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Chapter 1

INTRODUCTION

The study of group actions (on spaces) and group representations occupies a central position in
modern mathematics. This relates naturally to the study of von Neumann algebras, as we shall de-
scribe. A von Neumann algebra is a x-subalgebra of Z(.7#) (bounded linear operators on a Hilbert
space 7¢’), containing / (the identity operator), and is closed under the strong operator topology,
abbreviated SOT.(SOT can be thought as “topology of pointwise convergence”: a net of bounded
operators Ty, converges in SOT to a bounded operator T if and only if ||(To, — T)y/|| — O for all
y € ). A von Neumann algebra M is called a factor if the only operators commuting with all
of M are scalar multiples of identity. (i.e. 2°(M) =M NM' = C. Here M’ denotes the commutant
of M inside A(7)). We say M is a type I1; factor if M is infinite dimensional, and has a faithful
tracial state, denoted by 7. In general, if a von Neumann algebra admits a faithful tracial state 7,
we say that M is a finite von Neumann algebra.

Some examples of von Neumann algebras are L0, 1], M, (C), or more generally A(.77).
Note that L]0, 1] is an abelian algebra, while the other two are factors. As it turns out, every
abelian von Neumann algebra (on a separable Hilbert space) is isomorphic to L*(X, i) for some
measure space (X, i). Hence the study of von Neumann algebras can be thought of as a noncom-
mutative measure theory. Other exciting examples of von Neumann algebras are constructed via
group representations and actions, as described below.

The first examples of von Neumann algebras different from the above examples was the so
called group von Neumann algebras of discrete groups. Given a countable, discrete group G, we
define vN(G) to be the SOT closure of the group algebra, C(G) inside %(¢*G). This von Neu-
mann algebra is a factor if and only if the group is i.c.c. (i.e. every non identity element has infinite
conjugacy class. The i.c.c. conditions tells that the group is “highly noncommutative”).

Also, whenever a group G acts a probability measure space (X, L), we can construct a von



Neumann algebra, denoted by L*(X, i) x G. If the G action on (X, it) is measure preserving, free
and ergodic, then we obtain a I1; factor. Also, the algebra L=(X, 1) x G provides a natural setting
for studying the underlying group action. In fact, the dynamics of group actions has an exciting
relation with studying this algebra. Thus many questions in ergodic theory and group represen-
tations can be studied naturally in the von Neumann algebra context. This mutual symbiosis has
been a very active area of research for more than 50 years.

To study analytic properties of a group, like amenability and property (T), it’s desirable to look
for “nice” spaces on which the group acts. Poisson boundary of a group, (%, ), provides a natu-
ral example of such a probability measure space, on which the group acts. In general, the actions
is not measure preserving: in fact, in the case of non-amenable groups, the action on its Poisson
boundary can never be measure preserving. (Nevertheless, L=(%,3) x G is a factor as soon as
vN(G) is a factor, i.e. G is i.c.c). As we shall see below, the study of Poisson boundaries of groups
has been an exciting research area, and has led to a variety of deep results in the rigidity theory of

lattices in Lie groups, including the celebrated Normal Subgroup Theorem of Margulis.

1.0.1 Poisson boundaries of groups

The notion for Poisson boundary of groups was introduced by Fustenberg to study Harmonic
analysis over Lie groups. He was motivated by the Poisson transform in the classical complex anal-
ysis. In the classical case, any real valued bounded harmonic function % on the disc can be written
in terms of a bounded function f on the boundary of D. Notice that the group G = PSL,(R) acts
on D. Then, every bounded harmonic function 4 on 1D determines a bounded harmonic function
(see definition below) /1 on G , by hi(g) = h(g(0)). In fact, every bounded harmonic function on G
arises in this fashion. So, there’s a one-one correspondence between bounded harmonic function
on G and bounded functions on the unit circle. This was the main motivation for Furstenberg to
study the notion of “boundary” of a Lie group, such that bounded harmonic functions on the group
would be in one-one correspondence with bounded functions on this “boundary”. As it turned out,

the notion could be generalized to arbitrary locally compact groups, and the study of the Poisson



boundary has been a beautiful area of research henceforth. In the treatment below, we shall focus
on discrete groups and follow the perspective of Kaimanovich and Vershik [KV83]

Let G be a discrete group, and (1 a symmetric probability measure of G. We say that f € £*(G)
is p-harmonic if P, f = f, where P, f(g) = Yrec f(gx) 1 (x).

Even though the space of p-harmonic functions doesn’t form an algebra, in general, it’s pos-
sible to define a product on the space of harmonic functions to make it into a commutative von
Neumann algebra. The space of harmonic functions with this new product then becomes isomor-
phic to L*(4, B), for some probability measure space (B, f3)- which we call the Poisson boundary
of the group G. There is a natural G action on this space, which preserves the 8 null sets, i.e. is
quasi-invariant. The measure f3 is u-stationary, (i.e. i * 3 = ) and the G action is amenable, (i.e.
L>(%4,B) »x G is an amenable von Neumann algebra).

For the case of the free group on 2 generators, F, = (a,b), with the uniform probability mea-
sure (L on a,a”',b,b~", the Poisson boundary can be identified with the space of one sided infinite
reduced words, with a natural Borel probability measure. This example hints that the Poisson
boundary can be thought of as an “exit boundary” for random walks on the Cayley graph of G.
Indeed, such is the case, (see [KV83]). Therefore the study of Poisson boundaries has natural
interactions with the study of random walks on groups as well.

One of the most striking application of Poisson boundaries was by Margulis’ in his proof of
the Normal subgroup theorem ([Mar78] [Mar79]). The Normal Subgroup Theorem states that: If
H is a lattice in a center free higher rank semisimple Lie group G, then every nontrivial normal
subgroup N of H has finite index. His strategy of showing the finiteness of the quotient H /N was to
show that it’s amenable, and has property (T). The amenability half of the result relied on looking
at the action of G on its Poisson boundary (which is an amenable action). As we shall see, this was

one of the key motivations to study Poisson boundary in the noncommutative setting.



1.0.2  Poisson boundary of finite von Neumann algebras

Based on the Mostow rigidity theorem [Mos73], Margulis’ superrigidity theorem, and Zim-
mer’s cocycle rigidity theorem [Zim80], Alain Connes’ suggested in the early 80’s that to study
superrigidity type phenomenon in operator algebra setting, one should first study Poisson bound-
aries in the setting of operator algebras (see discussion in page 86 of [Jon00]).

In late 90’s Izumi realized that the notion of Poisson boundaries for groups can be extended to
the von Neumann algebra setting by studying fixed points of u.c.p. maps (defined below). Izumi
introduced this notion in [[zu99], and extended the theory further in [Izu02] and [Izul2]. Later
Peterson and Creutz studied the noncommutative boundary in depth in [CP13] and used it to prove
the amenability half of the noncommutative analog of Margulis’ Normal subgroup theorem.

Motivated by the above, in [DP17] we focus on the study of Poisson Boundary of finite von
Neumann algebras arising from regular, symmetric, hyperstates. The contents of this Thesis is

based on the joint work with Dr. Peterson in [DP17]



Chapter 2

PRELIMINARIES

In this section we record a few preliminaries needed for the rest of the paper.

