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CHAPTER I
INTRODUCTION

The problem of determining N points on a d-dimensional manifold that are in some sense uni-
formly distributed over its surface (or have a prescribed non-uniform distribution) has applications
to such diverse fields as crystallography, electrostatics, nanomanufacture, viral morphology, molec-
ular modelling, global positioning and others. There also are a variety of mathematical needs
for the discretization of manifolds such as statistical sampling, quadrature rules, starting points
for Newton’s method, computer-aided geometric design, interpolation schemes, and finite element
tesselations.

Various criteria used for generation of such points include best-packing, minimization of energy
(e.g. Coulomb potential), and, in particular, for the sphere, t-designs (cubature) and maximization
of volume of convex polyhedra with N vertices on the sphere.

In this work we consider two related problems - minimization of energy and best-packing. They
are connected to potential theory, real analysis, measure theory, discrete geometry, coding theory.

The minimum energy problem studied in this thesis concerns the generalization of the Thomson
problem of finding ground state configurations of IV classical electrons that can move freely along
the surface of a sphere, but cannot leave it (see [46]). Research into this problem has revived during
the last decade in connection with the discovery of the third stable state of carbon (after diamond
and graphite), fullerenes, molecules Cgo, C7¢ and others. The study of these large carbon molecules
is expected to find applications such areas as nanomanufacture and self-assembling materials.

It is known that the potential energy of a system of two classical electrons in the space is
proportional to the reciprocal of the distance between them. The potential energy of a system of

N electrons ey, ..., ey is proportional to the quantity
1

Z dist(e;, )’ (1)

1<i#j<N v

The Thomson problem asks for configurations of N electrons on a sphere that attain the absolute

minimum in (1).



In our considerations the Coulomb potential is replaced by the Riesz potential which is pro-
portional to the reciprocal of the power s > 0 of the distance, and the particles are restricted to
a rectifiable compact set in Euclidean space RY (we reserve the symbol d for the dimension of the
conductor).

The rigorous setting of the discrete minimal s-energy problem is as follows. For a collection

wy = {x1,...,zN} of points in RY and s > 0 we let

1 1

E = _— -

S(WN) Z |xi_xj|8 sz'i_xﬂs’
1<i#j<N J

where |-| stands for the Euclidean distance. The minimal discrete N-point Riesz s-energy of a

compact set A C R? is defined as
Es(A,N) :=min{Es(wn) : wy C A, #wny =N}, (2)

where #W denotes the cardinality of W. Our considerations are restricted to compact sets A since
the quantity (2) vanishes for unbounded sets and is the same for A and its closure (in the general
case we would need to replace "min” with ”inf”).

For the case s = 0 which is known as the logarithmic case, the Riesz potential |z — y| * is
replaced with In(|z — y|™'). When A = 52 (unit sphere in R3), the polynomial time generation of
“nearly optimal” points for the logarithmic energy is the focus of one of S. Smale’s “problems for
the next century”; see [45].

The other problem considered in the thesis is the best-packing problem. Given a positive integer
N, it is required to find the largest radius (V) such that there exist N non-overlapping balls with

this radius centered at points of the set A. This problem can also be stated in the following way.

For a collection wy = {z1,...,xnx} of points in RY | let
d(wn) = 1;171&1]%]\[ |z — xjl.

The best-packing distance of N point collections on a compact set A is defined as

ON(A) == max{d(wn) 1wy C A, #wy = N}.



When A = S?, this problem is called the Tammes problem. In the limit as s gets large, the minimum

s-energy problem tends to the best-packing problem; namely, for a fixed IV and any compact set A

Es(A, N)Y/s ,
(A,N) = SN (A)

and if wy; is an s-energy minimizing N point collection on A, s > 0, then
o(wiy) — on(A), s — oc.

In view of this connection, the best-packing problem is referred to as the case s = oo of the minimal
energy problem. It is known [3] that best-packing configurations on Jordan measurable planar sets
and sphere S? (as N gets large) give nodes for asymptotically optimal cubature formulas on classes
of functions with a given majorant for the modulus of continuity.

We also show in Chapter III that if one raises asymptotic results on the minimal s-energy
problem to the power 1/s and lets s — oo, reciprocals of asymptotic results on best-packing will be
obtained. This allows to both obtain asymptotics for best-packing from the asymptotics for minimal
energy, and having some information on best-packing problem, get immediately information on
minimal s-energy problem for sufficiently large values of s.

The exact solution to the best-packing and minimal energy problems are known only in some
special cases. When A = S! (unit circumference), N equally spaced points will provide an optimal
configuration for every s € [0,00]. On S? optimal configurations are known for s = 0,1 and
N =2-4, 6, 12 (cf. [50, 31, 1]) and for s =0 and N =5 [15]; when s = oo the solution is known
for N =2 — 12 and N = 24 (see [6] for references). The solution is also known in three concrete
cases on the sphere in higher dimensions [32, 2].

Obtaining a precise solution to the problems mentioned above for every N is an intractable
problem even when A is a sphere. Moreover, numerical computations become very complicated,
since the number of local minima appears to increase exponentially, at least for subsequences of
cardinalities of configurations.

However, it is possible to find out the asymptotic behavior of both problems on certain classes
of compact sets as IV gets large. This case is sometimes referred to as “N = oo”. The asymptotic
behavior of the minimal s-energy depends on the value of s. If s is less than dimg A (the Hausdorff

dimension of the set A), then (A, N) ~ C(s)N%, N — oo, where C(s) is the minimum of the



continuous s-energy
1
—=du(z)du(y 3
| | s2pnteiant) Q
A A

taken over all Borel probability measures p supported on A (see e.g. [36]). In the limit as N
gets large the optimal configurations will be distributed according to the probability measure that
delivers the minimum in (3), namely the so-called equlibrium measure.

Our dissertation will concern the case s > dimyA. In this case, the following results are known.

Theorem A (Martinez-Finkelshtein et al. [39]). Let T ¢ R¥ be a finite union of rectifiable
Jordan arcs such that the total arclength measure of their pairwise intersections is zero. Then for
s>1

Es(T,N) ~2((s) 1| * N*T!, N — oo,

where ((s) =Y p—y k=% is the classical Riemann zeta-function and |T'| is the total length of the arcs

constituting I'. When s = 1 we also have
E@,N)~2[T"'N2InN, N — .

Moreover, for any s > 1, every sequence {wx }X_y of s-energy minimizing configurations on I' such
that #wy = N, N > 2, is asymptotically uniformly distributed on I' with respect to the arclength
measure.

Remark. Here and below the limit distribution of optimal configurations is understood in the
sense of the weak™® convergence of the normalized counting measure supported at points of optimal
configurations (see Chapter II for the precise definition).

Consider a set in R which is a bi-Lipschitz homotopy of an open set from RY. We say that
a compact set A is a d-dimensional rectifiable manifold if it is contained in a finite union of such
sets. By Hg(A) we will denote the d-dimensional Hausdorff measure in R normalized so that
the isometric copy of the cube [0, 1]d has measure 1. The following result was obtained earlier by

Hardin and Saff [28, 27].

Theorem B. Let s > d > 1 and A be a compact set in R? or a d-dimensional rectifiable

manifold in RY . Then
. gs(Aa N) o Cs,d
]\}Enoo Nlt+s/d — Ha(A)s/d’ (4)




where Cs g > 0 is a constant independent of A. If A is a compact set in R? or a compact subset of

a d-dimensional C* manifold in RY , then

. gd(Aa N) _ Ba
NI NN T Hy(A) (5)

where Bq is the Lebesque measure of the unit ball in RY.

Moreover, if Hq(A) > 0, any sequence {wy }X—y of s-energy minimizing configurations on A
(s > d) such that #wy = N, N > 2, is asymptotically uniformly distributed on A with respect to
Hg.

It follows from Theorem A that Cs; = 2((s), s > 1. However, for s > d > 1, the fundamental
energy constant C; ¢ is unknown. Finding Cj 4 is, in fact, a very difficult problem. Even the value
of the limit as s gets large of Csl’/ds is still unknown for d > 3, because it is expressed through the
largest sphere packing density in R, which has been found only for d < 3.

For a ball in 3D, it is shown in [37] that N particles repelling each other via the Riesz potential
with 0 < s < 1 will be forced to go to the surface of the ball, while for s > 1 and N sufficiently large,
it will be more energy efficient for at least some of them to go inside the ball. The results from
potential theory mentioned above and Theorem B imply that for s > 2 and large N the particles will
uniformly distribute themselves along the ball to achieve the ground state configuration. According
to Theorem B, this will also happen for a 3D conductor of any shape, as long as it has a finite and
positive volume and its surface has a finite area.

Paper [29] considers the Riesz energy problem on the surface of a torus. It proves that the
ground state configurations of a large number of particles interacting via the logarithmic potential
(s = 0) will be forced out of a certain stripe on the inner part of the torus’ surface. This phenomenon
is also predicted by computations (by R. Womersley and in [29]) for 0 < s < 1 with the stripe
vanishing as s approaches 1. For 1 < s < 2 the particles are predicted to distribute (non-uniformly)
along the whole surface. Theorem B guarantees for s > 2 that large ground state configurations
will have a uniform distribution.

In Chapter II (see Theorem I1.1.1) we extend Theorem B to the case when A C R is an image
of a compact set from R¢ with respect to a Lipschitz mapping (or which is the same, a finite union

of such sets). Sets A constructed in this way are called d-rectifiable sets. Thus, we replace the

"bi-Lipschitz” with ”Lipshitz” in the assumption about the set A in Theorem B. This result also



extends Theorem A to the case of an arbitrary finite union of rectifiable curves in R?, since every
rectifiable curve is known to be a Lipschitz image of [0,1] (cf. e.g. [18]). A crucial property for
the proof of this theorem is the equality between H4(A) and the d-dimensional Minkowski content
Ma(A) (see (13) for the precise definition) on every closed d-rectifiable set [19, Theorem 3.2.29].

For the case when compact set A is a countable but not a finite union of d-rectifiable sets, we
prove the following. If M4(A) = Ha(A), then (4) still holds. When M4(A) # Ha(A) or Mg(A) is
undefined, for sufficiently large values of s relation (4) fails (for an example of a countable union
of d-rectifiable sets with M4(A) # Hy(A) see [19, p. 276]).

For the whole Euclidean space R%, the best-packing problem is stated as the problem of finding
the largest density Ay of packing equal non-overlapping balls in R? (see (37) for the definition). It
follows from the definiton of A4 that
Ad) 1/d

— dy . nl1/d _ o [ Bd
Creai= i dw((0,11%) - NV =2 (£

The constant Ay, and hence, the constant C 4, is not known for d > 3 (it was shown in [47],
[21] that Ay = 7/4/12 and it was recently proved in [26] that Az = 7/v/18. See [11] for more
references). We show in this dissertation that lims_ Cslif = 1/Cy 4 for any integer d > 1 (see
Theorem II1.1.2).

Concerning the case when A = 52, the papers [25], [48] prove that limy o, on(S?)N/2 =
(87/V/3) vz, Furthermore, the results of [26] imply that for the unit sphere S C R* we have
limpy_—eo 5N(S3)N1/3 = \/272/3.

If A is a d-dimensional compact smooth manifold in Rd/, it can be approximated by a tangent
plane in the neighborhood of every point, and it is not difficult to see that

lim oy (A)- NY4=Cy g Ha(A)V4. (6)

—0Q

In Chapter ITI, for compact sets A C R? representable as at most countable unions of d-rectifiable
sets, we show that relation (6) still holds if M4(A) = Hy4(A), and fails if My(A) # Hq(A) or
M4(A) is undefined. In particular, we show that for every closed d-rectifiable set, relation (6)
holds and every sequence of best-packing configurations {wy}3_, such that #woy = N, N > 2,
will be asymptotically uniformly distributed on A with respect to Hy. Results similar to (6) for

compact sets in R? (with d’ = d) that concern the covering radius, were obtained in [24].



The condition of countable rectifiability in our results is crucial, since in Section II1.3 we provide
examples of unrectifiable compact sets of integer Hausdorff dimension d with 0 < H4(A) < oo such
that the limit

lim dy(A)- N4

—00

and the limit
. &(A)N)
]\}linoo N1+s/d

for s sufficiently large do not exist.

If we fix any s > d’, using the highest and the lowest order of minimal s-energy among all
subsequences of cardinalities of configurations on an arbitrary set in R?, we can define its upper
and lower dimension. We prove that the upper and the lower dimension of any set A C RY defined
in this way coincides with the upper and the lower Minkowski dimension of A, respectively. We
also prove that the upper and the lower Minkowski dimensions coincide with the upper and the
lower dimensions of a set defined via the asymptotics of the best-packing distance (see Proposition
I11.2.1).

Minimum s-energy configurations do not, in general, coincide with best-packing configurations.
However, on certain classes of sets they turn out to have the same order of the separation distance.
Since minimal energy points are easier to compute than best-packing ones, they are suitable for
the applications requiring uniform distribution of points on a surface with a “good” separation.

The following estimates of the separation distance of minimal energy points are known. When
A is the unit sphere S in R4, for every s > d—2, s # d, there is a constant C' = C(s, A) > 0 such
that for any sequence {wyx }_, of s-energy minimizing collections on A with #wy = N, N > 2,

there holds
C

S(wN) 2 2=

N>2 (7)

=

(see [12, 41, 17, 22, 14, 35, 16] for the proof of (7) for different ranges of values of s). The estimate
(7) is also proved in [28] for s > d and A being a bi-Lipschitz homotopy in R? of a compact set
from R?. Earlier, the estimate (7) for d = 1 was proved for s > 1 on Carleson’s curves (cf. [39]).
In Section II.3 (the proof is given in Section IV.5 for the more general weighted case) we extend
estimate (7) for any s > d > 0 to an arbitrary compact set A with Hy(A) > 0 (not requiring d

to be an integer). Independently, in [13] estimate (7) was obtained for d-dimensional rectifiable



manifolds.
Papers mentioned above, which prove (7) for s > d, also show on the corresponding classes of
sets that for s = d we have
C

W) 2 e V22

Better separation estimates for s = d are not known on compact sets A # S'. In Section I1.3, we
also extend this estimate to any compact set with Hg(A) > 0.

Some applications may require placing a large number of points on a surface according to
a prescribed non-uniform distribution. For example, for modelling a surface in computer aided
geometric design more points are generally required on regions with higher curvature. In Chapter
IV we consider the problem of minimizng the weighted s-energy for s greater than or equal to the
dimension of the surface, as a method for generating non-uniformly distributed points.

Let w: Ax A — [0,00) be a bounded function such that w(z,y) is continuous and strictly
positive at every point (z,y) € A x A with = y. For s > 0 and a collection of points wy =
{z1,...,2ny} C A, let

Broy) = Y Aot

P . 8
1<igren %~ ]

and define the weighted N-point s-energy of a compact set A to be
EL(A,N) :=inf{EY(wn) : wy C A, #wn = N}.

