and {by,bs,...} be the sets of zeros of

w in G and C\ G, respectively, and define r as the largest number of the set
{Rr, [®(ar)], -, |‘§(az)|} U {@(bkﬂ_l tbp & {—1,4} or mult(by) > N — 1} :

Then, for all but countably many z € G,

D()|if 2 € ext .
limsup | P, (2)|Y/" = [®(=)lif () : (189)

neee roif z €5 Uint(y,)

which implies that any weak*-limit point o of the measures vp, is supported in I' U
v Uint(y,), and every point of I' \ int(v,) belongs to supp(c). Moreover, there is a

measure i, whose support coincides with (I' U~y,) \ int(y,) such that

(a) if r=Rr (i.e. if v, = {pr}), then vp, = p, as n— oo
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Figure 21: Zeros of P,, n = 40, 50, 60, for lens parameters N = 2, a = 0, and (a)
w(z)=z—-1, (b) w(z) = (2 —i)%
(b) if r > Rr and for some z € int(~,) the limsup in (189) is realized through a

subsequence N C N, then

*
vp, — ji as n—oo, neN.

It is of help to discuss Theorem V.2.7 for the simplest case when w(z) = (z —a)?,
v € N, has a zero in a single point. If a € L\ {—i,i}, or a € {—i,i} and v > N —1, we
see that ~, coincides with the boundary L of GG, and every point of L attracts zeros of
the P,’s (see Figure 21 above). If a € {—i,i} but v < N—1, or a € C\G is sufficiently
far from the lens (in the sense |®(a)| > 1/Rr), or a coincides with the midpoint pr of
I, then ~, shrinks to the point pr and the zeros of the P,’s accumulate on the whole
of I' (see Figure 22 below). If none of these things happens, then a “proper” bubble
bounded by +, and joining two subarcs of I' is formed, and every point of ,, as well
as of the subarcs, attracts zeros of the polynomials (see Figure 23 below).

From the proof of Theorem V.2.7 one can see that the measure p, in that theorem

can be characterized in different ways. For example, if pp. is the limiting measure
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(a) (b)

Figure 22: Zeros of P,, n = 40, 50, 60, for lens parameters N = 2, a« = 0, and (a)
w(z)=z—4, (b) w(z) =2z —1i.

corresponding to the value » = Rp, which is supported on I', then for any other
Rr < r <1, p, is the measure supported on (I' U~,) \ int(y,) that coincides with
fre on the two subarcs I'\ int(,), and that equals the balayage of the restriction of
pre to I'Nint(v,) onto v,. Alternatively, u, can also be characterized as the unique

measure whose logarithmic potential U#" is

—log |cap(L)®(z)|, if z € ext(y,)
Ukr(z) = (190)
— log[cap(L)r], if z € v, Uint(y,).

V.3 The reproducing kernel K,(z,()

For any (G, w), we have introduced in (178) and (179) the space B2 (G) together with
its inner product (-|-),, and norm || - [|z2(c). When w = 1, we simply write £L*(G).
Although the notation (G, w) assumes that L = 0G is a Jordan curve, all the results

stated in this section are also valid for any bounded simply-connected domain G.
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Figure 23: Zeros of P,, n = 40, 50, 60, for lens parameters N = 2, a« = 0, and (a)
w(z) = (z — 1.2)%, (b) w(z) =z — 0.4.
Here, we establish the existence of the kernel function K, (z,(), state some of its

basic properties, and give some formulas for it.

Lemma V.3.1. Let z € G be such that w(z) # 0. Then, for every f € B%(G) we
have
/152 ()

|f(2)] < W ; (191)

where

d, = dist(z, L) = érelg IC — z]|.

Consequently, for any compact set K C G, we can find a constant C'x such that
F() < Ckllfllsz), YV feBLG), zeK. (192)

Proof. Inequality (191) follows at once by applying Lemma 1 on p. 4 of [6] to fw.
Now, given any compact set K C G, one can find a Jordan curve I'y C G surrounding
K on which w has no zeros. Then from (191) we get that (192) holds for all f € B2 (G)

and z € 'k, where C' = /7 x min {|w| on I'x} x min {d, : z € [} > 0. Then, by
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the maximum modulus principle for analytic functions, the same estimate holds for

all z € K. O

With the help of (192) one can easily extend some results that are already known
to be valid for the Bergman case w = 1. For example, paraphrasing the proof of

Thm. 1 on p. 5 of [6], we get

Lemma V.3.2. The space B%(G) is a Hilbert space with respect to the inner product
<.

L2 (@G), then fn(2) — f(2) uniformly on compact subsets of G.

Yw. Moreover, if {fu}ory C L2(G) and limy, . || fo — fllzz(c) = 0 for some f €

Inequality (192) shows that for every ¢ € G, the linear functional that assigns to
each f € B2(G) the value f(() is bounded. Therefore, by the Riesz representation

theorem, there is a unique function K, (-, ¢) € B2 (@) having the reproducing property

10 = [ Kule 0 £ @) dm() = (FKu(-Ohus Ve VfEBLG).
(193)
That is, K,(z,¢) is the kernel function for the space the space B2(G). For w =
1, we write which is the so-called Bergman kernel function for G. The following
basic properties of K, (z,(), which we state without proof, are consequences of its

reproducing property (193).

Lemma V.3.3. (i) Forallz, (, a € G,

Kw(Z,C) = Kw<C7 Z) and Kw(a’7a’) = ||Kw(7a)||2812u(G) > O’

(ii) If {Sn}or, is an orthonormal system of functions in the space B2(G), then

{Sn}2 is complete if and only if for every ¢ € G,

Kul10) = i 5,054 ()
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in the B2(G)-norm.