2.0.1 von Neumann algebras, u.c.p. maps and amenability

A von Neumann algebra M is a *-subalgebra of % (), containing 1, and closed under the
strong operator topology. Recall that (.7) carries three natural topologies, namely, the norm
topology, the strong operator topology and the weak operator topology. A deep theorem of von
Neumann states that if M is a von Neumann algebra, then M equals its double commutant, i.e.
M = M". Throughout this paper we shall assume that M acts on a separable Hilbert space.

A linear functional ¢ on M is said to be normal if there exists &, € . ® £2(N) such that
®(T) = (T ®IE,N). A linear functional ¢ is said to be a state, if it is positive, and ®(1) = 1. A
state T on M is said to be tracial is T(ab) = t(ba) for all a,b € M.

We say that M is a finite von Neumann algebra, or a tracial von Neumann algebra, if there exists
a faithful, normal tracial state T on M. Given such a state we can perform the GNS construction,
and get a Hilbert space, denoted by L?(M, 1) or sometimes L>(M) if 7 is fixed. A finite von
Neumann algebra M is a factor if and only if it admits a unique tracial state 7.

An operator system Z is a *x-closed linear subspace of a unital C* algebra 7, containing 1.
We say a map @ : # — o7 is positive, if it takes positive elements of & to positive elements os
/. We say @ is unital, if (1) = 1. Such a map P induces linear maps ®, from Z @ M,(C) —
P @M, (C), by acting on each matrix coordinate. We say that ® is completely positive, if ®,, is
positive for all n € N. We say that ® is normal, if ¢ o ® is normal, for all normal linear functionals
0.

One example of normal u.c.p. map is given by unital homomorphisms between C* algebras. In

fact, Stinespring Dilation theorem says that, up to dilation, those are the only examples.



A very imporant class of examples of u.c.p. maps are Conditional Expectations. Let % be
an operator system in A(). A map & : B(H) — 2 is said to be a conditional expectation,
if it’s u.c.p., and &0 & = &. In that case, A is said to be an injective operator system. A von
Neumann algebra M is said to be amenable, if it is injective as an operator system. A deep theorem

of Connes’ asserts that M is injective, if and only if, M is hyperfinite.



Chapter 3

BOUNDARIES OF FINITE VON NEUMANN ALGEBRAS

In this chapter we record the main results and proofs of the thesis. The results here are from

the joint work in [DP17], with Dr. Peterson.

3.1 Hyperstates and bimodular u.c.p. maps

Fix a tracial von Neumann algebra (M, 7), and suppose we have an embedding M C </ where
o/ is a C*-algebra. Given a state ¢ € .o/ we will say that ¢ is a T-hyperstate (or just a hyperstate
if 7 is fixed) if it extends 7. We denote by .7 (<) the convex set of all hyperstates on .o/ To each a
hyperstate ¢ we obtain a natural inclusion L?(M,T) C L*(#, ¢) induced from the map x1; — x1,
for x € M. We let ey € B(L*(/,@)) denote the orthogonal projection onto L?(M, ). We may

then consider the unital completely positive (u.c.p.) map P, : &/ — B(L*(M, 7)), defined by

Po(T) = eyTey, T €. 3.1)

Note that if x € M C o/ then we have Py (x) = x. We shall refer to the map &, as the Poisson
transform (with respect to @) of the inclusion M C <7.
The following proposition is well known, and implicit in [Con76b]. We include a proof for the

benefit of the reader.

Proposition 3.1.1. The correspondence ¢ — Py, defined by (3.1) gives a bijective correspondence
between hyperstates on M, and u.c.p., M-bimodular maps from </ to B (L2 (M, 1)). Moreover, if
</ is a von Neumann algebra, then & is normal if and only if ¢ is normal.

Also, this corresondence is a homeomorphism where the space of hyperstates is endowed with
the weak*-topology, and the space of u.c.p., M-bimodular maps with the topology of pointwise

weak operator topology convergence.



Proof. First note that if ¢ is a hyperstate on .27, then for all T € </ we have

From this it follows that the correspondence ¢ — & is one-to-one. To see that it is onto, suppose
that 2 : o/ — B(L*(M, 1)) is u.c.p. and M-bimodular. We define a state ¢ on </ by ¢(T) =
(2(T)1,1)¢. For all y € M we then have ¢(y) = (Z(y)1,1); = 7(y), hence ¢ is a hyperstate.

Moreover, if y,z € M, and T € </ then we have

(Po(T)y,2)r = (Py(z"Ty)1,1) (3.2)

= @ Ty) = (P(T)y,2),

hence, #Zy = Z.

It is also easy to check that &y is normal if and only if ¢ is.

To see that this correspondence is a homeomorphism when given the topologies above, suppose
that ¢ is a hyperstate, and @, is a net of hyperstates. From (3.2) and the fact that u.c.p. maps are
contractions in norm we see that 22, converges in the pointwise weak operator topology to
if @q converges weak™ to . Conversely, setting y = z = 1 in (3.2) shows that if &2, converges in

the pointwise weak operator topology to 2, then @q converges weak™ to @. [l

Considering the case ./ = %(L*(M, 7)) we see that to each hyperstate on % (L*(M, 1)) we
obtain a u.c.p. M-bimodular map on %(L*(M,7)). In particular, composing such maps gives a
convolution operation on the space of hyperstates. More generally, if <7 is a C*-algebra, with
M C <, then for hyperstates € .7*, and ¢ € Z(L*(M,7))* we define the convolution ¢ * y to

be the unique hyperstate on .o/ such that

We say that y is @-stationary if we have ¢ x ¥ = y, or equivalently, if &7, maps into the space



of Z,-harmonic operators
Har(B(L2(M, 7)), Z) = {T € B(L*(M. 7)) | Zo(T) =T},
Lemma 3.1.2. For a fixed y € /(<) the mapping
T(B(LM, 7)) 2 @~ pxy € S2()

is continuous in the weak™-topology.

Moreover, if ¢ € B(L*(N, 7))y is a fixed normal hyperstate, then the mapping
S )2y oxy € S(H)

is also weak*-continuous.

Proof. By Proposition 3.1.1 the correspondence ¢ — &, is a homeomorphism from the weak*-
topology to the topology of pointwise weak operator topology convergence, this lemma then fol-

lows easily from (3.3). [

3.1.1 Poisson boundaries of /I; factors

If ¢ € 7(%(L*(M,7)) is a hyperstate then we define the Poisson boundary B, of M with
respect to @ to be the noncommutative Poisson boundary of the u.c.p. map &, as defined by Izumi
[Izu02] (see the next section for an explicit construction).

The Poisson boundary contains M as a subalgebra and the inclusion (M C By) is determined
up to isomorphism by the property that there exists a completely positive isometric isomorphism
P : By — Har(%(L*(M, 1)), Py) which restricts to the identity map on M. We will always
assume that & is fixed and we also call & the Poisson transform.

Given any initial hyperstate @y € .7;(%(L*(M,1))) we may consider the hyperstate given by

@oo & on By. Of particular interest is the state 17 on By, arising from the initial state x — <xi, i>,

9



which we call the stationary state on B, In this case it is easy to see that we have &%, = &, and

hence o xn = 1.