When w(z,y) = 1, we get the non-weighted minimal energy problem described above. If w(z,y) #1,
the particles are still assumed to have the same charge, but the potential through which they interact
depends on the positions of the particles on the set A. This problem is different from another
generalization of the Thomson problem where particles are allowed to have different charges. In
general, instead of a sequence of energy minimizing collections, we study asymptotically energy
minimizing sequences of configurations, that is sequences {wx}3_y with #w0n = N, N > 2, such
that

—1. 8)



Theorem IV.1.1 in Chapter IV establishes relation (4) with H4(A) replaced by

HY(A) = /w(x,m)_d/Sde(a:)
A
for s > d and any closed d-rectifiable set A € R?. Analogous modifications of relation (5) for the
case when s = d and A is a compact subset of a d-dimensional C'' manifold are proved in Theorem
IV.1.2. Moreover, in these cases the limit distribution of any asymptotically energy minimizing

sequence of configurations on A will have density

7'@’11(14) cw(x,x) Y dH,, = € A
Thus, if we set for example w(x,y) = (p(a:)p(y))_ﬁ, where the continuous function p(z) is the
density of the prescribed distribution on A, then the limit distribution of optimal points will have
density p(x), x € A.

In Chapter V, we investigate the next order term of the minimal s-energy on curves. As
Theorem A shows, the main term of E(I', N) on a Jordan curve I" is determined by its length for
every s > 1. For a closed, simple and regular C® curve in R? we show that the next order term
of minimal s-energy as N — oo has the form C;N*™1, s > 3, or C3N?In N for s = 3, where the
constant Cj is positive and depends on the length of I' and on the mean square of its curvature.
For 1 < s < 3 the next order term has the form C,N?.

For non-closed simple regular rectifiable C2? curves I' € R? we show that the next order term is
negative and has order N*® for s > 2 and N2In N for s = 2.

Known separation estimates provide only the order of the separation distance in ground state
configurations. For the closed curves described above and s > 2, we show that the separation

distance between N minimal s-energy points asymptotically equals [I'|/N as N — oo.



CHAPTER II
ASYMPTOTIC RESULTS FOR MINIMUM ENERGY

In this chapter we study the behavior of the discrete minimal Riesz s-energy and optimal configu-
rations as N gets large on rectifiable compact sets and give remarks for other classes of sets. We
also extend known lower estimates for the minimal pairwise distance between points in optimal

configurations to quite general classes of sets which include sets of arbitrary Hausdorff dimension.

II.1 Minimum energy problem on rectifiable sets.

Notation and definitions. Let d and d’ be positive integers with d < d’. In this section we
obtain the main term as N — oo of the minimum s-energy on compact d-rectifiable sets in R% for
s > d. We also find the limit distribution of optimal configurations on such sets.

For a collection wy := {z1,...,zy} of points in R and s > 0 we let

1
Pl = 2 el

1<i#j<N

where |-| stands for the Euclidean distance. The minimal discrete N-point Riesz s-energy of a

compact set A C R is defined as

Es(A,N) = min Es(wn), 9)
FON=N

where #W denotes the cardinality of a set W.
Recall that a mapping ¢ : T' — R, T c R?, is said to be a Lipschitz mapping on T if there is

some constant A > 0 such that

[0(z) — o) <Az —y[  forz,yeT, (10)

and that ¢ is said to be a bi-Lipschitz mapping on T (with constant ) if

(I/N]z =yl <lo(x) = oY) < Mz —y|  fora,yeT. (11)

10



Following [19] we give the following definitions.

Definition IL.1.1. We say that a set A C RY is d-rectifiable, if it is the image of a bounded set

in R® under a Lipschitz mapping.

Denote by Hy the d-dimensional Hausdorff measure in RY normalized so that an isometric

image of [0, 1]¢ has measure 1.

Definition 11.1.2. A set A ¢ R? is called (Hg, d)-rectifiable, if Ha(A) < oo and A is a union of

at most a countable collection of d-rectifiable sets and a set of Hgq-measure zero.
Let (4 be the Lebesgue measure of the unit ball in R? and 3y = 1. Then,

d/2

ﬂd:m, d e N. (12)

Denote by L4 the Lebesgue measure in RY and let
A(e) :={z e R : dist(z,A) < e}, €>0,

be the e-neighborhood of the set A ¢ R¥ .

Definition I1.1.3. The lower and the upper d-dimensional Minkowski content of A are defined by

M (A) :=liminf %(p))d and  My(A) := limsup M, (13)

I
p—0F /Bd’—dpd p—0t Bd’—dpd

respectively. If they coincide, then the quantity My(A) = My(A) = My(A) is called the d-

dimensional Minkowski content of the set A.

Noting that By_gp® ~¢ is the Lebesgue measure of a ball of radius p in R =9, it is not difficult
to see that, say, one-dimensional Minkowski content of a rectifiable arc equals its length. In fact,

the following statement holds.

Lemma IL.1.1. (see [19, Theorem 3.2.39]). If W C R¥ is a closed d-rectifiable set, then
Mag(W) = Hq(W). (14)

We shall also need the following fundamental lemma from geometric measure theory.

11



Lemma I1.1.2. (see [19, Lemma 3.2.18]). A set W C RY is (Hy, d)-rectifiable, if and only if for
every € > 0 there exist compact sets K1, Ko, K3, ... C R* and bi-Lipschitz mappings 1; : K; — RY
with constant 1 +¢, 1 =1,2,3,..., such that ¥1(K1), ¥2(K2), ¥3(K3),. .. are disjoint subsets of W

with
Hq (W \ U%‘(Ki)> =0.

Another way to characterize (Hg, d)-rectifiable sets is as follows. A set A C R with Hg(A) < oo
s (Hg, d)-rectifiable if and only if A is a union of at most a countable family of d-dimensional C*

manifolds and a set of Hg-measure zero (cf. [38, p. 214]).

Definition I1.1.4. Let A be compact with Hy(A) > 0 and {wn}F_, be a sequence of point con-
figurations on A such that #wny = N, N > 2. We say that {wn}F_, is asymptotically distributed
on A according to Borel probability measure p supported on A, if, for every subset B C A whose

boundary relative to A has p-measure zero, we have

#(wN N B)

N H(B), N oo (15)

Equivalently (cf. [36, p. 9]), this definition can be stated in terms of the weak™ convergence of
normalized counting measures.
If 4 and py, N € N, are Borel probability measures on A, then the sequence {un}3_; is said

to converge weak* to p (and we write uy —=— u, N — o0), if for any function f continuous on A,

Jim / fdun = / fdp.

Denote by d, the atomic probability measure in RY centered at the point = € RY Sequence

we have

{wn}IR_y, wy = {2V, ... 2N}, is said to be asymptotically distributed on A according to Borel

probability measure p, if

Mz

by —— . N = oo,
k:

Main result. In this chapter we prove the following statement.

Theorem I1.1.1. Let s > d and d' > d, where d and d' are positive integers. For every compact

12



(Hgq, d)-rectifiable set A in RY with My(A) = Hg(A) we have

. Ss(Aa N) o Cs,d
]\}Enoo Nl+s/d — Hd(A)s/d‘ (16)

Moreover, if A is d-rectifiable with Hy(A) > 0, then any sequence {wx }_y of s-energy minimizing
collections on A such that #wy, = N, N > 2, is asymptotically uniformly distributed on A with

respect to Hq, that is
y(why) = tal

N — oo. (17)

Remark. In view of (14), equality (16) holds for any closed d-rectifiable set in RY".

All other results of this chapter will be proved later, since they are either a partial case of the
results for the weighted energy from Chapter IV or follow from the best-packing results in Chapter
I11.

As we prove in Proposition III.1.3 in Chapter III, relation (16) fails for sufficiently large values
of s if A is a compact (Hg, d)-rectifiable set for which equality M4(A) = Hy(A) does not hold.

As an example of a rectifiable set not satisfying equality My(A) = Hy4(A), we mention a compact
(Ha,2)-rectifiable set B C R? with 0 < Ha(B) < 0o = Ma(B) given in [19, p. 276]. Proposition
I11.2.1 will imply that E(B, N) = o(N'*5/4), N — oo, for s > 3.

We also show in Proposition III.3.1 of Chapter III that the condition of (Hg4, d)-rectifiability in
Theorem II.1.1 is crucial in the sense that there are non-rectifiable compact sets with 0 < Hg(A) <
oo such that
Es(A,N)

AN
0 < liminf = <limsupgs( )

—_— —— < 0
Nooo N1l+s/d N—oo N1l+s/d

for sufficiently large s. Indeed, we show that this is true for a class of Cantor-type sets described

in Section III.3.

II.2 Remarks for general sets.

Next, we state results on the order of the minimal s-energy for compact sets of arbitrary Hausdorff
dimension without proof. Proposition I1.2.1 is a partial case of Corollary IV.5.1 proved in chapter

IV and Proposition I1.2.2 is a part of the Proposition II1.2.1 proved in Chapter III. Let
HE(A) ==inf{)  (diam G;)*: A c | JGi}.
i i
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Note that the condition of positivity of the a-dimensional Hausdorff measure H,(A) is equivalent

to the condition HS°(A) > 0.

Proposition II.2.1. Suppose that o > 0 and s > . There is a constant M, o > 0 such that for

every compact set A C RY with Ha(A) >0

M,
ES(AN) < ——20 _Nlts/a N > 9
AN = S ayre .

For every compact set A with Hq(A) > 0, there also exists a constant My, > 0 such that
Ea(A,N) < MyN%logN, N > 2.
For a non-integer a > 0 let

M, (A) :=liminf w and Mg (A) := limsup w
p_’0+ 1Y @ p—0t 1Y @

denote the lower and the upper a-dimensional Minkowski content of a set A ¢ R?, respectively
(when our considerations include sets of non-integer dimension we do not look for numerical values
of the constants and therefore, remove in this definition any additional constant factors in the

denominator).

Proposition I1.2.2. If 0 < a < d’' < s, there are positive constants ¢c; = ¢1(s, ) and ¢y = ca(s, )

such that for any infinite set A C R we have

Es(A,N)

1M, (A)~*/* < lim sup “Nits/a

N—oo

< eeM (A)~%e,

cl./\/la(A)*s/o‘ < liminf 755(14’ N) < CQHQ(A)*S/O‘.

Nooco Nlts/a

Proposition I1.2.2 in particular implies that if for some o > 0 we have 0 < M (A) < M, (4) <

00, then for every s > d’ there holds
EJ(A,N) < N'*s/* N — oo,

Note that the assertion of Proposition II1.2.2 is restricted to s > d’ while Proposition II1.2.1 gives

some information for s € [a, d'].

14



Using M, and M, one can define the lower and the upper Minkowski dimension, respectively,
in the same way as the Hausdorff dimension. For certain compact sets A, the upper and the lower
Minkowski dimensions do not coincide (cf. [38, p. 77]), which combined with Proposition I1.2.2
means that (A, N) will have different order as N — oo for different subsequences of cardinalities

of configurations.

11.3 Separation results

The theorem below is a partial case of results obtained in Section IV.5 for the weighted energy

problem and its proof will be given there. For a configuration wy = {z1,...,2n} C A let
) = i i — X 1
(W)= _min |zi = zj] (18)

be its separation distance (or separation radius). We obtain estimates for the separation radius of
optimal configurations on sets of arbitrary Hausdorff dimension «. We remark that the normaliza-

tion for the Hausdorff measure H, plays no essential role here.

Theorem I1.3.1. Let 0 < a < d' and s > «. There is a constant cso > 0 such that for every
compact set A C RY with Ha(A) > 0 and any s-energy minimizing configuration wy, C A with

N > 2 points, there holds

YN 2 Gy N

For every compact set A C RY with Ho(A) > 0 there also exists a constant co > 0 such that for

any a-energy minimizing N -point configuration wy C A
S(wi) > ca(Nlog N)~Ve N> 2

Remark. There exist compact sets with 0 < Hq(A) < oo for which best-packing distance

dn(A) will go to zero slower than N1/«

as N — oo (see comments to Proposition I11.2.1). However,
taking into account this proposition, for any compact set with 0 < Hy(A), Mo(A) < oo and s > d’,
we will have

S(wi) = on(A) < N"Vo N = 0.

15



I1.4 Proof of the results on rectifiable sets.

In this section we prove Theorem II.1.1. First, show (16). To describe the precise rate of growth

of (A, N), for s > d define

. . gs A7 N — . 55 A, N
9,4(A) = limint M s,a(A) = hjrvnjgop N(Hm) (19)
and
gs,d(A) == lim £s(A N) (20)

Nooo Nlts/d’

if this limit exists. We will need the following statements (see Lemmas 3.2 and 3.3 in [28]). Recall

that dist(B, D) := inf {|z — y| : # € B, y € D} denote the distance between sets B, D C R?.

Lemma I1.4.1. Let s > d and suppose that B and D are bounded sets in RY such that dist(B, D) >
0. Then
?s,d(B U D)_d/s > gs,d(B)_d/S + gs,d(D)_d/S'

Lemma 11.4.2. Let s > d and B, D C R? be bounded sets. Then
9,4BUD) " <g (B +g, (D).
Furthermore, if g_(B), g, ,(D) >0 and at least one of these quantities is finite, then

. #(&NQB) gs d(D)d/s
lim = : (21)
N3N—c0 N g, (B +g_ (D)

holds for any subsequence {Wn}nen of N-point configurations in BU D such that

—d/s —d/s —s/d
gs,d(B) v +gs,d(D) d/> ’

i Zeln) (
N3SN—oo N1+s/d

where N is some infinite subset of N.

This statement in particular shows sub-additivity of g_ d(-)*d/ 5. We also remark that these
lemmas hold when quantities are 0 or infinite using 0~%* = 0~/ = 00 and oo~ %% = co™5/¢ = (.
Regularity lemma. To get an estimate from below for g, d(A) we will also need the following

result.
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Lemma I1.4.3. Let s > d and suppose that A C R is a compact set such that My(A) exists and
is finite. Then for every e € (0,1) there is some 6 > 0 such that for any compact set K C A with
My(K) > Mg(A) — 6 we have

9,4(4) > (1= €)g, ,(K). (22)

Proof. The assertion of the lemma holds trivially if g (A) = co. Hence, we assume g__(A) <

o0. Let N C N be an infinite subset such that

. &(AN)
NN e = GealA)
Choose § € (0,1/2%7) and set
1
p:=0"Y0D  and  hy = §p2N_1/d, N eWN. (23)

Suppose K is a compact subset of A such that M;(K) > M4(A) —§. Then there is some N5 € N

such that for any N > Ns, N € N, we have

La[A(hN)]

M yA) 45 ana ZelEON]
Bar—ah% ™4

T > My(A) — 6. (24)

For N € N with N > Ns, let wy := {z1,n,...,2Ny N} be an s-energy minimizing N-point config-
uration on A. For i = 1,...,N, let v := min |z; y — 2; n| denote the distance from z; x to its
Jij#

nearest neighbor in wy;. Further, we partition wy; into a “well-separated” subset
wh ={zy cwi ) > pN—V/dy,

and its complement &}, = wi \ wk. We next show that w} has sufficiently many points. For

N € N, we obtain

Es(A,N) = Es(wy) = >
(A1 = Belew) ;;\%N—%N\S ;(TZN)S
J#i
Y oz Y oy = #oke N
I = AL 1 (pNTHA)
Ti,NEWp T NEW

17



Let ko := g_ ,(A) + 1. There is N1 € N such that for any N > N1, N € N,

Es(A,N)
Nitsd S ko.