Let ¢(z) be any conformal mapping of G onto the unit disk D. Then it is well-
known (see [6], p. 33) that the Bergman kernel function for the space B*(G) is the

space B?(@) is given by

Lo PRYE
K0 = T s@eor (194)

It is straightforward to check that if A(z) is analytic and never zero in GG, and such

that h(z)w(z)|e € B*(G), then

Kwh(z7 C) = T NI (195)

K(z,0) ¢'(2)¢'(Q) , (196)

We call the reader’s attention to the following simple fact: suppose (G, w) is such
that w vanishes at each element of the set {aj,as,...,a,} C G (repetition allowed).

Put h(z) := w(z)/ 1, (z — a;). Then the reproducing kernel of the Hilbert space

{1 BG):tw) =0, 1< <0} = {1 T - 00 € BG) |

i=1

is Ky(2,¢)/ (2 —a;)(C —a;). Thus, it is essentially known and easy to verify (see
[20], Ex. 11, p. 262) that if w(z) = (2 — a)h(2) then

Ky(z,¢) = (197)
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By reiterating this formula one arrives to the following proposition. As usual, any

empty product of the form [[{_, - - - is understood to equal 1.

Proposition V.3.4. Let (G, w) be such that w has exactly n > 0 zeros in G, counting

n

multiplicity. Write w as w(z) = h(2) 1=, (2 — a;), with {a1,as,...,a,} C G and

h(z) # 0 for z € G (the a;’s not necessarily distinct). Then

Hy(z,

Ky(2,¢) = Hnl2.§) : (198)
h(z) h(C)

where H,(z,() is constructed from the sequence {ay, as, ..., a,} by using the following

iterative procedure:

if Hi(z,Q) is already defined for all z,( € G, put

Hi(z,¢) — Hi(air1, Q) Hi(2, air1)

Hi-i—l(’zaC) = HMA) ) VZ, C € G \ {ai—i-l} )
(z = aiy1)(C — aiy1)

and

Hi1(aiy1, €)= lim H;(2,(), V(e G\ {ais1},

z—ai41

Hip1(z,ai11) := lim Hii(z,Q), Vzed.

<—>CL1‘+1
When the zeros a;’s of w are simple we have the following determinant represen-

tation:
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Proposition V.3.5. If in Proposition V.3.4, the a;’s are all distinct, then the kernel

function K, (z,C) for the space B%(G) is given by

K(ay,a1) K(ag,a1) -+ K(an,a1) K(z,a1)
K(ay,a3) K(ag,as) -+ K(an,as) K(z,az)

K(ay,a,) K(ag,a,) -+ K(an,a,) K(z,a,)

K(CLl,g) K(CLZ;C) K<a’n7<) K(Zag)
h(2)h(C)Qn(2)@n(C) An

(199)

where Qn(z) = I (2 — a;) and A, > 0 is the n x n principal minor of the

determinant above.

Proof. The proposition can be derived by using Proposition V.3.4 and Silvester’s
determinant identity. However, here we give a more straightforward proof. Again
by (195), it suffices to prove the proposition for the case h(z) = 1, that is, when
w(z) = Qu(z) = TIL,(z — a;). It is easy to see that the system of functions
{K(z,a1),...,K(z,a,)} is linearly independent. The Grammian of this system is
precisely A,. Hence A,, > 0.

Let us denote by Dg, (z,(¢) the right-hand side of (199) and let ¢ & {a;},_, be
fixed. Then Dg,(z,() is well defined for all z € G. Moreover, if we develop the
determinant in (199) by its last column, we see that Dq,(-,¢) € Bp, (G) and, for

certain constants Cj,

/DQn 2)|Qn(2)|*dm(2)
_/ ( >@?<>K ) e



Therefore, for ¢ € {a;};_,, Dg,(z,¢) = Kg,(z,¢). But then for 1 <i < n,

Dg, (z,a;) == lim Kg, (2,¢) = Kg, (7, a;) .

(—a;

]

In order to find the singularities of K, (-, () we need a description of these formulas
that reflects the dependence of the kernel on the conformal mapping ¢ and the weight

w. For this purpose we provide a useful lemma. Suppose that

f(2)9(¢) .
7 [1—t(2)s(Q))]

K(z,0) = 2 CeG, (200)
where f,t, g, s are analytic functions in G, and moreover, that ¢t and s are one-to-one

in G and

1—t(2)s(¢) #£0, Vz (eq. (201)

In view of (194), a representation like (200) is always possible. Notice that, from

Lemma V.3.3(i), f(2)g(¢) # 0 for all z,{ € G.
Lemma V.3.6. With the above notation we have

(a) for w(z) =wl(2):= (2 —a)’, v e NU{0},
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(b) forw(z) = (z —a1)"(z —a2) - (z —ay)"™, v; € N, 1 <i<n, a;’s distinct,

e [12) = t(a)]” [5(Q) — s(a)]”
Hlnzl z — ai)vi (Z . ai)vi
Qu (t(2),5(0))

i1 [1 — t(ai)sig)} vi+1 [1 B t(z)m

(203)

where Q(T,€) is a polynomial in the two variables T and & (of degree < n in

each independent variable) satisfying:

(i) Qu (ta),5(a)) #0 VaeG;
(i) of £ #0, then

Qu(1/6,8) # 0 & & {1/tar),..., 1/t(an), s(a), ..., s(an)} :
(iii) for every 1 <i <mn,
Qu (1/s(a), ) £0 if s{a;) #0,

Qu (-, 1/t(a;)) 0 if i(ai) # 0;