Proposition 3.1.3. Let (M, 1) be a tracial von Neumann algebra and take ¢ € .77(B(L*(M,1))),

then the Poisson boundary By is injective.

Proof. If we take any cluster point E of in the topology of pointwise weak operator topology
convergence, then E : B(L*(M,t)) — Har(%(L*(M, 1)), Py) gives a conditional expectation.
As B is isomorphic to Har(%(L?(M, 7)), Z,) as an operator system it then follows that By, is

injective. H

The trivial case is when @, (x) = (x1,1); in which case we have that &, = id, and the Poisson
boundary is nothing but %(L*(M,)). Note that ¢, gives an identity with respect to convolution.
Also note that if ¢ € Z(L*(M,))* is a hyperstate, then we have a description of the space of

harmonic operators as:
Har(B(L*(M, 1)), Py) = {T € B(L*(M,7)) | (aTh) = @.(aTb) for all a,b € M}.

Since Zy is M-bimodular it follows that Z2y(M’) C M'. We say that ¢ is regular if the
restriction of %2, to M’ preserves the canonical trace on M’, and we say that ¢ is generating if M
is the largest *-subalgebra of %(L?(M, 1)) which is contained in Har(%(L*(M, 1)), ). If ¢ is
regular, then the conjugate of ¢ is given by ¢*(T') = ¢(JT*J), which is again a hyperstate. We’ll
say that ¢ is symmetric if it is regular and we have ¢* = ¢.

Regular, generating, symmetric hyperstates are easy to find. Suppose (M, 7) is a separable
finite von Neumann algebra with a faithful normal trace 7. We consider the unit ball (M); of M as
a Polish space endowed with the weak operator topology, and suppose we have a ¢-finite measure

p on (M) such that [x*xdu(x) = 1. We obtain a normal hyperstate as
o(T) = [(T¥.2)du(x) G4

10



and using (3.2) we may explicitly compute the Poisson transform #, on Z(L*(M, 7)) as

P(T) = / (") (JxT) dp (x).

Proposition 3.1.4. Consider ¢ as given by (3.4), then

1. @ is generating if and only if the support of L generates M as a weakly closed subalgebra of

B(L*(M, 1)) containing the identity.
2. @ is regular if and only if [xx*du(x) = 1.

3. If @ is regular then Py+(T) = [(JxJ)T (Jx*J)du(x) and @ is symmetric if JojL = I, where

J is the adjoint operation.

Proof. If the support of u generates a weakly closed subalgebra M\ containing the identity such
that Mo # M, then we have [Jx*J,ey,] = O for each x in the support of u. Hence, 2y (T) =
J(IxJ)T (Jx*J)du(x) =T, for each T in the x-algebra generated by M and ey,. Therefore, ¢
is not generating. On the other hand, if T € Har(%(L*(M, 7)), Z,) is such that we also have

T*T € Har(%(L*(M, 7)), P,) then for each a € M we have

JIenT =1x0)al3du ()

— (T* Pp(1)T — Py(T*)T — T* Py(T) + P (T*T))a, ) =0

Hence, [JxJ,T| = 0 for p-almost every x € (M);. Therefore, if the support of y generates M as a
weakly dense subalgebra containing the identity then we then have that T € JMJ' = M, showing
that ¢ is generating.

If y € M then we have Py (JyJ) = [Jx*yxJdu(x). Hence, we see that ¢ is regular if and
only if for all y € M we have 1(y) = [ T(x*yx)du(x) = [7(xx*y)du(x), which is if and only if
Jxx*du(x) = 1.

11



If @ is regular then

0" (T) = (JT*J) = / UT* I, ) du(x)

_ /(ﬁ,T*£> dp(x) = /<T§,ﬁ>dJ*u(x).

Therefore, if J.u = u then ¢ is symmetric. [

The following lemma is well known, see, e.g., [FNW94], or Lemma 3.4 in [BJKWO00]. We

include a proof for the convenience of the reader.

Lemma 3.1.5. Suppose A is a unital C*-algebra with a faithful state ¢. If & : A — A is a u.c.p.

map such that ¢ o & = @, then Har(A, &) C A is a C*-subalgebra.

Proof. Har(A,Z?) is clearly a self-adjoint closed subspace, thus we must show that Har(A, &)
is an algebra. By the polarization identity it is enough to show that x*x € Har(A, %?) whenever
x € Har(A,Z?). Suppose x € Har(A, 7). By Kadison’s indequality we have & (x*x) —x*x =
P(x*x) — P(x*)P(x) > 0. Also, ¢(Z(x*x) —x*x) = 0 so that by faithfulness of ¢ we have
P(x*x) = x*x. O

Proposition 3.1.6. Let M be a finite von Neumann algebra with a normal faithful trace T. Let
¢ € B(L*>(M,7))* be a regular generating hyperstate, and let By be the corresponding Poisson

boundary, then M' "By = 2 (M). In particular, when M is a factor then so is Bg.

Proof. Let & : By — Har(%B(L*(M, 1)), Z,) denote the Poisson transform. If x € M’ N By, then
P(x) e M'NB(L*(M, 7)) = JMJ. Since @ is regular, P, preserves the trace when restricted to
JMJ. Thus, Har( @(p,JMJ ) is a von Neumann subalgebra of JMJ by Lemma 3.1.5, which must be
Z (M) since ¢ is generating. Therefore, & (x) € Har(Zy,JMJ) = Z(M),and hence x € 2 (M)

since 7 is injective. O

If @ is a normal hyperstate in .%;(%(L*(M, 1))), then P, : B(L*(M,7T)) — B(L*(M,7)) is a
normal map, and hence the dual map &, preserves the predual of % (L*>(M, 7)) which we identify

with the space of trace class operators.

12



We let Ay € %(L*(M, 7)) denote the density operator associated with @, i.e., A is the unique
trace class operator so that ¢(T) = Tr(A,T) for all T € (L*(M, t)). Since ¢ is positive we have
that A is a positive operator. If P; denotes the rank one orthogonal projection onto C1, then we
have 9(T) = (Py(T)1,1) = Tr(Py(T)P;), and hence we see that Ay = P4 (Py). In particular we
have that Ag = (974)"(P;) forn > 1.

Proposition 3.1.7. Let ¢ € .7;(B(L*(M,7))) be a normal hyperstate, then there exists a T-

orthogonal family {z,}, which gives a partition of the identity as 1 =Y., 2}z, so that

Po(T) =Y (Jzp )T (Jz] )

n

forall T € B(L*(M,7)).
Moreover, if {Zn}m is a t-orthogonal family which gives a partition of the identity as 1 =

Y. 25 Zn, then the map Y., (JZ;J)T (JZ,J ) agrees with P if and only if for each t > 0 we have

sp{zn | llznlla =1} = sp{Z [ [1Znll2 = 1}-

Proof. Since Ay is a positive trace class operator we may write Ay = Y, a,P,, where ay,as, ... are
positive and {y, }, is an orthonormal family with P, denoting the rank one projection onto Cy;,.