For the rest of the proof of this lemma, let N € A be greater than Ny := max{Ny, Ns}. Then,

#3y _ E(AN)

psN — Nlts/d < ko,

and, hence, we have

#O% < kop®N and #wh > (1 — kop®)N. (25)

Next we consider

wi =wy [ |KBhy), &% =uwi \ K(3hy),

and show that the cardinality of w3 is sufficiently large. From (24) we get

La[A(MN)\K (hn)] = La[A(hN)] — Lo [K (hy)] (26)

< (Ma(A) + 6)Bar_ah%™ — (Ma(A) — 8)Bar_ah @

= 28y _q0h% 4.
Note, that
Fy = |J B(a.hy) C A(hn) \ K (hy), (27)
xe&?\,

where B(a,r) is the open ball in R? centered at a point a with radius 7 > 0.

For any distinct points z; n,z; Ny € @3 we have
lzi N — xjN| > rlN > pN_l/d > pQN_l/d = 3hy.
Hence, B(z; n,hn) () B(zjn, hny) = 0. Then, using (26) and (27), we get
#34 = (5and) " S LalBlehw)) = (Buhd) LalFy)

~2
{L‘EL«)N

< (ﬂdfhﬁlvl>_l La[A(hn) \ K (hy)] < 280 -aBy" 5hy".
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Hence, recalling (23), we have
#oy <2378y _qBy 6V2N. (28)
Let xo :=2- Sdﬁd/,dﬁ(f. Then, using (25) and (28), we have
#ks = #oly — #0% > (1- kop® — x08'/2) N.

Next, we choose a configuration wﬁ of points in K which is close to wjzv and has the same

number of points and order of the minimal s-energy as wjzv. For every z; v € wjzv pick a point

yi N € K such that |z; y —yi n| < 3hn = p2N—Y4 and let w]{? ={yin :xiN € "‘{/2\7} Since every

point x; v € w?\, lies in w]lv, we have
2a7—1/d N Ny
win —yin| < PPNTVE<prN < plain — N, G A
Then, if z; v # xj N are points from w?\,, we have

’yi,N - yj,N’ = ’yi,N — XN+ TN —TjN+TjN — yj,N’
> |ziN — x5 8| = T8 — yiN| = |58 — Y5 N]

> |zin —xiN| = 2p|2in — 25N = (1 = 2p) |zin — 25 N]-

Since p € (0,1/2), it follows that #wk = #w?% and for N € NV,

« 1 1
Es(wy) = Z ﬁz Z m

m#yéw;‘v y x;éyew?v y
1
> (1-2p)° Z EEr (1—=2p)°Es(wy)-
w#yewﬁ

Now suppose € € (0,1). We may choose § > 0 sufficiently small (recall p = §'/9) so that
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(1 —2p)*(1 — kop® — x06'/?)1*5/4 > (1 — €). Hence,

Es(wn) o Es(wy)

gs’d(A) /\/alNaoo Nite/d = > (1-2p)° /\I/IBI?VI—I}EO Nite/d
s/d
s Es(K, #wy) [ #w0k e/
2 (1-2p)° lminf (Hwl) /A "N
1+s/d Es(K,N)
s s 1/2
> (1-2p) (1 — kop® — x06"/ ) l}ﬂlo%fm

> (1- g, ,(K)

holds for any compact subset K C A such that M;(K) > My(A) — §. Lemma 11.4.3 is proved.
Final part of the proof of (16). We remark that if X C R? is compact, then by Theorem

B, for s > d,
Cs,d

LT .

gs,d(K) =

Suppose 0 < € < 1. Since A € R? is a compact (Hg, d)-rectifiable set, Lemma II.1.2 implies
the existence of compact sets K, Ko, K3, ... C R? and bi-Lipschitz mappings ¢; : K; — RY,
i=1,2,3,..., with constant 1 + € such that ¥ (K1), ¥2(K2), ¥3(K3),... are disjoint subsets of A
whose union covers Hg-almost all of A.

Let n be large enough so that

Hy (U wi(Kn) = ZHd(wz'(Ki)) > (L+ )" Hy(A).

Since each ; is bi-Lipschitz with constant (1 + €), we have

Toa(Wi(K;)) < (14 €)°gs,a(K;) = Cs a1 + €)* La(K;) /4 (30)

< Cya(1 + )2 Ha(vi (K;)) ™/

Applying Lemma I1.4.1 and (30) we obtain

n —s/d
Goa(A (U Yi(K;) ) < (ng,dwi(m))d“) (31)
=1

—s/d
sd (1+e) (Z Ha(1i(K5) ) < Cs,d(l + 5)33Hd(A)*8/d.
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We next provide a lower bound for g ,(A). By assumptions, My(A) = Hq(A) < co. Let
0 > 0 be as in Lemma I1.4.3, i.e., inequality (22) holds for every compact set K C A such that
Ma(K) > My(A) — 6. Since all sets ¢;(K;) ate d-rectifiable, Lemma II.1.1 holds for each of them.

Let n’ be large enough so that

My (U ¢i(Ki)> = Halthi(Ki)] > Ha(A) — 6 = Mq(A) 6.
=1 =1
As in (30) we have

9, 4Wi(Ki)) = (1+€)7gs.a(Ki) = Csa(l + €) " La(K;) (32)

> Cy (1 + €)™ B Ha(wi(K;) ™/

Then Lemmas 11.4.2 and 11.4.3, and relation (32) give

—s/d

gmmnarfmw<g¢mw>zu—@(ggwwmwrm) (3
/ —s/d
(1-6)Csa [ (1-€)Csg .
> W (; Hd[¢z(Kz)]> > WHd(A) /d.

Letting € go to zero in (31) and (33), we obtain (16).

Proof of (17). Now suppose that A is d-rectifiable, H4(A) > 0 and w} = {2¥,...,2¥},
N € N, is a sequence of s-energy minimizing N-point configurations on A. To show (17), it is
sufficient to prove that {wj }¥_, satisfies (15) with p = %(IX). Let B C A be such that its
boundary relative to A has Hg-measure zero.

Let B be the closure of the set B. Since B and m, as subsets of A, are also d-rectifiable, in
view of Lemma II.1.1 they satisfy relaton (16). Hence,

lim Es(wy)

Jim S = Cua (Ha(A) ™

=Ciq (Hd(g) + Hd(r)> e

\ B
— <gs’d(E)fd/s _'_gs’d(A\B)fd/s) _S/d'

Since Hq(B) < oo, and Hgq(A\ B) < oo as for d-rectifiable sets, relation (16) implies that
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g, 4(B). g, ,(A\ B) > 0. One of the quantities g_ d(E) or g ,(A\ B) will be finite, since Ha(B) or

Hq(A\ B) has to be positive. Then using relation (21) in Lemma I1.4.2 and relation (16), we get

i #@yNB) gs,a(A\ B)Y/ Ha(B)

N—o0 N - 9sa(B)Y/* + g5 4(A\ B)Y/s - Ha(A)

showing that (17) holds.
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CHAPTER III

ASYMPTOTIC RESULTS FOR BEST-PACKING

As usually, we will denote by R? the embedding space, reserving the symbol d for the dimension of

the set being considered. As before, for a collection of N distinct points wy = {y1,...,yn} C RY
we set
5 — ; o
(WN) 1521]%]\{ ‘yz Yj ’7

and for an infinite set A ¢ RY, we let
on(A) :=sup{d(wn) : wy C A, #wn =N} (34)

be the best-packing distance of N-point configurations on A, where # X denotes the cardinality of
the set X. Let 0 < o < d' and set

g_ (A):=liminf oy(A)-NY* g

=00,x N—oo

A) := limsup Sy (A) - NV, (35)

oo,a(
N—oo

We further put

Jooa(A) := lim Sy (A)- NV,
’ N—oo
if this limit exists. On relating these quantities to the largest sphere packing density in R?, which

we denote by Ay (see (37) below), it can be shown that gu ([0, 1]¢) exists and is given by

1/d
Cood = Joo.a([0,1]%) = 2 (2‘;) , (36)

where, as before, 34 is the Lebesgue measure (volume) of the unit ball in R?. It is not difficult
to show that g q(A) exists for d-dimensional smooth manifolds and domains. In this chapter we
shall establish the existence of g q(A) for a class of rectifiable sets and provide a formula for it
in terms of the largest sphere packing density in R?%; we also describe the limiting distribution of
best-packing points (see Theorem III.1.1).

Recall that the definition of Ay is as follows (cf. [20, Chapter 3] or [42, Chapter 1]). Let Lq4
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stand for the Lebesgue measure in R?. Denote by A4 the set of collections P of non-overlapping

unit balls in R? for which the density

p(P):= lim (2r)~%- L4 < U BN[-r, r]d>

T—00
BeP

exists. Then

Ay := sup p(P). (37)
PeAg

Recall that Ay = 7/v/12 (cf. [47] or [20]), Az = 7/+/18 [26], and A4 is unknown for d > 3. On the
plane the highest density is achieved by the hexagonal packing of circles, where each circle touches
six others. In 3D the maximum of the density is attained by packing of balls whose centers form
the face center cubic lattice and by the canonball packing.

For non-integer o > 0 we set 3, = 1. Recall that A(e), e > 0, is the e-neighborhood of the set

A c R? and the lower and the upper a-dimensional Minkowski content of A are defined by

7&%(14(;2?1 and My (A) := limsup 7&1/(14('0))

M_(A) ;= liminf —,
(4) p—0t Bar—_ap p—0t Bar—ap® ™

—x

(38)

respectively. If they coincide, then the quantity My(A) == M,(A) = My(A) is called the a-

dimensional Minkowski content of the set A.

III.1 Best-packing on rectifiable sets

The main result of this chapter is an analogue of Theorem II.1.1 for best-packing configurations

stated below.

Theorem II1.1.1. Let d < d', where d, d' are positive integers, and A C RY be an infinite compact

(Hg, d)-rectifiable set. If Mg(A) = Hq(A), then g a(A) exists and is given by
AN
real) = Coo- Mal ) =2 (54) ). (39)

Moreover, if Mg(A) > Hq(A), then

Goo.d(A) > Coog - Ha(A)Y. (40)
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If A is d-rectifiable with Hq(A) > 0, then every sequence {wn}3_o of best-packing configurations
on A such that #wony = N, N > 2, is asymptotically uniformly distributed on A with respect to Hy,

that is

N — oo. (41)

In view of relation (14), and the fact that any (Hg, d)-rectifiable set can be approximated by its
closed d-rectifiable subsets (cf. Lemma I1.1.2), we either have My(A) = Hq(A) or My(A) > Hg(A),
so that either (39) or (40) must hold.

As the definition of the minimal energy constant C; 4 which appears in Theorem B and Theorem
I1.1.1, one can take equality

d
Cs,q:= lim £ ([0’ 1 ’N)

N—oo Nl+s/d , 8>d, (42)

where quantity £(A, N) is defined in (9). It follows from Theorem A that Cs; = 2((s), s > 1.
However, constants C; 4 are still not known for d > 1.

Below, we relate the constants Cs 4 and C 4.

Theorem II1.1.2. The limit limg_, oo Cl/ds exists for each integer d > 1 and

S,

1/d
. 1/s 1 i 1 &
Jim Ca = Cood 2 (Ad> '

In particular, results on packing density mentioned above, imply that

4
lim (3'517/28 = @

S$—00 \/§

and
. 1/s 1
lim C’s’é = —.

5—00 \6/§
We next show that asymptotic behavior of the minimal energy obtained in Chapter II, relation

(16), can fail for certain (Hq, d)-rectifiable sets.

Proposition IT1.1.3. Let A C R be a compact (Hg, d)-rectifiable set with Mg(A) > Ha(A). Then

for s sufficiently large
Es(A,N)

g, ,(A4) = liminf 2

minf SUrg < CaaMa(A)™" (43)
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II1.2 Remarks for general sets.

For a set A C RY, let dimpy A be the Hausdorff dimension and

dimy, A = inf({a > 0 : M, (A) = 0} U {d'}) =

= sup({a € (0,d] : M, (A) = 0o} U{0})

and

dimps A == inf({a > 0: My(A) =0} U {d}) =

= sup({a € (0,d'] : Mq(A4) = 0} U {0})

denote the lower and the upper Minkowski dimension of A, respectively. One can also introduce

the lower and the upper dimension of a set using s-energy or best-packing.

For any 0 < a < d' and s > a denote

. : ES(A>N) — 1 ES(AaN)
QS,Q(A) = 1}\1[{10? Nits/a JsalA) = h]{/nj;lop Nits/a
and
gsa(A) :== lim &(4,N)

N—oo N1+S/a ’

if this limit exists. Let
dim A:=inf({a>0:g (4)=0}U {d'}) =

= sup({a € (0,d] g (4) = oo} U{0})

and for a fixed s > d’ denote
dim A :=inf({a > 0: g, o (A) =0} U{d'}) =

= sup({a € (0,d'] : g, o(A) = 0} U {0})

with dim,, A and dimg;A being defined in an analogous way through Joo,a O 9,
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proposition implies that for any set A € R% we have
dim ;A = dim_ A = dim,,A

and

dimyA = dims A = dimj/ A,
provided s > d'.