(iv) for every 1 <i <mn,

Qu (7. 5(a))) = [1 = 7s(a)] S¥(7)

and
Qu(t(a;),&) = [1 = t(a;)¢] T (£),

with

S (1/s(a;)) # 0 if s(a;) #0
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and

T (1/t(a;)) # 0 if t(a;) # 0.
Consequently, from (i), S¥*(t(a;)) =T} (s(ai)) #0 forall1 <i<n.
Proof. Given a point a, let us define the iteration I, by

H{(a,()H(z,a)
H(a,a)

Ia (H(Z7C)) = H('Z?C) - (204)

which applies to any function H(z, () for which (204) makes sense. Then, (a) follows

without major complications by induction on the number v, since by Proposition

V.3.4,

- ]a (ng (27 C))
K o+1(z,0) = GC-aG-a

The computations involved can be simplified by observing that if
H(z,¢) = r(2)l(Q)H1(,C)
with 7(a)l(a) # 0, then
1.(H(z,¢)) := r(2)l()1a(H1(2,C)) - (205)

We now prove (b). If w(z) = wi'(z) = (2 — ay)™, v1 > 1, then K, (2,() is given by

formula (202), so that in this case

Qu(T,6) = Quu (1,€) = [1 = t(a@)¢] [1 = 7s(a1)] +v1 [1 = t(ar)s(ar)] [1 — 7¢]

and properties (i)-(iv) are trivially satisfied (property (i) is a consequence of Lemma
V.3.3(1)). Thus, we only need to prove (b) for a w that has zeros in n > 2 points.

We proceed by induction. Let w(z) = (z — a1)"" (2 — a2)* - - - (2 — a,)"" be such that
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n > 2, and let m := vy + -+ - + v,. Assume that (b) holds for any other w such that

the sum of the multiplicities of its zeros is < m — 1. For all 1 < i < n, define

wiz) = (2 —a;)" " ] (2 —ay)",
1<j<n
j#i

so that by the induction hypothesis K, (z, () has the following form:

F@)9Q) [1(z) — ta)]" " [s(0) — (@) M [t(2) — ()] [5(0) — s(ay)]”
71— t(z)s(0)] (= — @) 1€ - @)" " [Talz — a)5 (€ — @)

X

[1=#(a)s(Q)]" [1 = t(2)s

where

Qu, (t(2),5(0))
sa)] " T [1 = tay)s(Q)]

Qwi (7—7 5) if (o 2 2
Qui(7,€) =
Qui (1, &) [1 = H(a;)&] [1 = 7s(as)| if vi = 1

is a polynomial in the two variables 7 and £ (of degree < n in each independent

variable) that satisfies
(i) Qu. (t(a),%) #0 VacegG,

(ii') if &€ # 0, then

Qui (1/6,6) #0 & £ Z {1/t(a),..., 1/t(an), 5(ar), ..., s(an) |

(iv") for every 1 < j < n,
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and

~

Qu, (t(a;),€) = [1 = t(ay)E] T} (6),
with S (1/s(a;)) # 0 if s(a;) # 0, and T3 (1/t(a;)) # 0 if (a;) # 0. (It then
follows from (i’) that §;” (t(a;)) = f]w (Tcg)) #0forall 1 <i<n.)
Properties (') and (ii’) are obvious. As for (iv’), notice that if v; = 1 then
[ = tan)s(ag)] [1 = 7s(a)] S*(r)if 5 #
1= t(a)s(a)] Qu, (r.5(a))  ifj=i

and
(1= t(a;)s(a)| [1 — t(a)€] T} (€) if j # i
T () = :
1= t(ai)s(ar)| Qu,(t(ar), ) if j =i

so that gjw’ (1/@) # 0 and f;”z (1/t(a;)) # 0 for all s(a;), t(a;) #0, 1 < j < n,
since t(z) and s(¢) are one-to-one and Q,, (7, &) satisfies (ii) and (iv). Observe that
the degrees of §]w () and fj“’ (1) are <n—1.

Thus, according to Proposition V.3.4 and taking (205) into account, we have that,

forall 1 <i<mn,

Iai (Kwi(zﬂ C))
(2 — a;) (Z - az’)
_ f(2)9(¢) H?i[t(zz) — t(a;)]™ [s(()— s(aj)} j -
m [1 - t(z)s(()} " (2 —ay)% (C — )
Qu (1(2). 5(0))

11 ta)s©] " 1 - t(2)s(ay)]

Ky(2,¢) =

X

Uj—‘rl )
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where

[1=4(2)5(Q)] " [1 = Ha)s()] [1 — #(=)s(a)]
() — t(a)] [5(0) — s(a)

(
<Ly (Qui (#02).500) [1 = 205(0)] 7))

Qu (1(2),5()) :=

On expanding the last term and replacing t(z) by 7 and s(¢) by &, we get

Qu(T:€) Qu, (tai), s(@)) [t — t(a;)] |¢ - s(a)]

=[1 = #(a)€] [1 = 75(a:)] Qus (t(ai), 5(as)) Quy (7, €) (207)

This shows that Q. (7,€) is a polynomial with the degree in each independent
variable no greater than n, and so we see from (206) that K,(z,() has the form
(203). Notice that the representation for Q. (7,&) given by (207) is valid for every
1 < ¢ < n. Also, since Ky(a,a) > 0 for all a € G (see Lemma V.3.3(i)), we must
have Q. (t( ), s(a )) # 0 for all @ € G. Hence, property (i) holds.

Further, it follows from (207) that for every £ # 0

Qui (1/€,€) [1 = H(a:)&] [1 = 5(as) /¢]

w 1 ? - s(a;)
Qu (1/6.€) [1/€ — t(a)] [¢ - s(a)]

= Qui(1/£,6).