For T € %(L*(M, 1)) we then have

TI‘(TA(p) = Zan<TYn7Yn>'

Taking 7 = x*x € M we have a, ||xy, |5 < Tr(x*xA) = ||x||3, so that y, € M C L?*(M, 7) for each

n. Hence, for T € B(L*(M, 1)) we have

Tr(Zy(T)P;) = Tr(TAy) = <Zan.]yn Jyj;J)i,i>
Ty ((z an (Jynm(fy:;f)) Pi) -

13



Since Z, is M-bimodular and since Jy,J € M it follows that for all x,y € M we have

Tr(P (T )xPyy) =Tr ((;an(-])’n‘] )T (Jynd )) xPiy) :

In particular, setting 7 =y = 1 we have

T(x) = Zanf(y:)’nx)7

which shows that Y, a,y,y, = 1.

Since the span of operators of the form xP;y is dense in the space of trace class operators it
then follows that P (T) = ¥, an(Jy,J)T (Jy}J) forall T € B(L*(M, ). Setting z, = \/dyy}; then
finishes the existence part of the proposition.

Suppose now that {Z, },, is a T-orthogonal family which gives a partition of the identity 1 =
Y. ZnZn, and set §(T') = Tr((¥,(JZ:J)T (JZ,J))P;). Then, the density matrix corresponding to @ is
Y. 2 PiZn. Since {Z,}, forms a t-orthogonal family it then follows easily that Z;, is an eigenvector
for Ag, and the corresponding eigenvalue is ||z}|3 = ||z./|3. Since {z,}, above was constructed
using any orthonormal basis of eigenvectors from A, the rest of the proposition then follows easily.

]

We say that the form P,(T) = Y., (JzJ)T (JzaJ) (resp. ¢(T) = ¥,,(Tz;,25)) is a standard
form for &, (resp. ).
Remark: It follows from 3.1.4 that ¢ is generating if and only if the weakly closed subalgebra

generated by {z,,} is M
Proposition 3.1.8. If ¢ is generating then the stationary state  on By is faithful.

Proof. By considering the Poisson transform, it suffices to show that ¢ is faithful on Har(%,). Let
T € Har(P,), with T >0 and ¢(T) = 0. Let ¢(S) = ¥,(Sz;, ;) be the standard form of ¢. Then
@(T) = 0 implies that Tz" = 0 for all n. Since T € Har(Zy), we have that g@é‘,(T) =Po(T)(=T).

So, we have that (p*k(T) =0 for all k > 1. As ¢ is generating, we get that 7m = 0 for all m € M,
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and hence T = 0. This shows that ¢ is faithful on Har(%y), and thus the stationary state { on By

is faithful. [

3.1.2 Construction of the boundary

In this section, we give an explicit construction of the boundary, based on the Bhat’s dilation
theorem [Bha99]. The author first learned about this construction from Dr. Peterson.

Poisson boundaries of completely positive maps were first defined by Izumi in [Izu02] using
the Choi-Effros product from [CE77]. Izumi further developed the theory in [Izu04], and in [Izul2]
he credits Arveson with the description of Poisson boundaries as the fixed point algebra of Bhat’s
dilation, and this is the perspective we take here.

If A C B(H) is a unital C*-algebra, and ¢ : A — A a unital completely positive map, then a
projection p € A is said to be coinvariant, if {¢"(p)} defines an increasing sequence of projections
which strongly converge to 1 in (), and such that for y € #(#) we have y € A if and only if
0" (p)y9"(p) € A for all n > 0. Note that for n > 0, ¢"(p) is in the multiplicative domain for ¢, and
is again coinvariant. We define ¢, : pAp — pAp to be the map ¢,(x) = p¢(x)p, then ¢, is normal
unital completely positive. Moreover, we have that q),’,f (x) = p¢*(x)p for all x € pAp, which can be

seen by induction from

po*(x)p = po* ' (p)o* (x)9* ' (p)p = po* ! (9, (x))p.

Theorem 3.1.9 (Prunaru [Pru09]). Let A C B(.H) be a unital C*-algebra, ¢ : A — A a unital
completely positive map, and p € A a coinvariant projection. Then the map 0 : Har(A,¢) —
Har(pAp,¢,) given by 0(x) = pxp defines a completely positive isometric surjection, between
Har(A, ¢) and Har(pAp, ¢).

Moreover, if A is a von Neumann algebra and ¢ is normal then 0 is also normal.

Proof. First note that 6 is well-defined since if x € Har(A, ¢) we have ¢, (pxp) = pd(p)x¢(p)p =

pxp. Clearly 6 is completely positive (and normal in the case when A is a von Neumann algebra

15



and ¢ is normal).
To see that it is surjective, if x € Har(pAp, ¢,) then consider the sequence ¢"(x). For each

m,n > 0, we have

9" (p)9" " (x)8" (p) = 9™ (p9" (x)p) = ¢" (9 (x)) = 9" (x).

It follows that {¢"(x)} converges in the strong operator topology to an element y € Z () such
that " (p)y¢™(p) = ¢™(x) for each m > 0, consequently we have y € A.

In particular, for m = 0 we have pyp = x. To see that y € Har(A, ¢ ) we use that for all z € A we
have the strong operator topology limit

lim ¢(9"(p)z9"(p)) = 0" (p)9(2)9" " (p) = ¢(2),

n—oo

and hence

¢(y) = lim ¢(¢™(p)y¢™(p)) = lim "' (x) =y.

m—yoo m—yoo

Thus 6 is surjective, and since ¢"(p) converges strongly to 1, and each ¢"(p) is in the multi-
plicative domain of @, it follows that if x € Har(A, ¢) then ¢"(pxp) converges strongly to x and

hence

Il = Tim (19" (pxp)|| < llpxpl| < ]
Thus, 6 is also isometric. ]

Corollary 3.1.10 (Izumi [Izu02]). Let A be a unital C*-algebra, and ¢ : A — A a unital completely
positive map. Then there exists a C*-algebra B and a completely positive isometric surjection
0 : B — Har(A,¢).

Moreover B and 0 are unique in the sense that if B is another C*-algebra, and 0 : B —
Har(A, ¢) is a completely positive isometric surjection, then =1 o 0 is an isomorphism.

Also, if A is a von Neumann algebra and @ is normal, then B is also a von Neumann algebra

and 0 is normal.
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Proof. Note that we may assume A C A(J). Existence then follows by applying the previous

theorem to Bhat’s dilation. Uniqueness follows from Theorem ??. [

We refer to the C*-algebra B from the previous corollary as the Poisson boundary of ¢, and

we refer to the map 0 as the Poisson transform.

Corollary 3.1.11 (Choi-Effros [CE77]). Let A be a unital C*-algebra and F C A an operator
system. If E : A — F is a completely positive map such that E|p = id, then F has a unique C*-
algebraic structure which is given by x -y = E(xy). Moreover, if A is a von Neumann algebra and

F is weakly closed then this gives a von Neumann algebraic structure on F.

Proof. When A is a C*-algebra this follows from Corollary 3.1.10 since Har(A,E) = F. Also note
that since E" = E it follows from the proof of Theorem 3.1.9 that the product structure coming
from the Poisson boundary is given by x-y = E(xy).