Proposition IT1.2.1. If 0 < a < d’ < s, there are positive constants ¢c; = ¢1(s, ) and ¢y = ca(s, )

such that for any infinite set A C RY we have

Mo (A)7* <G o(A) < Mo (A4)7, (44)

aMa(A)~/* < g

— Ls,a

(A) < caMy(A)~%, (45)

There are also positive constants c3 = c3(a) and ¢y = c4(a) such that for every infinite set A ¢ R

csMo(A)* < g

Zo0,a

(A) < caM,(A), (46)

csMa(A)* <G o(A) < caMa (A7 (47)

It is known that dim,; A > dimpy A with a strict inequality possible for some compact sets (cf.
e.g. [38, p. 77]). Hence, for such sets A and any numbers o < ay strictly between dimyA and
dim,; A, we have Hy(A) = 0, but gsa,(A) =0, s > d’, and goo,a, (A) = 00. That is Iy (A) will

go to zero slower than N~ , a8 N — oo, and &(A, N) will have order of growth less than

N1+s/dimg A

For every s € (d’,00] and compact sets with sufficiently large gap between M, (A) and M, (A)
for some v > 0, we will have g&a(A) < s.a(A). Moreover, if dimy, A < dimp/A (cf. e.g. [38, p. 77]
for examples), the order of the best-packing radius and the minimal s-energy for s > d’ will vary

depending on the subsequence of cardinalities of configurations.
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II1.3 Divergence results for best-packing distance and minimal energy on certain

Cantor-type sets

We show that the condition of (Hg, d)-rectifiability in Theorems II.1.1 and III.1.1 is crucial in the
sense that there are non-rectifiable compact sets with dimyA = d and 0 < Hy(A) < oo such that
Uoo,d(A) and g5 4(A) (for sufficiently large s) do not exist. Indeed, we show that this is true for a
class of Cantor-type sets which we will denote by K.

We say that a non-empty compact set K C R% belongs to the class K, if there are a finite number
of distinct similitudes Sy, ..., S, : RY — R? with the same contraction coefficient o € (0,1) (that

is [Si(z) — Si(y)| = 0o |z—y|, xz,yeRY, i=1,... p)such that
USi(K) =K, and Si(K)NS;(K)=0, i#j. (48)

According to [30], we have A := dimyK = —log,p and 0 < H)(K) < oo. This is a subclass of
the class of self-similar sets constructed in [30] (this construction is also cited in [38, Section 4.13]).
We remark that from a fixed point argument for the Hausdorff metric, for every finite collection
of similitudes Si,...,S, in RY with arbitrary contraction coefficients, there is a unique non-empty

compact set K such that

For our results, we have required additional restrictions on K.

Class K contains the classical Cantor subset of [0,1]. Parameters p and o can also be chosen
so that dimy K is any number (in particular, any integer) between 0 and d’. For example, if a1, as
and as are vertices of an equilateral triangle on the plane and S;, ¢ = 1,2, 3, is the homothety of
the plane with respect to a; and the contraction coefficient 1/3, then K will be a set of Hausdorff

dimension one, known as the Sierpinski gasket [38, p. 75].

Proposition II1.3.1. Let K be a compact set from the class K with A = dimyg K. Then, for s < oo

sufficiently large and for s = oo we have
0 < g,,(K) <Gyr(K) < oo.

In this statement, we cannot replace condition S;(K)NS;(K) =0, i # j, with a less restrictive
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condition H(S;(K)NS;(K)) =0, i # j, from the definition of a self-similar set, since for example,
if 55,4 =1,2,3,4, are homotheties of the plane with respect to the vertices of some square Ky and
the same 0 = 1/2, then A = 2 and K will coincide with K. But by Theorem B, g, 2(K() exists for

any s > 2.

II1.4 Relation between asymptotic behavior of minimal s-energy and best-packing

distance.

To prove relation (39) we will need Theorem II.1.1 and the following statement. (With regard to
the extended real number limits in [0, oc], we agree that 1/0 = 07° = 00® = 00, 1/o0 = 00™* =0,

s>0.)
Proposition II1.4.1. For every infinite set A C R and 0 < o < d’ we have

/s 1

Slggo (gs’a(A))l/s _ gl(A) and S]Lrgo (g&a(A)) = —\ (49)

Zoo,a

Proposition I11.4.1 immediately yields the following statements.

Proposition I11.4.2. Let A C RY be an infinite set and 0 < o < d'. If for every s sufficiently

large g, (A) =G, o(A), then gooa(A) exists and

1
lim (gso(A Vs — =
g e (T = 0 )

Proposition I11.4.3. Let A C RY be an infinite set such that 9. (A < Gooa(A) for some

0 <a<d. Then for sufficiently large s we have g_ (A) < g, o(A).

Proof of Proposition III.4.1. Lower estimates. We can assume A C R? to be compact,
since on unbounded sets gso(A) = 0 and goo o(A) = 0o and the minimal s-energy (as well as the
best-packing radius) is the same for A and its closure.

Choose an arbitrary e € (0,1) and let s > a. Let N be sufficiently large and wj} :=
{z1N,...,zN N} be an s-energy minimizing N-point collection on A. Set N¢ := |(1 — €)N |, where

|t] is the floor function of ¢, and
TiN = [ N — 2N .
JiyFi
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Pick a point z;, v € wi with 7, v < 0n(A). In wi \ {z;, N} pick a point z;, v so that 7, vy <
dn-1(A). Continue this process until we pick a point @; .y, N € Wi \ {Zi;,N, ..., Ty, N} such

that 7; v ..~ < On_|en)(A). Then

N+ leN]+ eN
Es(A,N) = Ey(wi)> = .
AN =Bz 3 s kZ et (AT = (o, ()
Hence,
1 s/a 1— s/
ual) 2 o AeSNS/a _ e(1—¢) _ g (50)
Nooo (On.(A)) (1}\17n1nf5N (A) - Nel/a> (Qoo,a(A))

since N, passes through all natural numbers. Similarly,

e(1— )%/
(4) > — 5. (51)
=8 (Toc,a(A))
Then, letting first s — oo and then € — 0, we get
1 1/s 1
liminf (g, ,(A Ys > ——— and liminf A > —. 52
il G 2 min(.,(4) " 2 5 52)

Upper estimates. Let, for every N(> 2) fixed, Xy = {z,x1,...,2n-1} C R? be such that
a = §(Xy) > 0 and for every k € N let M}, be the set of points from Xy contained in B(z, a(k+1))
but not in B(x, ak), where B(z,r) is the open ball in R? centered at  with radius 7. Then, from

a volume argument,
#My - Lo [B(0,0/2)] < Lo [B (v, alk +3/2)) \ B (w,alk — 1/2))],

and so #Mj, < (2k + 3)¢ — (2k — 1)¥ < 4d'(2k + 3)¥ L. Hence,
P =Y s =3 S s
’ — |z —x;|° — lx — a;|®

<2 s>d,

where 7, 1= 4d'5% ~1¢(s — d' + 1).
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Now let Wy = {Z1 n,...,Zn n} be a best-packing N-point configuration on A; that is, 6(wy) =

On(A). Then, using the above estimate, for s > d’ we get

N
_ _ _ Ns N
gs AaN SES WN) = Ps TiN,WN Sis
(A < B@x) = 3P ) <
Hence, for s > d’ we have
_ . Ms Nls s
gs,a(A> < lim sup = ’ gsa(A) S s (53)
o N @) e Gy
Then, since 17;/3 — 1 as s — oo, we have
. _ 1/s 1 . 1/s 1
limsup (g, ,(A < —, limsup (g (A < —. 54
8§—00 ( ’ ( )) goo,a(A) $—00 (*S’a( )> goo,a(A) ( )

Inequalities (52) and (54) yield relations (49). Propositions I11.4.1—II1.4.3 are proved.

I11.5 Proofs for rectifiable sets

In this section we prove Theorems II1.1.1 and III.1.2. Using (42) and Proposition II1.4.2 we get

Theorem II1.1.2:

. 1/s . s 1 1
Jim O = Jim gea((0, 1)) = — s =

Taking into account Theorem II.1.1, Proposition I11.4.2 and Theorem III.1.2, we get equation

(39):

1 . Ha(A)Ve
oalA) = = lim 24
ool ) = (g AT~ %

§—00

- oo,de(A)l/d'

Now suppose that A is d-rectifiable with Hg(A) > 0, and {@Wn}F_, is a sequence of best-packing
configurations on A such that #wy = N, N > 2. To show that {wWy}F_, is asymptotically
uniformly distributed on A, choose any subset B C A whose boundary relative to A has Hgy-
measure zero. As before, B stands for the closure of the set B. Set py := #(wx N B) and let

N C N be any infinite subset such that the limit
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exists. If p(N) > 0, then for sufficiently large N € N we get
On(A) =d(@n) < 0(@n N B) < 0py (B) < dpy(B).

Since B, as a subset of A, is a closed d-rectifiable set and Hy(B) = Hy(B), using (39), we have

6B oy [(90a(B)\? Ha(B)
pN) = Naljlvni»oo gN(A)d N <goo,d(A)> - : (55)

If p(N) = 0, then the inequality p(N) < Hq(B)/Ha(A) is trivial. Thus,

lim supp—N < Ha(B
N—o00 N — Hd(A

~—

~—

Next, let g := # (Wny N (A \ B)). Since the boundary of A \ B relative to A also has Hj-measure

zero, using the same argument we can write

. gy _ Ha(A\ B)
limsup == < —/———~—~
Nt N = Ha(A)

which implies that

This shows that

Hence, (41) holds.

To prove (40) we will need the following lemma. Denote pg := Lz (B(0,2)) and recall that
G(r) is the r-neighborhood of a set G in R¥'.

Lemma II1.5.1. Let 0 < o < d', G and F be two sets in RY and assume that for some positive

numbers ¢,y and p < (y/pa)® there holds

La [G(p) \ F((c+1)p)] > yp .

Then for N = |v/(puap®)] + 1 we have én (G \ F(cp)) > p.

Proof. Let k € NU {0} be the largest number of pairwise disjoint balls of radius p/2 centered
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at points of G\ F'(cp). We just need to show that k& > v/(uqgp®). Assume the contrary. Choose

points x1, ...,z € G\ F(cp) such that |z; —x;| > p, 1 <i# j < k. Then

k
Ly (U B, 2p)> < kpap® <yp” T < Lo [Glp) \ F((c+1)p)].
i=1

This means that there is a point y € G(p) \ F((c + 1)p) such that |y —z;| > 2p, i = 1,... k.
Also, there exists a point zp11 € G such that |y — zy1| < p. Hence, dist (zx41, F) > ¢p. Thus,
Tp+1 € G\ F(ep) and |xgy1 — x| > p, i =1,...,k, and so we have k + 1 pairwise disjoint balls of
radius p/2 centered at points of G\ F'(¢p) which contradicts to the maximality of k. Lemma III.5.1
is proved.

Another fact needed to show (40) is the left inequality in (47). We can assume that M, (A) > 0.

Choose any 0 < M < M,(A). Then there is a sequence {rp,}5°_;, rm \, 0, m — oo, such that
La (A(?"m)) > Mﬁd/_oﬂ“g;_a, m € N.

By Lemma II1.5.1 (with F' = @) for the sequence N, := [ M By —o/(1ars,)] + 1, m € N, we have

Mﬁd’fa ) e

on. (A) > ry, >
) 2 1y > (S0

for sufficiently large m. Hence, g, (4) > (MBy—ofpar)™®. Letting M — M, (A), gives the lower
estimate in (47).

Proof of inequality (40). In the case Hg(A) = 0 we have My(A) > 0 and by the left
inequality in (47) there holds g, 4(A) > 0 = CoodMa(A)Y9. Assume that Hg(A) > 0 and set
d" =d —d. Let ¢y € (0,1) be such that

(co+ D)% Hy(A) < My(A)
and My, Ms > 0 be such numbers that
(co+ D)% Ha(A) < (co + D) My < My < My(A).

Choose any € € (0,1). By definition of (Hg4, d)-rectifiability (or by Lemmas II.1.1 and I1.1.2), there

is a d-rectifiable compact subset K. C A such that Hy(K.) > Hqa(A)(1 — €). By definition (38)
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there is a sequence of positive numbers {ry, }5°_;, 7 N\, 0, m — oo, such that
Lo (A(rm)) > MafBgr -re . m e N.
By (14) we have M4(K¢) = Hq(K¢) < M;. Then, for sufficiently large m
Lo [Ke((co+ 1)rm)] < MiBar - (co+ 1) rd

and hence,

Lo [AGra) \ Ko((co + 1)rm)] > (M2 ~ (o + 1)d"M1> Bar -7

By Lemma II1.5.1 with « = d, there is a constant 1y > 0 independent of m and €, such that for

km = |v1/r% ] + 1 and m sufficiently large we have

Ok (AN Ke(corm)) = 7.

Let X, C A\ K¢(cory,) be a best-packing collection of k,, points.
Set v := Coo sHa(A)/?. By (39) and the choice of K, for sufficiently large N, we have

on(Ke) > vl —e)/IN—Y4,
For every m sufficiently large, choose N,, to be the largest integer such that
on, (Ko > v(l — ) VAN > corp,

and denote by Y,, the best-packing collection of N,, points on K. Since dist(X,,, K.) > corm, we

have that 0(X,, UY.,) > corm for m sufficiently large. Hence,

Jooal(A) = limsup by, 4 v, (A) (ki + Nip) /=

m—0o0

a1 _ 1/d 1/
> lim sup corm, (:dl + ¥ — 1) = (cgyl + 41— e)) .
m

m— o0 COT’(r:lrL
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Letting € — 0, we get
_ d a\ e 1/d
Joo.a(A) > <COV1 +v ) > v =CodHaq(A)/
This completes the proof of Theorem III.1.1.

1I1.6 Proof of Proposition 1I1.1.3 and remarks for general sets.
Using Proposition I11.4.1, Theorem I11.1.2, and inequality (40), for every (Hg4, d)-rectifiable compact

set A with My(A) > Hq(A), we have

lim
S— 00

gs,d(A) e o Coo,de(A)l/d
——S/Cl —_— - _— N < 1’

Cs,de(A) goo,d(A)

and inequality (43) follows for sufficiently large s. Proposition I11.1.3 is proved.

We only need to prove (46) and (47) in proposition III1.2.1 since the upper estimates in (44)
and (45) will follow from (53) and the lower estimates in (46) and (47). Analogously, the lower
estimates in (44) and (45) are obtained from the upper estimates in (46) and (47), using (50) or
(51) with € equal, say 1/2. We remark that (50), (51) and (53) hold for any infinite set A.

Since we do not look for sharp constants, redefine

La(A(r))

rd’fa

M, (A) :==1lim infM and My (A) := limsup

T
r—07t rd—o r—0+

for all 0 < a < d’. To show the lower estimate in (46), assume that M_(A) > 0 (otherwise it is

trivial). Pick any 0 < M < M, (A) and set

M 1/a
rN = .
N (Nd’N)

Then, for N sufficiently large Ly (A(ry)) > Mr%_o‘. By Lemma IIL.5.1 (with F' = (), for ky =

IM/(parsy)] +1 (ky will be greater that N) we have
ON(A) = b1y (A) =y = (M/(narN)Y®

for sufficiently large N. Hence, g (4) > ug,l/aMl/o‘. Letting M — M (A), we get the lower
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estimate in (46). We need the following lemma for the upper estimate.

Lemma II1.6.1. Let 0 < a < d', A # () be a set in RY, and for some positive numbers v and

p < (v/Ba)V*, assume that there holds

Ly (A(p)) < vp” .