Thus, in view of (ii’), property (ii) also holds.

121



To prove (iii), suppose that 1 < i < n is such that s(a;) # 0. Then by (207) and

(iv'),

emstar) & — s(a)

@) [ ta)s@)] S (1/5a) T
E—s(a;) @wi (t(ai), s(ai)) [1/3(%) _ t(ai)} [5 _ @}2

=5 (1/s(a)

T w7

Similarly, we find for ¢(a;) # 0,

i Quln1/t0)) T (1w
rotla) T —t(a;) t(a;)

70,

from which (iii) follows.
Finally, we prove (iv). For any 1 < j < n, choose a; # a; (this is possible because

n > 2). Then, with the notation of (iv’), we have

where
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Hence, if s(a;) # 0,

y 1 —t(a;)s(aj)| |1 — s(a;)
57 (17) - 1/, | [_t (@) [

= g;‘“ (1/s(aj)) 0,

by (iv"). Similarly, we find that

Ty (1/4(ay)) = T (1/5(a;)) # 0.

V.4 Orthogonal polynomials and the kernel function

Recall that for any (G, w), P,(2) := Py(z;w) = k¥2"+--- denotes the polynomial of
degree n and positive leading coefficient x]. that is orthonormal with respect to the
measure |w|*dm|qg. It is well-known that the logarithmic capacity cap(L) of L = 0G
is given by

cap(L) = 1/®'(00), (208)

where, as before,

¢:C\G—-C\D (209)

is the exterior conformal map associated with G, normalized so that ®(o0) = oo and
P’ (c0) > 0.
In the sense of Definition 3.1.2 of [28], the measure |w|*dm|g belongs to the Reg
class, that is,
lim (k%)™ = [cap(L)] . (210)

n—oo n
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To see that this is true, first notice that since L is a regular set with respect to

the Dirichlet problem in C\ G, (210) is equivalent to (see Thm. 3.2.3 of [28])

. 1/n
Jim LB ]

@ =1 (211)

To show that (211) holds, one can proceed as in the proof of the corresponding
result (Lemma 4.3 of [21]) for the case w = 1, using (192) instead of inequality (4.4)
of [21].

We say that a property P holds for quasi-every z € €0, or that P holds quasi-

everywhere on ) (briefly, P g.e. z € ), if
cap({z € Q : P does not hold for z}) = 0.

Another relation that is equivalent to (210) and that will be used in this paper is the
following (see Thm. 3.1.1 of [28]):

limsup |P,(2)[Y" =1 qe. z€ L. (212)

n—oo

For each r > 1, set

l.:={z : |®(2)| =71} (213)

and [y := L = 0G. If g is an analytic function on G, define
p(g) :==sup{r : g is analytic on int(l,)} . (214)

Then 1 < p(g) < oo, and if P2(G) denotes the closure of the set of polynomials in

B2 (G), we polynomials in B2 (G), we have
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Lemma V.4.1. Let g € B2(G) and let a, := (g|Po(-;w))w, n =0,1,.... Then

lim sup |a,|"/" < — (215)

n—o p(g)

Moreover, if g € P2(G), then equality holds in (215) and
9(z) = Z an P (2)
n=0

locally uniformly on int (lp(g)>.

With Lemma V.3.2 and (211) at hand, the proof of Lemma V.4.1 is essentially
the same as that given by J.L. Walsh in [34], pp. 130131 (see also [21], p. 336).

We can apply the above lemma to estimate |P,({)| for ( € G. Indeed, since by

(193), P,(¢) = (Kuw(+,¢)|Pn)w, it follows that for each ¢ € G fixed,

il PO Pa() = Lu(-0)

represents a function of the space B2(G). By Lemma V.3.3(ii), P2(G) = L2(G) if
and only if

Lw('7C):Kw('7C)7 VCGG

Of course, we also have P,(() = (Ly(+,()|Py)w, so that by applying Lemma V.4.1 to
g = Lw(v() and g = Kw(ag) we get

Corollary V.4.2. For every ¢ € G,

im su 1/n — 1 1
timsup 15O = 000 = 2 Bu0) (216)

Furthermore, if P2(G) = B2(G), then equality holds in (216) and, therefore,

lim sup | P, (¢)['" =1

n—oo
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if and only if K, (+,¢) has a singularity on L = 0G.

Corollary V.4.2 describes a basic relationship between the orthogonal polynomials
and the kernel function which will play an essential role in deriving our zero distri-
bution results. We shall also apply the next lemma which involves the logarithmic
potential of a measure, as well as the notion of harmonic majorant. While somewhat
more general, it is similar to results of Walsh (see Remark V.4.5 below).

For any finite, positive Borel measure o with compact support supp(c) C C, we

denote by U7 its logarithmic potential defined by

1
|2 =]

UO@»::LAJog do(t), zeC.

Notice that if g, is a monic polynomial of degree n, then the logarithmic potential of

the counting measure v,, is
U (2) = n~ log |ga(2)] .

Lemma V.4.3. Let E # 0 be a compact subset of C such that both C \ E and
E = int(E) are connected (see Figure 24). Let g : C \ E — T be such that g
is analytic in C\ E, |g| is continuous and never zero in C \ Eo, g(c0) = oo and
g (00) = 1. Let {g,},—, be a sequence of monic polynomials of respective degrees

n=1,2,..., such that oo is not an accumulation point of the set of zeros of the q,’s.

Further, assume that
lim sup |gn (2)[Y"™ < |g(2)| ge. z€O0E. (217)

Then, any measure o that is a weak™-limit point of the sequence {vy, } | is supported
on E and

U°(z) =loglg(z)] VzeC\E. (218)

126



Figure 24: A set E satisfying the hypotheses of Lemma V.4.3.