If A is a von Neumann algebra and F is weakly closed then F has a predual F| = {@ € A, |
¢(x) =0, for all x € F} and hence A is isomorphic to a von Neumann algebraic by Sakai’s theo-

rem. -

Note that if A is a C*-algebra, F C A an operator system, and E : A — F completely positive
with E|r = 1d, then we still have a form of bimodularity for £ when we endow F* with the Choi-
Effros product from Corollary 3.1.11. In this case though the bimodularity is with respect to two

different product structures, i.e., we have
E(xay) =x-E(a)-y,
forall x,y e F,a € A.

3.2 Bi-harmonic operators

If ¢ € .7;(%(L*(M,7))) is regular and normal then we define P 1o be the u.c.p. map given

by Zg = Ad(J) o Py 0 Ad(J). Note that &g and 9, commute for any normal hyperstate 7).
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Indeed, if we have standard forms Py (T) = Y¥,,(Jz;J)T (JzJ) and Py (T) = ¥, (Jyid )T (JymJ)

then by Proposition 3.1.4 we have Z¢(T) =}, 2,7z, and hence
P40 Py(T) = Pyo Po(T) =Y. 2a(Jys )T (Jym] )z
n,m
The following is a noncommutative analogue of double ergodicity which was established in

[KaiO3].

Theorem 3.2.1. Let ¢ € .7 (AB(L*(M,7))) be a normal regular generating hyperstate, then
Har(B(L3(M, 1)), P) O Har(B(L3(M, 1)), 25) = Z(M).

Proof. We fix a standard form &y(T) =Y., (Jz,J)T (JzuJ), so that we also have Z¢(T) =¥, zmT 2,
We identify the Poisson boundary B, with Har(%(L*(M,1))), and let { denote the stationary state

on By, which is faithful by Proposition 3.1.8. For T € By, we have

LZG(T)) = (PG(T)1,1) = (P(T)1,1) = {(P(T)) = {(T).

By Lemma 3.1.5 we then have that By = Har(By, &/,

| B(p) is a von Neumann subalgebra of By.

If p € By is a projection and & € L*(By, {) then

Y lpziptEl3 =Y (apziptC. pE) =0.
n n

We must therefore have || pzip=& |2 = 0 for each n, and hence pz} = pzp, for each n. Repeating
this argument with p and p= reversed shows that Z4p = pz,;p, so that p € M' N B,. Since p was an

arbitrary projection we then have By C M’ N By, and by Proposition 3.1.6 we have By = 2'(M). [
The previous result allows us to obtain an analogue of the Choquet-Deny theorem.

Corollary 3.2.2 (The Choquet-Deny theorem). Suppose M is abelian and ¢ € .%(%(L*(M,7)))
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is a normal regular generating hyperstate, then
Har(B(L*(M, 1)), Py) = Z (M) = M.

Theorem 3.2.3. Let ¢ € .7;(B(L*(M,1))) be a normal regular generating hyperstate, suppose
C C By is a weakly closed M-bimodule. If 6 : M — C is a norm continuous derivation then there

exists ¢ € C so that 6(x) = [x,c| for x € M. Moreover, ¢ may be chosen so that ||c|| < ||9]).

Proof. We first view § as a derivation from M into #(C) C Har(2,) C %(L*M, t). Henceforth,
we shall identify C with #(C). Since L*(M, 7) has a cyclic vector for M, §(m) = mT — Tm for
some T € %(L*M, 7). (Theorem 5.3, [Chr78]). Taking the conditional expectation onto Har( %),

we may assume T € Har(Zy). Note that by our hypothesis, z,,6(z,) € C. So we get:

Y wnd(zp) =Y wmzn T =Y amTz =T — Po(T)

The left hand side of the above equation defines an element of C. So, T — @g(T) €C. As 75
leaves C invariant (as C is an M-bimodule), by induction we get that T — (975)"(T') € C for all
n > 1. So, we get:
1 i o\n
T— N};(Qﬂ,) (T)ecC

1
But, N N (#75)"(T') has a weak operator topology limit point z € Har(£7g). As z € Har(Z)

as well, we get by theorem 3.2.1, that z € 2°(M). So, T = (T —z)+z€C O

Theorem 3.2.4. Let (M, 1) be a tracial von Neumann algebra, and suppose T € B(L*(M, 7)),
then

dist(T, 2°(M)) < |67 s || + |67 -

Proof. Let Py(x) = Y; wiJu;JxJuiJ, where uis € % (M), 1; > 0,Y; 1t; = 1, and span{u;1; } form a
dense set in L>(M, 7). Then, P is anormal u.c.p. map, which corresponds to a regular, symmetric

hyperstate ¢@.
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Note that

1T = Ju; JTJuid || = |[Juid , T|| < {87 pr |

So, we get:

1y
1T - Y, 25T <161l
n=1

But, ¥V | Z4(T) has a weak operator topology limit point § € Har(Z%). By same techniques as
above, we get:
1 N
15—~ 21(95)"(5)“ < [|8sym |
n=
It’s easy to see that |[ds)p|| < ||O6rm[|. Now, let R be a weak operator topology limit point of
1

N 1,;':1(3”((;,)”(5). Note that R € Har(#,) NHar(75) = 2°(M). So,

dist(T, Z/(M)) < [T = R|| < [|T =S|+ | = RI| < || [ + |07l

Corollary 3.2.5. If M is an injective 11} factor, then dist(T,M") < [kzarval

Proof. Since M’ = JMJ is isomorphic to L(S«), by [KV83], there exists a regular, symmetric,
generating hyperstate ¢ such that Har(%?,) = M’. Then, by same techniques as above, we can find

R € Har(Zy) = M’ with ||T —R|| < [|ry||. Hence, dist(T, M) < [|7 ] O

Remark: M C By has the weak relative Dixmier property, in the sense of [Pop00]. The proof

follows from theorem 3.2.1.

3.3 Entropy
3.3.1 Asymptotic entropy

We let M be a tracial von Neumann algebra with a faithful normal tracial state 7. For a normal

hyperstate ¢ € .7;(%(L*(M,7))) we define the entropy of ¢, denoted by H(¢), to be the von

20



Neumann entropy of the corresponding density matrix Ag:

H(g) = ~Tr(Aglog(4y)).

If we have a standard form @(T) = ¥,,(Tz*,z*) then we may compute this explicitly as

H(p) =~ l|zull3log(|lzu13)-

Theorem 3.3.1. If ¢ and v are two normal hyperstates with y regular, then

H(opxy) <H(p)+H(vy)

Proof. Let Ay and Ay, be the corresponding density matrices and &2, and &2y, be the correspond-

ing u.c.p. M-bimodular maps. Let {a;}ic; and {c;}c; be T orthogonal families, as in proof of
guc.p p jri g

proposition 3.1.7, such that Ay = ) ;P and Ay = L VP Let b; = Ja;J and d; = Jc;J. Then
i j

b;,d; € M'. We have that:

P Z uibTh} and 2y (T Zv,d Td;.