Then for any N > ~v/(Bap®) we have dn(A) < 2p.

Proof. Suppose k > 2 is an integer such that d;(A) > 2p, and let z1, ...,z € A be a collection

of distinct points with separation at least 2p. Then

K
Ly (U B(%m)) = kBup” < Ly(A(p)) < yvp
i=1

Hence, k < v/(Bap®), and so for any N > ~v/(Ba p®) we have dn(A) < 2p, which proves the lemma.
To get the upper estimate in (46), we can assume that M (A) < oco. Choose any M > M (A).

There is a sequence of positive numbers {ry, }2°_;, rpn \, 0, m — oo, such that
La(A(rm)) < MrE=® m e N.

Set Ny, := |M/(Bgrs,)] + 1. By Lemma II1.6.1 we have dy,, (A) < 2ry, for sufficiently large m.

Consequently,

g (A) <liminféy, (A)NY® < liminf 2r, N}/ = Qﬂgl/aMl/a.

=00,x m—o0 m— o0

Letting M — M, (A) completes the proof of (46).
The left inequality in (47) was shown before the proof of inequality (40). Thus, it remains to

prove the right inequality in (47) for the case My (A) < oco. Pick any M > M, (A) and let

M 1/
rN ‘= (Wl)) s N Z 2.

Then Ly (A (rn)) < Mrfl\;*o‘ for N sufficiently large. Since, N > M /(Ba7%), by Lemma II1.6.1 we
get
On(A) < 2ry = 2(M/(Ba (N — 1))/
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Hence, o, o(A) < 2@;1/0{M1/0‘. Letting M — M, (A) completes the proof of (47) and Proposition

I11.2.1.

II1.7 Proof of the divergence results.

In this section we show Proposition II1.3.1. It was shown in [30] (see also [38, Theorem 4.14]) that

for any set K € K there are constants c1, co > 0 such that
ar* <H (KN B(z,r)) <cor?, z€K, 0<r<l, (56)

(we will call A-regular every set satisfying (56)). Using an argument analogous to the proof of

Lemma I1L.6.1, one can show that g, \(K) < oo. Since for any set K € K we have
M,\(K) = CHA(K) >0

with C' > 0 being independent of K (cf. e.g. [38, p. 79]), by (46) we have gooﬁ)\(K) > 0.

Assume that g, »(K) exists (it must be positive and finite). Let Si,...,S, : RY — R? be
the similitudes with the same contraction coefficient o € (0,1) such that relations (48) hold. Set
h := min;; dist (S;(K), S;(K)) and choose k € N so that 6,(K) < h.

Let m € N and for i = (i1,...,9m) € {1,...,p}" = Z* put Fj := S;; 0...0S;_ . Then
dist (B (K), Fj(K)) > ha™ ! > 6™ 15 (K), i#]j, (57)

and UieZ;,” Fi(K) =K. Let wy C K be a collection of k points such that §(wy) = dx(K), and

wi = Uiezp Fy (Wg) . In view of (57), it is not difficult to see that
(5kpm(K) > 5(wm) = O'm(Sk(K)

On the other hand, from any collection of ¢, := (k — 1)p™ + 1 points on K at least k& must belong
to the same Fj(K), and hence, 0, (K) < 0™d;(K). Since ¢, < kp™, we have dppm (K) = d¢,, (K)
and

Joor(K) = lim Gy (K) (kp™)* = lim 6., (K) (kp™)** =
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= reati€) i () = i) ()5 et

m—oo Cm 1

since 0 < goo,a(K) < oco. Contradiction. Hence, 0 < g_ | (K) < g 1(K) < oo. Taking into

account Propositions II1.4.1 and I11.4.3, we get Proposition III.3.1.
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CHAPTER IV
WEIGHTED ENERGY PROBLEM

As we proved in Chapter II, Theorem B holds, in particular, for closed d-rectifiable sets (see
Definition II1.1.1) and s > d. In this chapter we extend this result and relation (5) which holds for
s = d to the case of weighted energy, and obtain separation estimates for minimal weighted energy
configurations when the Hausdorff dimension of the compact set is an arbitrary positive number.

We consider separately the case of a strictly positive weight and a weight with isolated zeros.

IV.1 Asymptotic behavior of the minimlal weighted s-energy. The case of a positive

weight.

Let d < d’ be two positive integers and A be a compact set in RY whose d-dimensional Hausdorff
measure, Hg(A) is finite (recall that we choose such normalization of H,4 that Hy|ge = L4). For a
collection of N (> 2) distinct points wy := {z1,...,2n} C A, a non-negative weight function w on
A x A (we shall specify additional conditions on w shortly), and s > 0, the weighted Riesz s-energy

of wy is defined by

l’l’ zx
pron = Y Moen) gy uen)
s (Wn) E—— m_%’

1<i£j<N i=1 j=1
J#i

while the N-point weighted Riesz s-energy of A is defined by
EL(A,N) :=inf{E(wn) : wy C A, #wn = N}, (58)

where as before, #X denotes the cardinality of a set X. Since, for the weight w(z,y) := (w(z,y)+
w(y,z))/2, we have
= w(x;, ;)
Ef(wn) = Ef (wn) =2 Z #a

we shall assume, without loss of generality, throughout this chapter that w is symmetric, i.e.,

w(z,y) = w(y,z) for z,y € A. We call w: A x A — [0,00] a CPD-weight function on A x A if
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(a) w is continuous (as a function on A x A) at Hg-almost every point of the diagonal D(A) :=

{(w,2):w € A},
(b) there is some neighborhood G of D(A) (relative to A x A) such that infgw > 0, and
(¢) w is bounded on any closed subset B C A x A such that BN D(A) = 0.

Here CPD stands for (almost) continuous and positive on the diagonal. In particular, conditions
(a), (b), and (c) hold if w is bounded on A x A and continuous and positive at every point of the
diagonal D(A) (where continuity at a diagonal point (zg, zo) is meant in the sense of limits taken
on A x A).

Ifw=1on AXx A, we get the non-weighted minimal energy problem considered in Chapter II.
For the trivial cases N =0 or 1 we put E¥(wy) = EXY(A,N) = 0.

If A is a compact set in R? and w is a CPD-weight function on A x A, then for s > d we define

the weighted Hausdorff measure HZ’w on Borel sets B C A by

Hfl’w(B) = /(w(x,x))_d/sd'Hd(x), (59)
B
and its normalized form
HS7’1,U(B
hs,w . d 60
i(B) = ptwiay (60)

if Hg(A) > 0.
We say, that a sequence {wy }37_, of N-point configurations in A is asymptotically (w, s )-energy
minimizing for A if

EY%(w
lim s (@n)

—— = 1.
N—oo 5;0(147 )

The main results of this section are stated below.

Theorem IV.1.1. Let A C R be a compact d-rectifiable set. Suppose that s > d and w is a
CPD-weight function on A x A. Then
EY(A,N) Cs.a

lim = (61)
—00 1+s d S,w S d’
N N1l+s/ [Hd (A)} /

where Cs g is as in (42).
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Furthermore, if Hq(A) > 0, any asymptotically (w, s)-energy minimizing sequence of configura-

tions Wy = {:L‘{V, e x%}, N =2,3,..., for A has limit distribution according to the measure hfi’w;
that 1is,
1 *
5 2oy —— 5", N —co. (62)
k=1

Recall that constant §; was defined in (12).

Theorem IV.1.2. Let A be a compact subset of a d-dimensional C*-manifold in RY with Ha(A) <

00, and suppose w is a CPD-weight function on A x A. Then

. EY(A,N) B Ba
11m = .
N—oo N2log N HS’W(A)

(63)

Furthermore, if Hq(A) > 0, any asymptotically (w,d)-energy minimizing sequence of configu-
rations Wy = {w{v, e ,x%}, N =2.3,..., on A has limit distribution with measure hj’w; that 1is,

(62) holds with s = d.

Remarks. In the case Hy(A) = 0, the right-hand sides of (61) and (63) are understood to be
infinity.
In order to obtain a finite collection of points distributed with a given density p(z) on a closed

d-rectifiable set A, we can take any s > d and the weight

w(z,y) = (p(@)p(y) + |z — y[)~*/*, (64)

where the term |z—y| is included to ensure that w is locally bounded off of D(A). By Theorem IV.1.1
any asymptotically (w, s)-energy minimizing sequence of N-point configurations will converge to

the required distribution as N — co. We thus obtain

Corollary IV.1.1. Let A C R be a compact d-rectifiable set with Ha(A) > 0. Suppose p is a
bounded probability density on A (with respect to Hq) that is continuous Hgq-almost everywhere on
A. Then, for s > d and w given by (64), the normalized counting measures for any asymptotically
(w, s)-energy minimizing sequence of configurations wy converge weak* (as N — o0) to pdHyg.
Furthermore, if inf 4 p > 0 and p is upper semi-continuous, then any (w,s)-energy minimizing

sequence of configurations wy is well-separated in the sense of Theorem IV.5.1 with o = d.
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Remark: The first part of Corollary IV.1.1 holds for s = d when A is contained in a C!

d-dimensional manifold.

IV.2 Proofs for the case of a positive weight.

In this section we present proofs of Theorems IV.1.1 and IV.1.2. First, we prove several lemmas
which are central to the proofs of our main theorems.

Divide and conquer. In this subsection we provide two lemmas relating the minimal energy
problem on A = B U D to the minimal energy problems on B and D, respectively.

In order to unify our computations for the cases s > d and s = d, we define, for integers N > 1,

Nits/d g5
Ts.d(N) =

N2?logN, s=d

and set 75 4(N) =1 for N =0or 1. For aset A C RY and s > d, let

. EYAN) . EW(AN)
Y (A) ;= liminf 22—~ vi(A) = limsup =——"—~,
gs,d( ) Noog Ts,d(N) g ,d( ) N—>oop Ts,d(N)

and

w gy o ES(AN)
gs,d(A) = ]\}gnoo W

if this limit exists (these quantities are allowed to be infinite). In the case w(z,y) = 1, we use the
notations g_(A), g, 4(A) and g5 q(A), respectively.
The following two lemmas extend to the weighted case Lemmas I1.4.1 and I1.4.2 whose proof

is given in [28]. (We remark that the following results hold when quantities are 0 or infinite using

0= = 07%/4 = 50 and co~¥* = 00%/4 = 0.)

Lemma IV.2.1. Let s > d and suppose that B and D are sets in RY such that dist(B, D) > 0.

Suppose w : (BU D) x (BU D) — [0,00] is bounded on the subset B x D. Then

Jsa(BU D)5 > ??,d(B)_d/s +§§U,d(D)_d/s-
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Proof. Assume that 0 < g¢;(B), g 4(D) < co. Denote

*

o TD)
BT D)

For N € N, let Np := |a*N| (recall that |z | denotes the greatest integer less than or equal to z),
Np := N —Np and wﬁ C B and wﬁ C D be configurations of N and Np points respectively such

that E¥(wB) < EY(B,Np) + 1 and E¥(wX) < E¥(D, Np) + 1. Let 7o := dist(B, D) > 0. Then

EY(BUD,N) < E¥(w& Uwd)

w(z,y)
= BYeR) + B wR) 42 30
:L‘Ewﬁ, yEwﬁ

< E¥(B,Np) + EX(D, Np) + 2 + 27y *N?||w| px p,

where ||w|| pxp denotes the supremum of w over B x D. Dividing by 75 4(N) and taking into account

that 7, 4(NB)/Tsa(N) — (a*)'5/? as N — oo, we obtain

— . gw(BvNB) . gw(DvND)
v,(BUD) <limsup “———=* + limsup =———*
g 7d( ) N—>oop Ts,d(N) N_>00p 7'57d(N)
w N N wiD N (N
_ limsup 83 (B, B) . Ts,d( B) + limsup (‘:S ( y D) ) T. ’d( D)

Neoo Tsd(NB)  Tsa(N) Nooo Tsd(Np)  Tsa(N)
< GYy(B) - (a)tte/d +Gsa(D) - (1= a)iFe/d

)

—s/d
= (@a(B) " +3LD) )

The remaining cases when gy’ ;(B) or gy 4(D) are 0 or oo easily follow from the monotonicity of gy

The following statement in particular shows sub-additivity of g’ d(')_d/ 5.

Lemma IV.2.2. Let s > d and B,D C R*. Suppose w : (B U D) x (BUD) — [0,00]. Then
g" (BUD)™* < gv (B 1 gv (D)4 (65)
Furthermore, if g (B), g (D) > 0 and at least one of these quantities is finite, then

T A CLAAE) 254(D)"" (66)
N3N00 N N g;”d(B)d/s n g;”d(D)d/S
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holds for any sequence {Wn} nen of N-point configurations in BU D such that

. E;U(CNUN) o w —d/s w —d/s *s/d
NN e 7o) (a2,(B) 4 g (D)) (67)

where N is some infinite subset of N.

In the case g;‘jd(D) = oo the right-hand side of relation (66) is understood to be 1.

Proof. Assume that Q;‘jd(B),Q;‘jd(D) > 0 and g;‘jd(B) < oo0. We agree that oo -a = oo for
any a > 0 and co -0 = 0. Let an infinite subset N7 C N and a sequence of point configurations
{wNn}Nen,, wy C BU D, be such that limpa,sy—eo # (wy N B)/N = «, where 0 < o < 1. Set

Np :=# (wy N B) and Np := # (wny \ B). Then
Ef(wn) > E(wnNB)+ E(wn \ B) > £/ (B,Ng) + &/(D,Np),

and we have

Ly “(B,N N
lim inf M > liminf gs ( ) B) ) Ts,d( B)
N13N—o0 T57d(N) N1DN—oc0 Ts,d(NB) Ts,d(N)

E"(D,Np) 7su(Np)

lim inf
T Nllgjl\flgoo Ts,d(ND) Ts,d(N)
> Fla) == ,Zud(B)O‘HS/d + Qg)d(D)(l - O‘)Hs/d‘ (68)
Let
N g:jd(D)d/S

o =

g2 BV + g2 (DY

and {On } ven be any sequence of point sets satisfying (67). If No C A is any infinite subsequence
such that the quantity # (wy N B) /N has a limit as No 3 N — oo (denote it by aq), then by (67)

and (68) we have
W~
F@= lm L&)

> F .
N23N—oo Ts,d(N) - (al)

It is not difficult to see that & is the only minimum point of F(¢) on [0,1]. Hence a; = &, which
proves (66).

Now let {&wn}nens be a sequence of N-point configurations in B U D such that

. EY ()
v (BUD)= lim -~V
9yal )= i Toa(N)
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(Wn’s can be chosen for example so that E¥(wy) < E¥(BU D,N) +1). If Ny C N3 is such an

infinite set that limp,sn—o00 # (Wn N B) /N exists (denote it by as), then by (68) we obtain

B (@
g“,(BUD) = lim EYGON) 5 gy

NidN—oo Ts,d(N)

~ w —d/s w —d/s —s/d
> F(a) = (g2, (B) ™ +g° (D))

which implies (65).