Moreover, there is a unique measure ji, supported on OE such that (218) holds with

0 = pg. For such a measure, we have
lim sup | g, (2)|"" < eV vz eC, (219)

and
(a) if E =0, then Vgy — [ty S N — 00;

(b) z'ij’ # 0 and for some zy € E and a subsequence N C N

lim |g,(z)]Y/" = V" (0), (220)
"N
then
Vg — Jtg as n—o0, neN. (221)

Conversely, if ji, is a weak*-star limit point of the sequence {v,, }, then equality

holds in (219) for quasi-every z € C.

Proof. Observe that (217) is equivalent to

liminf U (2) > log |g(2)| " ge. z€O0E. (222)

n—oo

00
n=1’

Let o be a weak*-limit point of the sequence {v,, }

N CN

so that for some subsequence

*
Vg, — 0 as n—oo, nehN.
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Then o is a probability measure and, by (222) and the Lower Envelope Theorem
([26], Thm. 1.6.9), we have

U?(z) = liminf U" (z) > lim inf U" (z) > log l9(2)|”" qe. z€0E.  (223)

neN

By the assumptions on g, the function
F7(z) :=U"(z) = log|g(2)|"", z€C\E,

is superharmonic and lower bounded in C\ E, harmonic and equal to zero at oo, and
in view of (223) and the lower semicontinuity of U7, it also satisfies for quasi-every

2 € OF

liminfF7(z) > liminf U7(2) — lim log|g(z)|~" > U%(2") —log|g(z")| ™" > 0.

zeC\E zeC\E

Then, by the generalized minimum principle for superharmonic functions ([26], Thm.
1.2.4) we conclude that £ = 0, which implies that (218) holds in C\ E. It also implies
that U? is harmonic in C\ E and therefore, in view of the unicity theorem (see e.g.
[26], Thm. I1.2.1), supp(c) must be contained in E. Since the boundary of the domain
C \ F in the fine topology (i.e. the coarsest topology that makes every logarithmic
potential continuous) coincides with its boundary in the Euclidean topology (see [26],
Cor. 1.5.6), we see that (218) is also valid in C\ E.

It is a direct consequence of Carleson’s Unicity Theorem (see [26], Thm. 11.4.13)
that there can be at most one measure p, supported on JF that satisfies (218) with
o = pg. To see that such a g actually exists, choose any measure o that is a
weak™*-star limit point of the sequence {v,,} - ,. (This is possible in view of Helly’s
Theorem ([26], Thm. 0.1.3) because, by assumption, all the zeros of the g,’s lie in a

fixed compact subset of C.) Let o7 be the restriction of o to E, and let ; be the
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balayage of o7 onto OF. Then, p, := 0 — 01 + 01 is the measure we are looking for,
since it easily follows from the properties of balayage measures (see [26], Thm. I1.4.1)

that this p, satisfies
Uts(z) =U%(z) Vze€eC\E, U’(z)>U"(z) VzeC. (224)

Accordingly, when E= (), the measure p, is the unique weak*-limit point of {v,, },
so that (a) takes place.

Now, for any 2z € C fixed, choose a subsequence A/ C N through which the lim sup
in (219) is realized. We can assume that also v,, — o as n — oo, n € N. Then,

by the principle of descent ([26], Thm. 1.6.8) and (224),

liminf U (2) = lim U (2) 2 U7 (2) 2 U (2)
neN

which proves (219).

Let us now prove (b). Suppose (220) holds, and let oy be an arbitrary weak*-
limit point of {v,, }, .\ Because U is harmonic in l%, we get from (224) and the
minimum principle for superharmonic functions that U%°(z) > Uts(2) Vz € E , unless

U = Uk on E. But from (220) and the principle of descent, we have that

Ut (zg) = lim U"™(zp) = liminf U"™ (zy) > U(2) .
"N "N
Therefore, U?° = U*s is harmonic in l%, and consequently supp(oy) C OE. By the
uniqueness of y,, 0o = (14, and since oy is arbitrary, (221) must hold.
Finally, suppose that conversely, (221) takes place for some subsequence ' C N.
Then, by the Lower Envelope Theorem, we have for quasi-every z € C
Uts(z) = liminf U (z) > liminf U™ (z) > U9 (2);

n—oo n—oo
neN
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that is, we have equality in (219) quasi-everywhere on C. [

Remark V.4.4. (i) By arguing as in the proof of Lemma V.4.3, one readily sees that
if the inequality in (217) is satisfied quasi-everywhere on C\ E, then the conclusions
of that lemma remain true, even if g has zeros on 0F. One can also verify that if

zp € C\ E has a neighborhood on which ¢, has no zeros for n large enough, then

7}1_{1(;10 [ (20)[ ™ = |g(20)] (225)

Hence, equality holds in (217) quasi-everywhere on C\ E.

(ii) A well-known result by Fejér asserts that the zeros of orthogonal polynomials
with respect to a compactly supported measure ¢ are contained in the closed convex
hull of supp(eo) (see e.g. [25]). Thus, if the ¢,’s in Lemma V.4.3 are orthogonal, it is
already guaranteed that all their zeros are uniformly bounded in C. We will be using

this fact in all the applications of Lemma V.4.3.