Since  is a regular hyperstate we have that } vid;'d; =} vid;d] = 1. Since @ is a hyperstate, we
i i

have that ) 1;6;b7 = 1. Now,
i

H(Apry) = ZTr 1;Vib;d; Pid bi10g(Ag.y)].
i,J

But

bjd;Pidsbi = t(bibid;d;) Py

So,

Apsy = Zu,v]b d;Pydjb; > w;v;t(bib;did;)P,
ivj

b*d*
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for each i, j.

Thus

_log(A(P*Vf) = —log Z,LL,V]b d;(Pidjbl) < —log(([.l,'Vj (bb d d; )) b*d*>
7.]

for each i, j, as log is operator monotone.

So,

H(Apsy) < = Y Trluvjt(bibid;d;)P, b log(w;v;t(bib;d;d;) ,,*d*>]
LJ

= =) Trluvt(bibidid;)P 5 d*log(,u,v] (bibid;d,) ZTr[u,v, (bib}d;d;)P; log(P@)]
ij iJj o

= —Zuzvj t(bibid;d;)log(wiv,t(bibidid,),
as the second term vanishes, and Tr(Pb*d*) = 1. Now definemon I x J by m(i, j) = w;v;t(b:bjdjd;).
Note that Zm(i,j) =V;T (Z,u,b bididj) = v;t(d;d;j) = v; and
Ym(i,j) = (Z Vib; b*d* d;) = uit(bib}) = ;. We claim that
J

H(m) = — Zm(i,j) log(m(i, j)) <H(u)+H(Vv).
ij
Proof of claim:

H(m) = — Y. m(i, j)log(m(i. )

L,j

:—Zu,v, ©(bib;d;d;)log(uiT(bib;d}d)) Z,u,v] (bibid;d;)log(v;)

= —Zu,v] ©(bib;d;d;)log(u;) Z,u,v] ©(bib;d;d})log(V;) Z,u,v] ©(bib;d;d;)log(t(bibid}d;)).

Note that in the above sum, the first term is H () (summing over j we get — Y ;T(b;b})log(u;) =
i
— Z tilog(u;)), and the second term is H(V). So, the inequality will be satisfied if we can show:

Zu,v, (bib}d}d;)log(t(bib}d;d;)) > 0.
7]
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Let n(x) = —xlog(x) for x € [0,1]. Note that n is concave, and so (Y aix;) > Y a;n(x;)
i i

whenever o; > 0 and Z o =1.

1

So,

—Zu,v] (bibid;d;)log(t(bib}d;d)) Zu,v]n (bibid;d;))
—Zulzvm (bibjd;d,)))
<Zu, Zv, ©(bibid;d))

_Zu, T(bib})) =0

H *n
Corollary 3.3.2. If ¢ is a normal, regular hyperstate, then the limit lim (™) exits.

n—eo 1

Proof. The sequence {H(¢*")} is subadditive by Theorem 3.3.1 O

The asymptotic entropy /(@) of a normal regular hyperstate ¢ is defined to be the limit

3.3.2 A Furstenberg type entropy

Suppose G is a Polish group and u € Prob(G). Given a quasi-invariant action G*(X, V) the

corresponding Furstenberg entropy (or p-entropy) is defined [Fur63, Section 8] to be

(%0

If we consider the measure space (G X X,V x 1) then we have a non-singularmap 7 : G x X —

) av(x)du(s).
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G x X given by m(g,x) = (g,g~ 'x), whose Radon-Nikodym derivative is given by

dg= v
dv

dr(pu x v)

A V) (x,8) =

(x).

We may thus rewrite the p-entropy as a relative entropy

= [0 (d” v X“><g,x>) d(v % 1) = S((v )| (v x ).

Let (M, 7) be a tracial von Neumann algebra, ¢ a normal hyperstate for M, and </ a C*-algebra,
such that M C 7. Let { € .7;(/) be a faithful hyperstate. Let A : L>(/,8) — L*(, &) be the
modular operator corresponding to §, and consider the spectral decomposition Ay = [ AdE(4).

Since |y = 7, we have a natural inclusion of L?>(M, 7) in L?(.«Z, {). Let e denote the orthog-
onal projection from L?(.e7,{) to L>(M, ). The entropy of the inclusion (M, 1) C (<7, {) with

respect to ¢ is defined to be

ho(M C f,0) = /log Vd@(eE(L)e).

Example 3.3.3. If T is a discrete group, . € Prob(I") and T\*(X, V) is a quasi-invariant action,
then we may consider the state ¢ on B((°T) given by ¢(T) = [(T8y,8,)du(y), and we may
consider the state { on L™(X,v) x I C B((PTRL*(X,V)) given by { (Lyerayuy) = [acdv. Note
that we have that in this case we may compute @ x § (Zyera}/u)/) = [a.du xv. The modular
operator A¢ is then dffiliated to the von Neumann algebra °TQL”(X,V), and we may compute

this directly as
dy~lv
dv

Ag(1,x) = (%)

We also have that the projection e from (?TRL*(X,v) — (T is given by id® [. Thus, it follows that

the measure dQ(eE (A )e) agrees with da. (1L X V), where o, : I x X — R is the Radon-Nikodym

cocycle, a(y,x) = d’;;vlv (x).
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In this case we then have

ho(LT C L(X,v) ¥ T, {) = — /mg(z)d(p(eE(z)e)
-1
= [[10e (dtlv V(x)) (v x 1) = hy(a,V).

Lemma 3.3.4. Let ¢ € .7;(%B(L*(M,7))) be a normal hyperstate and write ¢ in a standard form

o(T) =Y, (TZ:,23). Suppose of is a C*-algebra with M C of and { € (<) is a hyperstate.
Then if ho(M C <7, {) < oo we have that 7,1, € D(logA¢) for each n and

ho(M C /,§) =Y (logAszile,zils) = inmlz(c(znof(z:;)) —1).

- =01

AL 1

Proof. As o/ 1 forms a core for Sy we get that 7,1, € D(log(A¢)). Also, we know that 1iII(l) Ct &=
t—
ilog(A¢)S, for all § € D(A¢). So, we have that
ho(M C o ,C) = —¢(elog(A¢)e)
=) (logAcz,1e.251¢)
. . Ai&;t —1 % U | Cox
:z;<zn}% ” Zyle, 1g) :z}%;;(é(znq (zy))—1).
[

Example 3.3.5. Fix two normal hyperstates ¢, € .%;(B(L*(M,t))) such that ¢ is regular, and {
is faithful, and consider the case <f = B(L*(M,t)). Then the density operator A¢ is injective with
dense range and the modular operator on L*(%(L*(M, 1)), {) is given by Ae(Tle) = ACTAgl le,
for T € B(L*(M,7)) such that T1¢ € D(A¢), so that log(A¢)(T1¢) = (Ad(logA¢)T) 1, where
Ad(logA¢)T = (logA¢ )T — T (logAy).