Proofs of Theorems IV.1.1 and IV.1.2. The following lemma relates the weighted minimal
energy problem (s > d) on a set A C R% to the unweighted minimal energy problem on compact
subsets of A. Theorems IV.1.1 and IV.1.2 then follow easily from this lemma. For convenience, we

denote

Cd,d =By, deEN.

and recall that when w(z,y) = 1, we set

9,4(A) = 97 4(A), G5.4(A) =75q(A), and gsa(A) = g5 4(A).

Lemma IV.2.3. Suppose s > d, A C R is compact with Ha(A) < oo, and that w is a CPD-weight
function on A x A. Furthermore, suppose that for any compact subset K C A, the limit gs q(K)

exists and 1s given by
Cs ,d

s.d (K 69
Then
(a) g¢q(A) exists and is given by
w S, w —s/d
gLa(A) = Cuoa (M3 (4)) 7, (70)
and,
(b) if a sequence {wN}3_,, where oy = {xd, ..., 2N}, is asymptotically (w, s)-energy minimizing
on the set A and Hqa(A) > 0, then
N
Z kN*>hsw, N — oc. (71)
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Remark. If Hy(K) = 0, condition (69) is understood as g5 q4(K) = oc.

Proof. To prove the first part of this statement, we break A into disjoint “pieces” of small
diameter and estimate the (w, s)-energy of A by replacing w with its supremum or infinum on each
of the “pieces” and applying Lemmas IV.2.1 and IV.2.2.

For 6 > 0, suppose that Pj is a partition of A such that diam P < ¢ and Hy(P) = Hy(P) for
P € Ps, where B denotes the closure of a set B. For each P € Pjs, choose a closed subset Qp C P

so that Qs := {Qp : P € Ps} satisfies

> Ha(Qp) = Ha(A) =6, (72)

PePs

and

diSt(Qpl,Qp2) >0, P, 75 P, € Ps.

An example of such systems P; and Qs can be constructed as follows. Let G;[t] be the hyper-
plane in R? consisting of all points whose j-th coordinate equals ¢. If (—a, a)d/ is a cube containing
A, then for i = (i1,...,ig) € {1,...,m}¥, let

Ry:=[th_q,th) x - x [t& 1),

Tgr—1s Vig

where m and partitions —a = t% < t{ <<t = a, j = 1,...,d', are chosen so that the
diameter of every Ry, i € {1,...,m}?, is less than § and Ha(G [tﬂ NA) =0 for all i and j. (Since
Ha(A) < oo, there are at most countably many values of ¢ such that H4(G;[t] N A) > 0.) Then, we
may choose

Ps={RinA:ic{l,...,m}"}

and ~ € (0,1) sufficiently close to 1 such that (72) holds for Qs = {Q; : i € {1,...,m}%}, where
Qi = (’y(ﬁi —¢)+ ci) N A and ¢; denotes the center of Rj;.

To continue the proff for B C A, let

wp = sup w(zr,y) and wy = inf w(x,y)
z,yeB z,yeB
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and define the simple functions

wWe(z) := Z wp - xp(r) and ws(z) = Z wp - xp(x),

PePs PePs

where X, denotes the characteristic function of a set K. Since the distance between any two sets

from Qj is strictly positive, Lemma IV.2.1 and equation (69) imply

w —d/s —d/s
72 > 57 (Ugeo, @) 2 X (0-7,4(@) Y (73)
QEQs
Q#D
—d/s __—d/s —d/s — —d/s

= Y w" H(Q) = O [ (ws()) Y dH ().
QEQs ue
Q#0 QEQ;

Applying Lemma IV.2.2 and relation (69), we similarly have

0,P) " = 5 (wpea, @) ()

PEPs : PEP;s
—d/s —d/s - —d/s —d/s
= O ¥ wpt Ha(P) = O [ (ws(a) Vo dH ().
PePs A

Since w is a CPD-weight function on A x A, there is some neighborhood G of D(A) such that

7 :=infgw > 0. For § > 0 sufficiently small, we have P x P C G for all P € Ps, and hence

ws(x) = w(z,v) = ws(x) =1
for x € A. Furthermore, w is continuous at (x,z) € D(A) for Hg-almost all z € A and thus, for any
such z, it follows that ws(x) and ws(z) converge to w(x,x) as § — 0. Therefore, by the Lebesgue

Dominated Convergence Theorem, the integrals

/ (ws(x))™* dMy(x) and /A (ws ()" dHa(x)

e
QEQs

both converge to H;"(A) as 6 — 0. Hence, using (73) and (74), we obtain (70).
Now suppose that Hg(A) > 0 and oy = {2V, ... ,x%}, N € N, is an asymptotically (w, s)-

energy minimizing sequence of N-point configurations on A. As we have noted in Section II1.1, the
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weak™® convergence result given in (71) is equivalent to the assertion that

lim #wn(15) ©v 1 B)

R (75)

holds for any subset B C A, whose boundary with respect to A has Hg-measure zero. For any
such set B C A, since each of sets B and A\ B as compact subsets of A, satisfies the hypotheses

of Lemma IV.2.3, relation (70) implies

EY(w
lim Eg(©n)

_ sw —s/d
N—oo Ts’d(N) - Cs,d (Hd (A))

S W o sow ) /e
= Coa (H3"(B) + 13" (A\ B))
n\—d/s w A\ R\—d/s —s/d
= (9vaB) " + gra(ANB) )
Using relation (66) in Lemma IV.2.2 and (70) for B and A\ B, we get

~ w A\ B)4/s
i # (wn (N B) _ 7gs,d( \ B) _ h(B)
N—oo N 92 4(B)Ys + g2 (A\ B)4/s

showing that (71) holds.

Theorems IV.1.1 and IV.1.2 then follow from Lemma IV.2.3 and Theorems II.1.1 for closed
d-rectifiable sets and Theorem B for s = d as we now explain. If s > d and A C R? is a closed d-
rectifiable set, then every compact subset B C A is also closed and d-rectifiable and Theorem I1.1.1
implies that B satisfies condition (69) and so Theorem IV.1.1 then follows from Lemma IV.2.3. If
s =d and A is a compact subset of a d-dimensional C*-manifold in R? | then applying Theorem B
for s = d to every compact subset of A, we get (69). Consequently Theorem IV.1.2 follows from
Lemma IV.2.3 with s = d.

IV.3 The case of a weight with zeros.

Finally, we consider weight functions with isolated zeros. For ¢ > 0, we say that a function
w:Ax A— Rhas a zero at (a,a) € D(A) of order at most t if there are positive constants C' and
& such that

w(z,y) > Clz — al' (x,y € AN B(a,?)), (76)
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where as above, B(a,r) denotes the open ball in R? centered at a point ¢ with radius r > 0. If w
has a zero a € A whose order is too large, then a may act as an attractive “sink” with (A, N) = 0.
For example, let A be the closed unit ball in R, w(x,y) = |z|* + |y|* for z,y € A with t > s > d.

If wuy ={x1,...,zN} is a configuration of N distinct points in A, then
B2 (o) = ' B (o)

for any 0 < v < 1. Taking v — 0, shows that £¥(A4, N) = 0.
We say that a closed set A C RY is a-reqular at a € A if there are positive constants Cy and §
such that

(Co)™'r* < Ho(AN B(z,7)) < Cor® (77)
for all z € AN B(a,d) and 0 < r < 4.

Theorem IV.3.1. Let A C RY be a compact d-rectifiable set and s > d. Suppose A is -
reqular with o; < d at a;, i = 1,...,n, for a finite collection of points ai,...,a, in A and that
w:AxA—[0,00] is a CPD-weight function on K x K for any compact K C A\{a1,...,an}. If

w has a zero of order at most t < s at each (a;,a;), then the conclusions of Theorem IV.1.1 hold.

Remark: The hypotheses of Theorem IV.3.1 imply that

/ (w(, 7))~ dHy(z) < o0
A

(see Section IV.4).

IV.4 Proof for the case of a weight with zeros.

In this section we prove Theorem IV.3.1. The essential ingredient in the proof of Theorem IV.3.1 is
the following lemma which assumes lower regularity. We say that a set K C RY is lower a-regular

if there are positive constants Cy and rg so that
(C’o)_lra < Ho(K N B(x,r)) (78)

for all z € K and r < ry.
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Lemma IV.4.1. Suppose K C RY is compact and lower a-reqular and a € K. Further suppose
s >aand w : K x K — [0,00] is a CPD-weight function on K' x K' for any compact set
K' c K\{a}. If w has a zero of order at most t at (a,a), where 0 < t < s, then there is a constant
C1 > 0 such that

e 1 —s/a
g¥ (K) > CyCy /¥ (s+) < / R dHa(:n)> . (79)
K |£L’ — a’(ta)/s

Zs,a

Proof. Let wy = {x1,...,zn} be a configuration of N distinct points in K. Fori =1,..., N,
let p; = |z; — a|, r; = min,.j |z; — ;|, and choose y; € wy such that |z; — y;| = ;. Since K is
bounded, there is some finite L (independent of N') such that there are at most L — 1 of the points
x; € wy with the property that r; > ro (where ry is from the definition of lower a-regularity and
ro < d, where § comes from the definition of a zero of order at most ¢t at (a,a)). We order the
points in wy so that py < p; fore=1,..., N and so that r; <rg fort=1,..., N — L. It follows
from Cauchy’s and Jensen’s inequality (or see (29) of [28]) that if 1,. .., are positive numbers,

then
M M —s/a
=1 i=1

from which we obtain

N—L w(zs, i) N—L ot N—L s (-3
Efwn)2 ) — 2201y t=C ) (pi n-) (81)
i=1 7 =1 =1
N-L o —s/a
ceon-mren (8 2) "
i=1 P;

Fori=1,...,N — 1, observe that
ri = min [z; — 2| < |z; —a| + min |a — x| < pi + py < 2p;
Jiy#i YR E)

and so

|z —a| <|z—z| + |z —a| <71i/2+ pi < 2p;, x € B(z,1i/2). (82)

Using (78) and (82) we have

< G2 (2p7) Y (K 1 B (1,7i/2))
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< Oy2(@/3)(s+D) / @

KBz /2) |T — alte/s

fori=1,...,N — L. Since B(x;,r;/2) and B(x;,7;/2) are disjoint for i # j, it follows that

N-L

A a/s)(s 1
> i < Cae ) | o o).

i=1 P K o —altel

From (81) we get

—s/a

—S/ N ~y— 1
Ey(wy) > C1Cy "2~ 40 (N — L)t/ (Z Tz = ajeas al@)

In view of arbitrariness of wy, we get the requiured inequality. Lemma IV.4.1 is proved.

Remark: If K is a-regular at a in the above lemma, then the integral

1
/ 7 —ajiars Ual@)
K

appearing in (79) is finite (cf. [38, p. 109]) and thus the Lebesgue Dominated Convergence Theorem

(or absolute continuity of the lebesgue integral) gives

. 1
i / T = gy Ma(@) =0
KnB(a,d)

and so lims_o g% (K N B(a,d)) = oo.

Now we are prepared to complete the proof of Theorem IV.3.1. First note that the hypotheses
of Theorem IV.3.1 (namely that A is a;-regular at a; and w has a zero of order of at most ¢ < s at
a; for i =1,...,n) imply that

/w(a:,:c)d/s dHq(x) < oo.
A

Suppose € > 0 . By Lemma IV.4.1 and Lemma IV.2.2 we can find 6 > 0 such that B, :=
Ui, (AN B(as,9)) satisfies g;‘jd(Be) > ¢! (note that if @ < d and g;‘ja(K) > 0, then g;‘jd(K) = 0)
and

HEU(A) = / wiz, )~ dHa(z) > (1 — HE"(A),
A
where A, := A\ B..
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Since w is a CPD-weight function on A, x A, it follows from Theorem IV.1.1 that ¢g,(Ac)

exists and equals C’s7dH§’w(Ae)*5/ 4. Lemma IV.2.2 then gives

9o qlA) 2 (92a(Ae) ™ + szd(Be)_d/s)_s/d (83)
> (CLA/"HE Y (Al) + ety =2/

> (O HG (A) + ),
Also, we clearly have
ea(A) < gla(Ae) = CoaMy" (A ™" < Coa(l — )/ HF" (A) /. (84)

Taking € — 0 in (83) and (84) shows that g’;(A) exists and equals Cs,dHZ’w(A)_s/d.

If H;"(A) > 0, then, as in the proof of Theorem IV.1.1, Lemma IV.2.2 implies that (62) holds
for any asymptotically (w, s)-energy minimizing sequence of configurations Wy = {m{v R ,x%},
N =2,3,..., for A which will complete the proof of Theorem IV.3.1. Indeed, choose any subset
B C A with Hg(04B) = 0 (04 denotes the boundary of a subset of A relative to A). Since each a;
is aj-regular with a; < d and H4(A) < oo, for almost all § € (0, dy), where &y is a sufficiently small
number, we can write:

Ha(ANS(a;,8)) =0, i=1,...,n, (85)

where S(a;,0) is the sphere in RY centered at point a; of radius 8, and
Ha (AN (U B(a;,0))) < €67, (86)
for some C' > 0. For § € (0,0p) such that (85) and (86) hold, denote
Bj := BU (UL Blai, 0] N A),

where Bla,r] is a closed ball in R? centered at a point a of radius r > 0. Then, Hq(d4B;) =
Ha(04(A\ Bs)) = 0. Set Bj satisfies the assumptions of the Theorem IV.3.1 and set A\ B;

satisfies even assumptions of Theorem IV.1.1. We already proved that they both will satisfy (61).
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Using argument, analogous to the proof of (62) (or (71)), we get that

BNw BsNw
hmsupi#( Nwn) < lim 7#< 5 1 &N)

N—oco ~ N—oo N = hjl’w(B5)'

On the other hand, let Ds := B\ (U {B(a;,0)). It is not difficult to see that Hy(0aDs) =
Ha(0a(A\ Ds)) = 0. Both Ds and A\ Dj satisfy (61). Using again the argument from the proof

of (62), we get that

DiND
> lim 7#( 6ﬂwN>

N—oo ~ N—oo N - hjw(Dé)'

Letting § — 0 so that (85) and (86) hold, we get that Hq(Bs) — Ha(B), Ha(Ds) — Ha(B), and

#(BNwy)

T A
Theorem 1V.3.1 is proved.
IV.5 Separation results
For an N-point configuration wy = {z1,...,zxy} C A let
d(wn) = 1;&1}%]\7 |z; — ;] (87)

be its separation distance (or separation radius). We obtain estimates for the separation radius
of minimal weighted energy configurations on a class of sets including sets of arbitrary Hausdorff
dimension «. We remark that the normalization for the Hausdorff measure H,, plays no essential

role here.