Remark V.4.5. The fact that a condition like (217) has consequences on the zero
distribution of the sequence {¢,}, ., is well-known. For example, from (225) (see [36],
Thm. 1) it follows that for every continuum ) C C\ E containing more that one
point

. 1/n
tim sup lgn 117 g) = 9|z (@) (226)

In the terminology of [36] (see also p. 635 of [35]), this is expressed by saying that
log |g(2)| is an ezact harmonic magjorant of the sequence { i/”}:;l in C\ E. We refer
the reader to [36] for earlier results on the behavior of zeros of functions having an
exact harmonic majorant. More recent results of a similar nature to that of Lemma

V.4.3 can be found in Section III.4 of [26].
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V.5 Proofs of the zero distribution results

Proof of Theorem V.2.1. Define E := G, ¢,(z) := P,(2)/k" and
g(z) := cap(L)®(2) 2e€C\G.

With the help of (208), (210) and (212), it is easily seen that E, g and {g,}, -,
so defined satisfy the hypotheses of Lemma V.4.3. Then, with the notations of that
lemma, we have p1, = py, (the equilibrium measure of L), since it is well-known that p,

is supported on L and satisfies (218). Hence, Theorem V.2.1 is a direct consequence

of (219), Lemma V.4.3(b), and Corollary V.4.2. O

Proof of Theorem V.2.3. Suppose for the moment that (183) holds. To prove (b),
define £ :=D,, g, := P,/k¥ and ¢(z) := z for all |z| > r. Since the capacity of the
unit circle is 1, it follows from (210) and (183) that E, g, and g so chosen satisfy the
hypotheses of Lemma V.4.3. It is well-known that p, := |dz|/27r is the equilibrium
measure of the circle T,, and that its potential is given by
log (1/|z|)if |z] > r
Ukr(z) = .
log (1/r) if |z] <7
This implies, with the notations of Lemma V.4.3, that p; = p,, and hence Theorem
V.2.3(b) is just a consequence of statement (b) of that lemma (cf. also the paragraph
preceding (218)).
Similarly, we prove (a). Define E := D,, (1 > p > 0), with g, and g as above.
Then (183) implies that (217) holds on T,, and so by Lemma V.4.3 any weak*-limit

of v,, = vp, is supported on D,. Letting p go to zero we deduce Theorem V.2.3(a).
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Thus, it remains to establish (183). Let us write the function w as

where v; = mult(a;). The exterior conformal mapping for D is simply ®(z) = z, so
that in view of (194), Lemma V.3.6(b) with f = g = 1, t(2) := 2z, s(¢) := ¢, and
(195), the kernel function K, (z,() for the space B2 (D) space B2 (D) has the form

Qu (2,€)

Kw(za C) = 2 —\vi+1 )
w(1-20)" M (1 - )" (1 1) | AR

, (227)

where ), (+,) is a polynomial in two variables satisfying
(11) 1f£ 7é 07 then Qw (1/576) 7& O<:>€ ¢ {l/ala'~'>1/aﬁ7al>"'aa€};
(iii) for every 1 <i</¥, Q. (1/a;,-)Z0 ifa; #0.

It follows from (227) that for all ( € D, K,(-,() is a meromorphic function in C

whose possible poles are the elements of the set
{181/, ..., 1/ap by, by, f\ AT (228)
where (notice that each ¢; is now a zero of K, (-, ())
At = {1/a; : 1/a; = ¢; for some j and mult(c;) > mult(a;) + 1} .

We shall show that for every ( € D (except possibly countably many), the finite
elements of the set (228) are, in fact, poles of K, (-, ().
First, we see from (ii) that if ( € D and
C&A{ar,...,ap, 0 U{l/¢; : mult(c;) > 2, j > 1},
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then K, (-,¢) has a pole at z = 1 / ¢. Second, it is a consequence of (iii) that for
all but finitely many ¢ € D, K,(-,¢) has a pole at 1/a; if a; # 0 and 1/a; & A™'.
And finally, if b, & {1/a; : a; # 0, 1 < i < £}, then again by (ii), Q, (bg, 1/bx) # 0, so
that Q. (bx, &) is a polynomial in £ not identically zero, and consequently, for all but
finitely many ¢ € D, K, (-, () has a pole at by.

Thus, according to (213) and (214), for all but countably many ¢ € D,

p(Ky(+,¢)) = min (|z| 1z € {l/z, 1/ay, ..., 1/, by, b, .. } \A_1> ;

whence, by Corollary V.4.2 (recall Remark V.2.2), for all but countably many ¢ € D,

limn sup [P, (¢)[*/" = max ({0, 1¢ larl, - lael, [ba] 4 [bo] 1, \ A)
| if r<|¢] <1
=max {|(],r} = :
roif || <
where
A={lz]"2e A7} and v =max ({0, |aa], ..., Jael, [ba] 7 BT f\A)

]

Example V.5.1. Let w be a meromorphic function on C, that does not vanish, whose
poles ci, ¢y, . .. all lie in C\ D and each of them has multiplicity no less than 2. Since

in this case the kernel function has the form

1
T (1 - ZZ)Q w(z)w(Q)

Kw(za g) =

we see that K, (-,1/¢;) is an entire function for all 1 < j < oo, and if ( & {1/¢,1/¢,,

... }, then K,(-,¢) is a meromorphic function with a double pole at 1/(. Conse-
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quently, we have for all ( € D

if C Co, ...
lim sup | P, (¢)['" = O tce /e /e }, (229)

nee |C| otherwise

and according to Theorem V.2.3(a), this implies that vp, — dy as n — oo. However,
each point 1/¢; is a limit point of the zeros of the P,’s, because if, to the contrary,
there is a neighborhood V' of 1/¢; and a subsequence N' C N such that P, has no
zeros on V for n € N, then by the continuity of log |t — 1/¢;|/~! in C \ V, we would
have

Jim U7 (1/2) = U (1/25) = loges|
neN

contradicting (229).