We also have that the projection e : L*(B(L*(M,7)),{) — L*>(M,t) is given by e(Tly) =
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P¢(T)1y. Therefore, elogAgexl, = P¢(Ad(logA¢)x) 1 = P (Ad(logAy))xl:. Hence,

ho(M C B(L*(M,7)),§) = ¢(P¢(Ad(logAy)))
=Tr(Ay.;Ad(logAy))
=Tr(Ag.glogAy) — (logAg s, 17).
Where the last equality follows since @ is regular.
We recall the following two lemmas from works of D.Petz

Lemma 3.3.6 (D.Petz: Properties of relative entropy of states of von Neumann algebras). Let A;

be positive, self adjoint operators on 7, j = 1,2 If T : 74 — F is a bounded operator such that:

* T(Z2(A1)) € 7(Aa)
* ATS[| <[IT]]-lAG]] (§ € Z(A1)),

then we have for eacht € [0,1], and § € Z(A)),
1A TEN < |IT||-[|AV &l

Lemma 3.3.7 (D Petz). Let A be a positive self adjoint operator and & € 9(A). Then:

AP )
t—0+ t

exists. It’s finite or —eo and equals [logAd(E; &, &) where [log AdE} is the spectral resolution
0 0

of A.

- 2
L 118g%z; 1e] P~ ez 1|

Corollary 3.3.8. hy(M C o7 ,() = — liron .
1—0+

Lemma 3.3.9. hy(M C «7/,{) >0
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Proof. Let P¢(T) =eTeforT € &
(using the operator Jensen’s inequality; recall that log is operator concave).
Now, eAe < eAe =1. So, Py o0 P¢(A,) < 1. As log is operator monotone, we get that log(F o

P¢(An)) <log(I) = 0. Hence we are done. O
Theorem 3.3.10. Let ¢,y € .7 (B(L*(M,1))) be two normal hyperstates such that  is regular;
and suppose <f is a C*-algebra with M C of, and § € S;(<7) is a faithful hyperstate, then

hosy(M C o) =he(M C o, WyxC)+hy(MC ,0).

Proof. Let #, and &, be the corresponding u.c.p. maps. Let P(T) = ¥ iJa;JT JarJ and
Py(T) =Y, viJb;JTJb,J. We shall denote the projection from L?(<, {) to L*(M, ) by e and A¢

by A. We then have:
Ale — 1 1 ,
ho(M C 7,{) = ilim @(“——) = ilim - p(eAe — 1)
t—0 t =0t

1 .
= ilim— A" —Daily,ail
l[g%t(;ﬂk<( )ay, &g §>)
Similarly,

P 1 0 * *
hy (M C o7,8) = itim — (L vi((A" = )7 1, b 1))
/

and,

e1: 1 i * 7% * 7%
hosy(M C o,C) = l}%;(ZHkW((At — Dagby1¢,arbi 1))
k,l

= ilim — () wevi((bragor (agbi) g, 1¢) — 1)
t—0 t il

1
We shall now show: 0;<Zk,l Hi Vi (blath(aZb?‘)lg, 14’) — Zk,l Hi Vi <bth(b?<)O'l(a;:)lc, 14’)) =0.

li
t—
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Let y; = axo(ay). Note that y; — agay as t — 0, in SOT. We have:

y10:(b}) — (b} )y = y10: (b} ) — yib} +yibj — 01(b] )y

= yi(0:(b;) — b)) + (vib] — bjy;) + (b — 01(b7) )ys
Now,

1
;(Zﬂk\ﬁ((yrbz biyi)le,bjl¢) = Zukw bryib1g,1¢) — ZleVz yilg,bibj 1)
ol

. 1
= ;ZHk((ZVzbzyzbz)lc, lg) — ;Z(yzlg, le)
P 7 P

1 1 . .
- ;;O’tl& lg) = ;;(ytlg, 1¢) = O(Stationarity).

1 1
Also, llII(l) (v: (07 (b} ) — b])) exists, andhencehr% (Xt Mavi(bragor(agby) ¢, 1¢) — Ya i Visbior (b)) or(ag) 1, 1

0. So, we get that:

h(p*l]/(M c 4, C) = i}gl(l);(z.uk\’l((bl@(bl )akof(ak) - 1)1C7 1§>

~ ilim + Zﬂk\’z (bioi(b) = 1)1, 1)

t—0 1

+ ((axor(ap) —1)1¢, 1)

+ ((aror(ar) — ) 1¢, (bior(b]) — 1) 1¢)]

The first term equals hy(M C <7, {), while second term equals hy (M C 7, (), and the third term

1
equals zero, as 1iI‘I(l) ; (akG,(ak) — l)lc exists, while hm):l vl(bZO',(b ) — 1)*1C = ]
1—

Corollary 3.3.11. Let ¢ € .7;(%B(L*(M,7))) be a regular normal hyperstate and suppose < is a
C*-algebra with M C of, and § € S;(<7) is a faithful hyperstate @-stationary hyperstate, then for

n> 1 we have

h(p*n<MC %,C) :nhq,(MC ,,(Z{,C)
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Lemma 3.3.12. hy(M C o7, ¢) < H(9)

Proof. Let Po(T) = Y by Th. Let ay = JbiJ € M. It follows from 3.3.7 that

t/2
z |42 ar 1] 2 = [|ag 1|2

H(g) = _tgronJr t

So by corollary 3.3.8 it’s enough to show that

2 s 2
z pellAp a1l |2 — [[ap 1| Y el |A eaf |2~ [eap1<|
lim X < lim k=1
t—0+ t t—0+ t
So, it’s enough to show that
2 2
1A a1 | < [[a7 a1

Define T : L*(</,{) — L*(M, 1) by T(aly) = Pr(a)le. Then [|T|| =1, as [|T(1¢)[| =1 and
| Z¢|| < 1. T takes Z(A¢) into Z(Ag) = L?>(M, 7). By lemma 3.3.6 it’s enough to show:

1Ag TE|| < ||AY2E][for all € € 7(A).

In fact it’s enough to show the above for all vectors in a core for Z(A). Recall that <71, forms a

core for Z(A). So, we only need to show

1/2

2
[Ag " Talg]| < ||a'alg||
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Now we have:

1A 2al,|? = (A ?alg, AV ?al ) = (JSaly,JSal;)
= (Ja'l¢,Ja"l¢) = (a"1g,a"1¢) = {(aa”)

= (P¢(aa”)1e, 1z)
We also have Py 0 Py = P = @po Py = (. Now:

14g*Tal|? = (4> 2 (a)12, Ay Pp(a)12) = (Ap Py (@) e, Py a)]17)
= <@§(a)*A¢@§(a)1f, ly) < Tr(@C(a)*A¢,@§)
=Tr(ApgP¢(a) Py (a*)) < Tr(Ap P (aa®)
= (Po gzg(aa*)lf, ly) = (95(%*)11, l¢)

= {(aa") = || Pal |,
Hence we are done. ]
Corollary 3.3.13. ho(M C o7,{) < h(¢)
Proof. By lemma 3.3.12, we have that hy«(M C o7,{) < H(¢*™"). By corollary 3.3.11 we have
that hy«n(M C o7, () =nhe(M C o7, (). So we get,

ot ¢ o7,) < 1O i),

]

Lemma 3.3.14. ho(M C o7 ,{) =0 if and only if there exists a { preserving conditional expecta-

tion from <f to M.