Theorem IV.5.1. Let 0 < a < d'. Suppose A C R is a compact set with Ha(A) > 0 and let w
be a CPD-weight function that is bounded and lower semi-continuous on A x A. Then, for every
s > « there is a constant cs = cs(A,w, ) > 0 such that any (w, s)-energy minimizing configuration

wy on A, with N points, satisfies the inequality

cs N~V s> a,
6(wy) =
ca(NlogN)~Ve s=aqa, N>2.
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As a consequence of the proof of Theorem IV.5.1 we establish the following estimates. Recall

that
HY(A) == inf()_ (diam G;)*: A c | JGi}
and |lw|[axa = sup{w(z,y) : v,y € A}.

Corollary IV.5.1. Under the assumptions of Theorem IV.5.1, for N > 2,

M o||lwlax aH(A)~/aNFs/o s > a
ES(AN) <

M,N?log N, s=a,

where the constant My, > 0 is independent of A, w and N, and the constant M, 1is independent

of N.

Known separation results on curves for s > 1 [39] and on d-rectifiable manifolds for s > d [34],
[28], [13] use the following upper regularity assumption. There are constants M, > 0 such that

for every x € A and 0 < r < § we have
Hq(AN B(z,r)) < Mr?, (88)

We base the proof of our results on Frostman’s lemma establishing the existence of a non-trivial

measure on a set A with Hy(A) > 0 satisfying a regularity assumption similar to (88).

Lemma IV.5.1. (see e.g. [38, Theorem 8.8]). Let o > 0 and A be a Borel set in R . Then
Ha(A) > 0 if and only if there is a Radon measure pu on RY with compact support contained in A

such that 0 < p(A) < oo and
w[Bz,r)]<r®, zeRY r>o0. (89)

Moreover, one can find p so that p(A) > cg o HE (A), where cqr o > 0 is independent of A.

We proceed using the technique developed in [34]. Let wy, := {z1,...,zn}, N € N, N > 2,

be a (w, s)-energy minimizing configuration on A (for convenience, we dropped the subscript N in
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writing energy minimizing points x n). For i =1,..., N let

w(z, z;)
x € A.
Z |z —@;]*

JijFi

From the minimization property we have that Uj(z;) < Uj(z), = € A, i = 1,...,N. If p is a

measure from Lemma IV.5.1, set

Di :A\ U B(SU]',TQ), ’izl,...,N.

and let

JiF
Then, by the properties of u, we have
Di) > u(A) — B > j(A) = (N = 1)rg > A
u(Di) > p(A) = Y u[B(wj,m0)] > p(A) — (N = 1)rg > 5 >0
G
1=1,...,N. Consequently,
Us(zi) < — /U(m)d,u(a:) < 2 W@ 25) 1)
Sy ) _MMM# |z — 2/’

S2HwHZ / RS du(z), i=1, . ..N
x_ﬂfj

] ”éZA\B (x5,m0)

where ||w|| := sup{|w(z,y)| : z,y € A}. Let R := diam A. Then by (89) we have u(A) < R*.

every y € A and r € (0, R], using (89) we also get

1 " 1
To(y,r) := —du(z) = A:——— > thdt
= [ ) = [ e ds Zg >
A\B(y,r) 0
/J’(A) ' —1/s o—s T/ —a/s
p— <
RS+/MP@¢ ﬂﬁ_R | to/sa
R—s R—s
5 rdTs s> a,
< (s—a)
l+aln2, s=a«
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Then for i =1,..., N and s > a we have

o< Al N Dl (N
Ui(zi) < (A) > Tu(zjimo) < (5 — ()t < G| (u(A)> 7 (90)

JF

where C7 > 0 is a constant independent of A, w and IN. Hence,

N
EV(A,N) = E¥(why) = 3 Uilar) < el yivsja
8( ’ )_ S(wN)_Z l(xz)iHOO(A)S/OA ’
=1 @

where M, , > 0 is a constant independent of A, w, and N. In particular, when w =1, we get

g25/a \N1+s/a

SN S S T (AT

Since w is a CPD-weight function, there are n, p > 0 such that w(x,y) > n whenever |z — y| < p.
If 6(wy) < p, let iy and jg be such that §(wy) = |z;, — xj,|. Then with some constant Cy > 0

independent of N and the choice of w}, we obtain from (90)
w(:’cis ) x]s) 77 77

CoN*/® > U; (25,) > > =

T @, =27 T 2, — 2,

Hence,

S(wi) > CoN~Ve,

where Cp = Cyp(A,w, e, s) > 0. Thus, in any case,
§(wk) > min{p, CoN~ Y} > O, N7V, N > 2,

for a sufficiently small constant Cs > 0 independent of N and wj,. In particular, when w = 1, we

have

C
6 k > S,
W)= ) e

where ¢; o > 0 does not depend on A and N. This proves Theorem II.3.1. The case s = «a is

handled analogously, which completes the proofs of Theorem IV.5.1 and Corollary IV.5.1.
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CHAPTER V
NEXT ORDER TERMS OF MINIMAL ENERGY ON SMOOTH CURVES.

Theorem A in the Introduction in particular, gives the main (dominant) term in the asymptotics
of minimal s-energy on curves for s > 1.

Restricting our consideration to sufficiently smooth simple closed curves we shall determine the
lower-order term in the asymptotic decomposition of the quantity & (I', N) as N — oo, for all
s > 1, s # s, where this exceptional value sg satisfies 1 < sp < 3. We also get a better estimate of
the separation distance. We also find the order of the next term on non-closed smooth curves for

s> 2.

V.1 Next order term and separation results for closed curves.

Notation and definitions. We say that a curve I' € R is simple, if it has no self-intersections
(except possibly coincidence of endpoints). We call ' a C™ curve, if it has a non-zero tangent vector
at every point and admits an n-times continuously differentiable parametrization.

For a rectifiable curve I, let L := |I"| be its length and Ar be the normalized arclength measure
supported on T'.

Assume that T' C R? is a simple and closed C? curve. Let x(z) be the curvature of I' at a given
point x and L(x,y) be the length of the smaller arc of T', connecting points x and y on it.

Define

gs(x,y) = |z —y[™° = L(z,y) " (91)

and

B,(T) = / / g5, y)dAr (@) A0 (v). (92)

rr

It is not difficult to see that under the above assumptions on I, this integral is convergent iff s < 3.

Denote also

k(T) ::/FKQ(x)d)\p
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and let

be the Euler constant, and

be the Riemann zeta-function.
Results for closed curves. According to Theorem A, on a Jordan curve I' in R? we have for
s>1

Es(T,N) ~2¢(s) [T ° N*t1 N — oo,

and

E(,N)~2|T"'N?InN, N — .
We obtain the following result.
Theorem V.1.1. LetT' C R%, d € N, be a simple and closed C® curve. Then, if s > 3, we have

i E(T,N) —2((s)L*N*t!  s((s—2)
N—oo Ns—1 12052

k(T), (93)

and for s = 3 there holds
E(T,N) —2¢(3)L*N* k(D)

i . 4
N N2In N AL (54)
If 1 < s <3, then
. E(T,N) —2((s)L*N*+H1 28
1 =o,T) - ———
N NZ (T) (s —1)L° (95)
and when s = 1, there holds
. &(@,N)—2L"'N?2InN _
Jim ( RE = o (1) + 2Ly —n2). (96)

Remark. There is a unique sg € (1,3) for which the right-hand side of (95) is zero. The value
(95) is negative for 1 < s < sp and tends to —oo as s — 1, and is positive for sop < s < 3, and
goes to oo as s — 3. For the value s = sy Theorem V.1.1 tells only that the next order term of the
minimal s-energy is o(IN?).

Choose an orientation on I'" and denote by I(x,y) the length of the arc from point x to point y
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on I' in the direction of the orientation of I'. For an N-point collection wy = {z1,..., 2y} C ' we

as usually denote

1) = i p—
(w) 1§§§IJDSN|% i
and let
Alwy) := ,max Uz, miv1),

where zny+1 = 1. We will always assume that the index ¢ for z; € wy grows in the direction of
the orientation of the curve.
Known results provide only the order of the separation radius on different classes of sets. In

the theorem below, we get its asymptotic behavior on smooth closed curves.

Theorem V.1.2. Let s > 2 and ' C R?%, d € N, be a simple and closed C3 curve. If {wh IRy s
a sequence of s-energy minimizing collections on I', #wy = N, N > 2, then
lim d(wy) - N = lim A(wy)-N = L. (97)

N—o0 N—o0

This theorem implies that for s > 2 the maximal and the minimal arclength between neighboring

points of optimal configurations asymptotically equals L/N, N — oc.

V.2 Remarks for non-closed arcs.

For smooth non-closed curves the second term is negative and has order N® for s > 2.

Proposition V.2.1. Let T ¢ R?, d € N, be a simple non-closed rectifiable C* curve. If s > 2,

there exist two negative constants Cv, Co such that, for sufficiently large N,

C1N® < E(T',N) — 2¢(s) L SN*T < CyN*. (98)

If s =2, one can find negative constants Cy,Cs so that

CiN?In N < &(T,N) —2¢(2)L>N?® < C3N%In N. (99)

Conclusions. The next order term of the minimal s-energy on smooth curves reflects whether

the curve is closed or not. On closed curves for s > 3 the next term is positive with the order N*~1,

59



and has order N2In N for s = 3 and N? for 1 < s < 3. At the same time, on non-closed curves for
s > 2, it is negative and has order N*, or N?’In N for s = 2, N — oco. Hence, making a smooth
simple curve into a closed one increases its s-energy for s > 2.

Similar to the break of the order of the main term of s-energy on curves which happens at s =1
(see Theorem A), the next order term for closed curves changes its order from N2 to N*~! when

s = 3. On non-closed curves such a transition happens at s = 2.

V.3 Auxiliary definitions and results.

Let I be a simple closed curve in R%. For an N-point collection wy = {z1,...,2x} CI' we denote

and
Go(wy) = Es(wn) = Fs(wn) = Y gslai, x;),
1<iAj<N
where g,(z,y) is defined in (91). Denote by wy = {Z1,...,Zn} a collection of equally spaced points

on T, i.e. a collection such that L(Z;,Z;+1) = L/N,7=1,..., N —1. This collection will be optimal

in the following sense.

Lemma V.3.1. Let ' € R? be a simple closed curve and s > 0. Then,

Fy(wn) = Fs(@n) (100)
for every N-point configuration wy = {x1,...,xn} CT.
Proof. Denote z;yy :=x; and x;_n :=z;, i =1,..., N. Then,
[N/2]
Fy(wn) = Z L(xi,z;)° = Z ZL (Thy Trgj)”
1<i#j<N == UN-D/2) k=1
J

2

LN/QJ 1 N —$ L / 1 N —S
>N > <N;L(:rk,xk+j)> >N ( Zzlxk“ 1’95’““)) +

J=—1L(N=-1)/2] k=11i=1
70

<.
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—
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L(V

D2l N =S IN/2) /§j N -
+N Z (szl(xk—i@k—i—&-lb = N Z (ZZZ $k+i—1,$k+z’)) +
k=1 i=1

j=1 \i=1 k=1

(vN-1)/2] /5 N —s N2 Iy

j=1  \i=1 k=1 J== LN /2]

Lemma V.3.1 is proved.

The following statement shows by how much the distance between two points on I' and the
length of the shorter arc between them differ as the points get close to each other. For a function
F:T'xT'— R we write F(z,y) 0 as L(z,y) — 0, if for every € > 0 there is a number ¢ > 0 such

that |F(z,y)| < €, whenever z,y € ' and 0 < L(z,y) < d.

Lemma V.3.2. Let s >0 and I' C R? be a simple closed C° curve. Then, for any points x,y € T,

s K(y)°

oL@y + alwy) Lz, y)* (101)

gs(z,y) =

where a(x,y) 0 as L(x,y) — 0.

In particular, for every s > 0 there are constants Mg > 0 and J, € (0, L/2) such that
gs(z,9y) < My - L(z,y)*™*, 2,y €T, 0< L(z,y) < ds. (102)

Our argument does not work if I' is only two times differentiable, since under such an assumption
the Taylor formula only guarantees that gs(z,y) = o(L(x,y)!~%).

Proof of Lemma V.3.2. Given an interval I and a function f : I x I — R? we write
f(t1,t2) 0, as |t} —ta| — 0, if for every € > 0 there is § > 0 such that |f(t1,t2)| < € whenever
|t1 — to] < 9.

Let ¢ : R — R? be a three times continuously differentiable L-periodic arclength parametriza-

tion for I'. Then,

(t1 — t2)?

1
t
9 ¥ (2)

p(t1) — @(ta) = (t1 — t2)¢(t2) +

(tl_t2)3 " 3 p
¥ (t2)+(t1 — t2)°a (t1,t2),

where in view of uniform continuity of ¢ we have af (t1,t2) .0 as |[t; — ta] — 0. Since |¢'| =1,

2 2 . 2
we get L 1¢'|° = 2(¢',¢") = 0 and (¢, ") = |¢"|° + (¢, ¢")=0, that is, |¢"| — (&', ™).
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Hence,

_ 4
[p(tr) — (ta)|” = (1 — t2)* — (“1;2) [ (t2)[* + (02 — t2) "Bt 12),
where ((t1,t2) 0 as |t; — ta] — 0. Then,
_ 2 —s/2
o) = (el = It = (1= 2 e (- o)) =
_ 2
—t—ta] {1 + 8(“24’52) " ()| + (1 — t2)2»y(t1,t2)] , (103)

where y(t1,t2) __ 0 as [t; — ta| — 0, and (101) follows.

As in previous chapters, let d, be the atomic probability measure in R? centered at point z and

wy :={z1N,...,ennN} CT, N €N, be a sequence of N-point sets. Denote by
LN
v(wy) := N ; Oz n

the normalized counting measure supported at points of wy. We write
*
v(iwy)—— Ar, N — o0, (104)

if for every continuous function f: ' = R

1 N
Nzﬂ%M*/ﬂWW,NHm
k=1

T

According to Theorem A the following statement is true.

Lemma V.3.3. Let s > 1 and I' = UL T';, where each I'; is a rectifiable Jordan arc, and | =

m
Y] If {wi =y is a sequence of s-energy minimizing configurations on I' (#wy, = N, N > 2),

7j=1
then

*
viwy)—— Ar, N — oo.

V.4 Proofs for closed curves.