Proof of Theorem V.2.7. Recall that the lens-shaped domain G, as well as its associ-
ated curves I, 7,., and function ® have been introduced in the paragraph preceding the
statement of Theorem V.2.7. Assume that (189) is true for some r with Rp <r < 1.
Set E := LU, Uint(v,), ¢o = P,/kY, and g(z) := cap(L)®(z) for all z € C \ int(y,).
We see from (210) and (189) that E, g, and g so defined satisfy the assumptions of
Lemma V.4.3, and hence, any weak*-limit point o of {vp,} = {v,,} is supported in
F'Uy,Uint(y,). Let p, := py be the unique measure supported on 0F = (I'U,)\int(7,)

that satisfies
Ut (2) = log |g(2)| 7! = log|cap(L)®(2)|™* Vz e C\ int(y,).

Now, from the definition of 7, in (188), and the lower semicontinuity of U*, we have

that if int(~,) # 0, then

lim inf U (z) > U (2') = log[cap(L)r] ™" V2 €~,, (230)
=€int ()
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and in view of (189) and (219), we have for some z, € int(y,)

cap(L) r = limsup |g, (z0)|Y/" < e V"0 (231)

n—oo

Since (230), (231) and the minimum principle for superharmonic functions imply that
U (z) = log[cap(L)r]™" Yz € int(y,),

the statements (a) and (b) of Theorem V.2.7 follow directly from their corresponding
ones in Lemma V.4.3.
Let us now show that if o is a weak™-limit point of the measures vp, , then nec-

essarily every point of T"\ int(,.) belongs to supp(c). Suppose that zo € T\ int(~,)
is not in supp(c) and let us derive a contradiction. Let D,, C G\ int(y,) be a disk
centered at zo and of radius so small that supp(o) N D,, = (). Then U7 is harmonic

in D,, and we have from (218) and (186)

log ‘@(za)/cap(L)‘ 2 € GaNDy
U°(z) = . (232)
log ‘CD(Zg)/cap(L)‘ z € GgN Dy

But since the harmonic extension is unique, it follows that the first row of the right-
hand side of (232) also represents U’ in G N D,,, contradicting the obvious fact
that

Gs={2€G:|P(z)] > [®(25)]} -

Analogously, one can show that supp(p,.) = (I'U~,) \ int(~,).
We now turn to the proof of (189). Similar to the case of the unit disk, the argu-
ment is based on Corollary V.4.2. Therefore, our next task is to find the singularities

of the kernel function K, (+,() for the lens-shaped domain G and an entire weight
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function w. It is not difficult to see that for every ¢ € GG, the function
(z - i)N c—i\"
z2+1 ¢+
= .. N - AN
(Z—Z> (S Hu . ¢—2Nai
Z+1 C—i

maps G conformaly onto DD in such a way that ¢¢(¢) = 0. Then, choosing ¢ = ¢, in

(233)

formula (194) for each particular ¢ € GG, we obtain after some computations that

K@O:_MW. (C=i) (C+i) (= i)z +1)] R

- [eNm (Z B i)N (z — )N — e~Nai <Z+ z’)N (2 + i)N]z

Let {aq,...,as} be the set of zeros of w lying on G, and let {by, by, ...} be the set

of zeros of w lying on C\ G. Write w as

where v; = mult(a;), 1 <@ </, is the multiplicity of the zero a;. Then, by (195) and
Lemma V.3.6(b), we have the following representation for K,(z,() in terms of any

f, g, t, and s satisfying (200):

where @Q,(7,€) is a polynomial in two variables (that depends on the choice of ¢
and s) with the properties stated in Lemma V.3.6(b)(i)-(iv).

We first prove that
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(I) Kw(-,C) is a meromorphic function in C such that h(-)K,(-,() is analytic in
G and, for all but finitely many ¢ € G, i and —i are zeros of h(-)K,(-,¢) of

multiplicity N — 1.

Let ¢ be a conformal map of G onto D. By (194), we can set f(z) = ¢'(2),
9(¢Q) = ¢'(Q), t(z) = p(z), and s({) = ¢(¢). Then, since ¢ is a rational function
that has an analytic continuation (also denoted by ¢) across 0G, we see from (235)
with the above choice of f, g, t, and s, that for all {( € G, K, (-, () is a meromorphic

function in C. On the other hand, since |p(+£i)| = 1, we have

(p(:twil ¢ {1/90(a1)7 ) 1/(,0(&@), So(al)a ce ,QO(CL[)} )

so that by Lemma V.3.6(b)(ii), Quw(¢(£i),-) #Z 0. Thus, it follows from (235) that
for all but finitely many ¢ € G, +i is a zero of K,(+, () if and only if +i is a zero of
K(-,¢), so that the rest of (I) follows from (234).

Now, we see from (234) that for all z # i, K(z, () can be expressed in the form of
(200), this time with the choice of functions

_ (Z_i_,i)N—l 7: _4N2€_2Nai(z+i>N_1
f<z)_(z—z')N+1’ g( ) (Z_Z-)N+1 )

{z) = (Z”)N, 50 = (W.em‘)N | (236)

z—1 ¢(—1
Then, looking at the denominator of (235), we see that the possible poles of K, (-, ()

are contained in the set

S:={by,by,.. }US(QOUS(a1)U---US(ay),

137



where S§((), S(a;) denote, respectively, the solution sets of the equations in the vari-

able z

1—t(2)s(¢) =0, 1—t(z)s(a;)=0, i=1,...,¢ (237)

Next, we show that

(IT) for all but countably many ¢ € G, z € S is not a pole of K, (+,() if and only
if there exists 1 < k < oo such that z = by and either one of the following
statements holds:

(IT") by € {—4,i} and mult(by) < N —1;
(IT") by, = ¢ for some c that is a zero of the rational function

L

[11t(2) — t(ai)]"

i=1
with multiplicity > mult(by).