In this section we prove Theorems V.1.1 and V.1.2. Recall, that Wy denotes a collection of N

equally spaced points on I' and wy = {z7,...,2%} is an s-energy minimizing N-point collection
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on I'. To prove Theorem V.1.1 we look for the main term of the difference &(I', N) — Fs(wy). For
s > 1 we have

SS(F;N) - Fs(wN) < Es(wN) - Fs(wN) = Gs(wN)a

and by Lemma V.3.1

Thus,
GS(W?V> Sgs(FvN)_Fs(wN) < Gs(wN)' (105)

Case 1 < s < 3. We shall show that

lim GS(WN ) = lim Gs(@n)

N—oo N2 N—oo N2

= &, (T). (106)
Indeed, choose arbitrary € € (0, ds), where 5 is from (102). Let
Ue=A{(z,y) e T xT': L(z,y) > €}

and

Ve=A{(z,y) e T xT': L(z,y) < €}

By Urysohn’s lemma there is a continuous function f. : R?*? — [0,1] such that fc(z,y) = 1,

(z,y) € U, and fe(x,y) =0, (z,y) € V¢j. Then, since v(wy)—"— Ar, N — oo, we obtain

Gs(wf\f) . . 1 * *
N2 = hmlnfm Z gs(xl,x])

N—oo
1<i#j<N

lim inf
N—oo

. 1 * * * *
> lim — Z gs(xivxj)fe(xi’xj)

1<i,j<N
2//gs(:z,y)fe(Ly)d)\pd)\pz/ gs(x,y) dAp X Ar.
rJr €

Hence, in view of arbitrariness of ¢, we get

. Gs(wy)
l}\rfriloréf N2 > § (T). (107)
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On the other hand,

Gi@n) = Y., g@T)+ D g:T0T). (108)

0<L(fi7§j)<5 L(Ei,fj)ZE

Since v(wy)—— Ar, N — oo,

1 1 .
lim sup 75 }7 95(T;, ;) < lim —5 E 95(@i, Tj) fe(Ti, T5) =
L(E:7;) > 1<i <N

_ / / 95(2,9) fo(, y)dArdAr < Dy(T).
rJr

Below, we will write o(-) and O(-) with respect to N — oco. Using (102) and the equality

N
N1+ 0(1
stz(io()), s> —1, (109)
Pt s+
we obtain
Yoo s@Em) <M, Y L(@iE)t
0<L(fi,fj)<6 0<L(§i,5j)<€
[eN/L] 3— 2
o 1 2M,SN2(1+o(1))
< 2M,L* sN*! == . 110
- ; ks—2 (3—s)L (110)
Thus,
. GS(EN) 2M86375
1 < o, (T
TN S g 0
Letting € — 0, we have
. Gs(wN)
lim sup 5 < @(I), (111)
N—o0 N
which together with (107) and (105) yields (106). From (105) and (106) it follows that
. &(I,N) — Fy(wn)
lim e = &,(I). (112)
Using the representation
N
1 1 1 1
Zk— _5—1'N51+0<N51>’ s> 1, (113)
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one can show that

[NV/2]
Fy(wy) = 2L7°N**! Z k™5 4+ O(N) =
k=1
2L NHe(s) — N LN, s 1 (114)
= S)— ———— o S .
(s —1)Ls ’
Taking into account the equality
N
ZE:lnN—i-v—ko(l), (115)
k=1

where v is the Euler constant, one can also derive that
Fi(@n) =207 'N?In N + 2L~ (y = In2)N? + o(N?). (116)

From (112) with 1 < s < 3 and the representation (114) we get (95). Taking into account (112)
with s = 1 and (116) we deduce (96).
Case s > 3. Upper estimate. Choose again any ¢ > 0 and let § € (0, ¢€) be chosen for this €

from the definition of a(x,y) 0, L(z,y) — 0, in Lemma V.3.2. Then,

Gs(Wn) = Z 9s(Zi, Tj) + Z 9s(Ti, Tj).

0<L(T:,Z;)<6 L(Z;,T;)>0

The function gs(x,y) is bounded as a continuous function on a compact set Us. Thus,

Z gs(@,fj) = O(N2>

L(z,%)>0

For convenience, set ((1) := 1 and

Ns—L s> 3,
ps(N) ==
N2InN, s=3.

From Lemmas V.3.2 and V.3.3 we have

SN s@rys Y (”i’g(@))L@’@)%s

0<L(T;,%;)<d 0<L(T:,%;)<d
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[6N/L]

S O

j=1 =1

sk2(x)

<RSP [ (e 52 ) a pu 01+ 1),

Letting N — oo and then letting ¢ — 0, we finally have

. Gs(@n) _ sC(s —2)k(I)
< .
sue = (V) = 12Le

(117)

Next, we use these inequalities to obtain Theorem V.1.2, which in turn, is used to prove the
lower estimate for s > 3.

Proof of Theorem V.1.2. Let s > 2 and {wj }%_, be a sequence of s-energy minimizing
configurations on I', where we redenote wi = {z1n,...,2nn}, N € N. Set z;_nn = z;n,
TitNN = TiN, ¢ = 1,..., N, and let {(zj, N, ZTjy+1,N)}F_o be any sequence of pairs of points

from w}; located next to each other on I'. Denote

Cn = U(Tjyx N, Tjy+1,8) - N.

We shall show that limpy_o Cny = L.
Let N/ C N be any infinite set such that the limit a := lima/sy_oo Cn is a finite number or

infinity. For every N € N, using convexity of the function y(t) = t~%, we have

IN/2] N
E(T,N) = Es(wi) > Y D l@in, Tipkn) "
k=2

i=1
[(N-1)/2] N N
+ > Dl @ik in) T Uy N Tyan) T Y U@y, T n)
k=1 i=1 Z;:ij
N2 /N = [(N=1)/2] / N —s
S (zz<xi,N,xi+k,N>> YRS (zzm_k,N,xi,m) .
k=2 i=1 k=1 =1
N h /2]
ANCY + (N =1 [ Y iy zian) | =N Y (kL)
i=1 k=—|(N—1)/2]
i#i N k0,1

Oy

+NSCK;S+<N—1)S+1 (L ~

—S8
) = Fy(wn) — L5N*tt 4 N3Cy*
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N . i B (118)
N LN)

It is not difficult to see, that for b > 1 and > —1/b or for b < 0 and —1 < x < 0 we have
(1+2)° > 1+ bx > 0. We also have I(z, N, Zjy+1.8) — 0, N — co. Hence, we can write for large

NeN

1 C
E(T,N) > F(@y) — LN**1 4 N*Cy 4 L*N*+! <1 BEs ) (1 + 2N ) >

_ s SONN®  (s+D1N®
> Fy(Wn) + N°C° + T T s +0o(N®), N —o00, NeN. (119)

By (105) and (117) for s > 3 or (112) for 2 < s < 3, we have

(I, N) — Fy(w . s(w
75(T") := lim sup &l ) ©n) < limsup Gs (@) =0, s>2. (120)
N—o0 N N—o0 N
On the other hand, from the (119), we have
_ sa s+1
7s(T') > a ° + T s T f(a).

Function f(a) has a unique global minimum f(L) = 0 on [0,00]. Then, in view of (120) we can
only have a = L. In view of the arbitrariness of the subsequence {Cn}nen we have

lim l(SUjN’N,xjNJrLN) -N=1L. (121)

N—oo

Taking sequence {jn} so that l(z;y ~,Zjy+1,8) = Awy), N € N, we get that the second equality
in (97).
It is not difficult to see that uniformly over z,y € "

[z —y
=1. 122
|33_17§|n_’0 L(.Zl?,y) ( )

Let sequences of indexes {in}3_, and {pn}3_, be such that 1 < in,py < N be such that
dwy) = |ziy N —xpy.n|, N € N. Choose jy = in, if U(ziy N, Tpy,N) = L(Ziy N, Zpy,N), and

JN = PN, if Uzpy Ny Ziy,N) = L(Tiy Ny ZpyN), N € N Since d(wy) < A(wj) we also have
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Ziny,N — Zpy,N| — 0. Then, as N — oo

i, N — Tpy,N| < S(wy) < |Zjn, N — Tjn+1,N] <1
L(xiNJ\U :BPN,N) l(xjNJV’ ij-H,N) l(xjN7N7 xjN-l—l,N)
Hence,
6 *
lim (WN) =1.
N—oo l(Zjy N, Tjy+1,N)

Taking into account (121), we get the first equality in (97). Theorem V.1.2 is proved.

Lower estimate for s > 3. Let {w} }3_, be a sequence of s-energy minimizing configurations
onI' (wy ={z1n,...,2nnN}, N €N).

Choose any € > 0 and by this € take 0 < h < min{e, L/4} from the definition of the fact that
a(x,y) 0, L(z,y) — 0 in Lemma V.3.2. Denote r(N) := A(wy) - N — L. By Theorem V.1.2, we
have r(N) — 0, N — oco. Then, for N sufficiently large and k < my := |hN/(2L)] we have

L(zin, Tisnn) < kAWY) < ML +1r(N))/2L < h.

Hence, by Lemma V.3.2,

my N

Go(Wi) 22D ) gsl@in, Tiyrw)

k=1 1=1

S

N 2—s

N
> ( ?(ai,n) 26) L(@i,N, Tith,n)

k=1 i=1

>(L+r 322(12 (@i.n) )ZkQ

Then, using Lemma V.3.3, we have for s > 3 (recall that {(1) = 1)

N
. Gs(wy) (s —2) 1 s
lim inf —S@N) > lim — (7 2(1; —2)
N pu(N) T L NRe N & \12" (i) = 2€

_ s¢(s — 2)1(2155)2— 246/5) (123)

Letting € — 0 in (123) and combining it with (117) and (105), we have

lim 58(F7 N) - FS(EN) _ SC(S - Q)K(F)
NE ps(N) 12052
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Using representation (114) we get (93) and (94).

V.5 Proofs for non-closed curves.

In this section we prove Proposition V.2.1. Under its assumptions, curve I' allows a C? arclength
parametrization ¢ : [0, L] — R? with L := |T'| being the length of T.

1. Auxiliary statements. Let s > 2. Note, that |¢/| = 1 and (¢, ¢"”) = 0. By the Taylor
formula

plt) = olta) = (1~ 1)/ (1) + Bl )

Htp — t2)%ad (t1, t2),

where in view of uniform continuity of ¢” we have af (t1,t2) .0 as [t — t2] — 0. Then, taking

into account that |¢'| and |¢”| are bounded, we have
2
p(tr) = (t2)* = (tr = £2)? [¢(t2)|” + (81 — t2)* (¢ (t2), " (t2))+

H(tr — t2)*B(t1, t2) = (t1 — t2)* (1 + (t1 — t2)B(t1, t2))

where ﬁ(tlth):()? ‘tl - t2| — 0. For t; 75 to we have
(1) = p(t2)| ™" = |ty — 1o (14 (1 — 1) Bt 12)) 2 =

= |t1 —to| 7 (1 4 [t1 — t2| (1, t2)) , (124)

where y(t1,t2) 0, [t; — ta] — 0.

For a non-closed curve [(z,y) simply denotes the length of the part of I' between points = and
y on it. By (122), there exists a number wy > 0 such that [(z,y) < 2|z — y| whenever z,y € T,
0<|z—y| < wp.

Take arbitrary € € (0,3) and choose 0 < J, < min{},wo} from the definition of the fact,
that y(t1,t2) 0, [t1 —to| — 0 in (124). Let Z} = {z,2},..., 25} be such that z; = p(%),
i=0,...,N. Then

EML N+ <SE(Zy)= Y |=#-2]"=
0<i#j<N
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oD CEE RED DRNE S

0<i#j<N 0<i#j<N
|z;."—z;.‘|<66/2 ’z;."—z;."Zég/Q

< S eGLIN) = 9 GL/N)[™* + (2/5)° N(N +1).

0<i#j <N

* *
|Zi —z3 <bée/2

Since |27 — 2| < 6¢/2 < wp, we have |i — j| L/N < 2|z — 27| < é.. Then, using (124), we obtain
EM N+ > [(i=GIL/N) " +e(li— I L/N) | + o).
0<i#j<N
‘zrfz;-‘|<55/2
Denote
Do(N):i= > |i=jI% NE€N, a>1
0<i#j<N
Then
E«(,N +1) < (N/L)* Dy(N) + € (N/L)* ' Dy_1(N) + O(N?), N — . (125)

Using (113) and (115), it is not difficult to verify the following statement.

Lemma V.5.1. As N — oo, the quantity Dy,(N) has the following representation

Do(N) =2¢(a)N +2(¢(a) — {(a—1)) + O(N*™), a>2,

2
Dy(N) = %N —2In N + O(1),

Do(N) =2¢(a)N + O(N*™%), 1<a<2,
Di(N)=2NInN + O(N).

Using this lemma, for s > 2 we have
Es(T,N +1) < 2((s)L Nt 4+ 2({(s) — (s — 1))L*N*+

+2¢((s — 1)L 'N*® + o(N*®), N — 0.
Since € > 0 can be taken arbitrarily small, we get

) EsT,N +1) —2((s)L5NsH1
lim sup
N—o0 Ns

< 2(C(s) — C(s — 1)L
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Hence,
Es(T,N) — 2¢(s)L=s N5+
NS

lim sup < —=2(sC(s) +¢(s—1))L°.

N—o0

Let s = 2. Then from (125) and Lemma V.5.1 we have

E(T,N) < L72N?Dy(N) + eL 'ND;(N) + O(N?) =

7.(.2

= EL”N?’ —2L72N?InN 4 2eL7'N?2In N + O(N?), N — oc.

Since € > 0 can be taken arbitrarily small, we get

i E(IT,N) -3~ 17n2L72N3 i EM,N +1) =37 x2L72N3
S = S
Novoo N?ln N Noooo N?In N

< —2L72.

(126)

(127)

A lower estimate can be obtained from the following inequality [39, relation (4.8)] which is true

for s > 1:

> .
E(T,N) > e

L =8

2(N — 1)+ {2 E—1\*"" 1
N-1

k=1
Let s > 2. For 0 <t < 1, we have (1 —t)**! > 1 — (s + 1)t. Hence, we have

N -1 ks’

k=1

1
& (T, N) > 2L *N*H <1 - S;\L[

Using (113), for N sufficiently large, we get

=z

N-1 N-1
— —sprs+1 s+1 1 (S+1) 1 _
—aen (15 (DL G Y L) -

1
& (T, N) > 2L N*H (1 - S;\; >

k=1 k=1
= 2L °N*H! <1 - S;\r,l) (C(s) ks —1) chv(s D, o(&)) —
— 2L—st+1 (C(S) . (S + 1)(4.(8]\7 1) +<(8)) +0(]17)> ’ N — oo.

Then

_ —sn7s+1
L E(DN) = 2((s)LTN
N—o0 Ns
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Combining (126) and (128), we get (98).
Let s = 2. Then,

=2L72 (¢((2)N?® = 3N?InN + O(N?)), N —

8

Hence,
.. &, N)—2¢(2)L72N3
lim inf NZIn N

> —6L72.

Combining this relation with (127), we get (99). Proposition V.2.1 is proved.
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