Suppose that z is a solution of any of the equations (237) that is not a pole of

K, (+,¢). Since obviously z # +i, we have that at least one of the equations

t(z) —t(a;)) =0, 1<i<¢, (238)

Qu (1/@v %) =0, Qu (1/3(%)7@) =0, 1<:<4, (239)

must be satisfied. But for all n, A € G, 1 —t(n)s(\) # 0, so that z cannot satisfy any
of the equations (238). Also, since @), is a polynomial and s(¢) is given by (236),
Lemma V.3.6(b)(ii)(iii) implies that only a finite number of ¢ € G can be a solution
to one of the equations (239). Hence, for all but finitely many ¢ € G, every element
of S(C)US(a1)U---US(ay) is a pole of K, (-, ().

Now, it follows from (I) that for all but finitely many ¢ € G, b, € {—i,i} is a

pole of K,(-,¢) if and only if mult(by) > N — 1. On the other hand, for any b €

138



C\ (GU{i, —i}), the polynomial @, (¢(b),-) is not identically zero (this is guaranteed
by Lemma V.3.6(b)(i) if t(b) = t(a;) for some 1 < i < ¢, by (iii) if t(b) = 1/s(a;) for
some 1 < i </, and by (ii) if ¢(b) is otherwise). Thus, for all but finitely many ¢ € G,
the zero b, € C\ (G U {i, —i}) of h(z) is a pole of K,(-,() unless by = ¢ for some ¢

that is a solution to
¢

ljl[t(Z) — t(a@)]” =0,

of multiplicity > mult(bg). This completes the proof of (II).

Notice that according to the definition in (213) and (214),
1/p(Ky(+,¢)) = max {|1/®(z)] : z is a pole of K,(-,()} . (240)
Now, it easily follows from (186) and (185) that for any ¢ € G,

1/®(C)|if ¢ € GaUT
11/®(Cp)if ¢ € G

max {|1/®(Ca)], [1/®(Ca)|} = [3(¢)] (241)

and it is not difficult to verify by using the explicit expressions of ¢t and s in (236)
that
Ccot(a —km/N)+1
st - [ Ceotto ke /)
¢ — cot(a — km/N)

,1gng}.

In particular, ,, (s € S(¢) (cases k = N and k = 1, respectively).

Suppose we have proven that

max {]1/@(n)] : 1 € S(Q)} = max {|L/B(C)], |1/D(C)]} - (242)

Then by (240), (II), (242) and (241), we get that for all but finitely many ¢ € G,

1/p(Ku(-,€)) = max {|®(Q)], [®(a)],. .. |B(ar)], [®(b1)] ", [@(b2)] 1+ }\ B,
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where B := {|(I>(bk)|_1 : by, satisfies either (II') or (H")}. We will show, however, that
t(c) — t(a;) = 0= [2(c)| " < [(ar)] ", (243)

and therefore (recall (187)), 1/p(K(+,()) = max{|<§(§)|,r}, where 7 is the largest

number of the set

{Bes|®(ar)], .., [@(ar)l, |9(b:)[ 7", [(ba)[ 7", |

\{l@(bk)rl by € {—i,i} and mult(b,) < N — 1} .

Then, the validity of relation (189) follows as a consequence of Corollary V.4.2
and the definition of 7, in (188).

The above argument assumes that (242) and (243) were true. Let us verify that
this is the case.

With G the lens-shaped domain described in the paragraph preceding Theo-
rem V.2.7, the normalized exterior mapping w = ®(z) is given by the composition of

the following three transformations:

£(2) = elm0i (Z - @) ’ (244)

z 41
HE) = eN/@N-1) _m (2N-D)r 245
(’S) 5 ’ arg£ € N N ) ( )
1 - )\ t T—0B)1
w(t) = —— Aﬁ  Agi= e (246)
8

Let us prove (242). If n € S(¢), then by definition, 1 — ¢(n)s(¢) = 0 where ¢ and s

are given by (236). Hence, for some 1 < k < N,
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so that (n —14)/(n + i) lies on the circular arc

-

e arg(ﬂ)+25§9§arg<(+li>+27r—2a}.
(—1 (—1

Notice that the endpoints of C; correspond to the values n = (3, n = (, . By (244),
(245) and (246), {®(n) : n € S(¢)} is contained in the set

C:i={(wot)(&): ¢l = 1(C+)/C =},

which is obviously a circle intersecting the unit circle at two points. Indeed,

{@(n) :neS(C)}

is contained in the subarc (wot) (e(”_ﬁ)iCC) of C¢, which lies on {|w| > 1} and connects
the points ®((,), ®({3). Consequently, ®((,) and ®((s) are the nearest points of
(wot) (e(’“ﬁ)iCC) to the origin, whence (242) follows.

Now, to prove (243), assume that t(c) —t(a;) = 0. Then for some 1 <k < N —1,

c—t_ (aj+1 2%kmi/N
- = | = -] -e ,
c+1 a; —1

so that (¢ —i)/(c+ 1) lies on the circular arc

{

By the argument given above to prove (242), it suffices to show that this arc is a

aj—i—z

Q; a; —1

a; —1 j

e’ 27T—arg<w>+27T/N§8§47r—arg<aj+l,> —QW/N}.
—4

subset of C,,. But this is a trivial fact since a + 3 = 7/N and

—
7r—5<arg<aj Z,><7r+04.
a; —i

G —
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The proof is complete.
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