Proof. Let & : o/ — M be a { preserving conditional expectation. Then, we know that G,C (m)=m
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for all m € M. Hence,

. 1 i * *
im—Y (A" = 1)aglz,a51¢)

ho(M C &/ =1l
('0( = ’C) lt—>0t A

1
=ilim- NMpe,aily)—1=0
11mt k (o1 (ay) &> Ay ;)

t—0

Conversely, suppose ho(M C «7,{) =0. Let Ay = Aand let A= [i" AdA be it’s spectral resolution.
LetA, = [, I"/n AdA, n> 1 be the truncations. We know that A,, converges to A in the resolvent sense.
As usual, we denote by e the projection from L? (.7, {) to L?(M, 7). We have that I = eAe > eAe
for all n. So, (I+1)~! < (eAye+1)~! < e(A,+1) e for all n and for all r > 0. Taking limits as
n— oo, we get (I+1)~! < e(A+1)"'e. Now we shall use the following integral representation of
log:

log(x) :/Ow[(1+z)—1 () N

So that :

ho(M C o,0) = —/Ow;@[(zﬂ)—l —(A+1) el 1 di 15).

From hy(M C <7,{) = 0 and above discussion, we deduce that:
(I-I—t)_]a,tlg = (A+I)_la;§1g

for almost all # > 0, and hence by continuity, for all # > 0. This implies that A a; IC =a; IC’ which
4

implies that 6,° (m) = m for all m € M, as ¢ is generating. But this implies the existence of a §

preserving conditional expectation from .27 to M. [

Corollary 3.3.15. Har(B(L’M, 1), 24) = M if and only if ho(M C By, §) =0, where By, denotes

the Poisson boundary with respect to @.

Proof. If hy(M C %,{) = 0, then by lemma 3.3.14 there exists a conditional expectation & : % —
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M, given by &(b) = ebe = Z(b). So,

Conversely, if Har(%(L*M, ), Z¢) = M then Ay =1 and hence ho(M C H$¢,0) =0 O
Corollary 3.3.16. Har(Zy) =M if h(¢) =0

Proof. Since 0 < hy(M C By,{) < h(@), this result follows from the previous corollary 3.3.15.
O

3.4 An entropy gap for property (T) factors

If (M, 7) is a tracial von Neumann algebra, then a Hilbert M-bimodule consists of a Hilbert
space ¢, together with commuting normal representations L : M — ZB(), R : M°P — B(H).
We will sometimes simplify notation by writing x&y for the vector L(x)R(y°P)&. A vector & €
is left (resp. right) tracial if (x&, &) = t(x) (resp. (Ex, &) = 7(x)) for all x € M. A vector is bi-tracial
if it is both left and right tracial. A vector & is left (resp. right) bounded if there exists C > 0 so that
I1xE]| < cllx||2 (resp. ||Ex|| < C|x||2) for all x € M. We denote by .5 (resp. 7#°) the subspace of
all left (resp. right) bounded vectors, we let °.777° =° 7 N 7¢° be the (dense [Pop86, Theorem...])
subspace of left and right bounded vectors. A vector & € J# is central if x§ = Ex for all x € M.
Note that if & is a unit central vector then x — (x&, &) gives a normal trace on M.

Suppose M C 7 is an inclusion of von Neumann algebras and ¢ € o7 is a hyperstate. We may
then consider the Hilbert space L?(.7, @) which is naturally a Hilbert M-bimodule where the left
action is given by left multiplication L(x)d = xa, and the right action is given by R(x°7) = Jx*J. In
this case the vector 1 is clearly left tracial, and we also have Jx*J i = A/2x1 from which it follows
easily that 1 is also right tracial. If & € L?(.o7, @) is a unit central vector, then Tp(x) = (x&y, &)
defines a normal trace on M. We let s € 2 (M) denote the support of 7.

The von Neumann algebra M has property (T) if for any sequence of Hilbert bimodules .77, and

&y € I bi-triacial vectors, such that ||[x&, — &,x|| — O for all x € M, then we have ||, — Py(&,)|| —
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0, where P 1s the projection onto the space of central vectors. This is independent of the normal
faithful trace 7 [Pop06, Proposition 4.1]. Property (T) was first introduced in the factor case by
Connes and Jones [CJ85] where they showed that for an ICC group I', the group von Neumann
algebra LI" has property (T) if and only if I' has Kazhdan’s property (T) [Kaz67]. Their proof
works equally well in the general case when I" is not necessarily ICC.

We now fix a normal hyperstate ¢ on %(L*(M, 7)) and we take {a; }} C M withn € NU{e} so
that Y} ajar=1and o(T) =Y} _, (Ta?,ﬁ,a?,t) for T € (L*(M, 1)). For a fixed Hilbert bimodule
S we define V;, Vg : H#° — %" by

Vi(S) = Garg

Vr(&) = ®éay.
Note that we have
VL@ =Y Nl = <fazak¢=,é> — P
k=1 k=1

Also, if & € 27 is such that ||Ex|| < C||x||», then we similarly have that | V(&) |*> < C2.

Definition 3.4.1. A tracial von Neumann algebra M together with a hyperstate @ is said to have
an entropy gap, if there exists a constant € = €(M, Q) such that for any stationary space (< ,§)

the Furstenberg entropy is atleast €.

We shall show that if M has property (T) in the sense of Connes and Jones, then (M, ¢) has an

entropy gap for any regular, symmetric hyperstate.

Lemma 3.4.2. Let (<7, @) be a stationary space. Define T : L*(a/,§) — L*(/, ) by :

T(g) = (;LazRak)(g)
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Then ho(<7,8) > —2log(T1¢,1¢).

Proof. Note that, L,:Rq 1 = a}gAI/ 2aklg. Now,

—2log(T1¢, 1) = —210g() (La:Re, 1, 1))
k

— —21og(Y (ajA"2a;1,1)) = —2log(lim Z (@AY a1, 1))

n—oo
k

= —21im log(} (a; A a1, 1))
k

n—oo

A

< hmz aglog(An)a kl,i> =he(,C),

n—o0

where the last inequality follows from Jensen’s operator inequality.

Lemma 3.4.3. (T1;,1,) <||T|| < L.
Proof. Let V and Vp be defined as before, for the Hilbert bimodule L? (.7, {). Then:

(VRVL(w).m) =} (axy,nay)
k

=§<akwa2;n> =(T(y),n).

We also have:

(Vivi(w),n) =Y (ay,am)
X

= ;w;‘iakw,n) = <;a3§akw,n> =(v,n),

and:

(VRVR(W),m) =Y (var, nay)
%

Xk‘,wakak,m = <Zk‘,wakai,n> =(y,n).
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Remark: The operator 7" is unambiguously defined.
Lemma 3.4.4. If M has property (T) then (T 1¢,1¢) < ¢ < 1 where c is independent of (<7, ()

Proof. We already showed that (T'1¢,1,) < 1. Suppose that there exists (stationary) spaces (24, §),
such that (T'1¢, 1, ) — 1. Since 1, are bi-tracial vectors, satisfying ||ay1¢, — 1¢ ax|[ — 0 (by con-
vexity of Hilbert spaces), we get that there exists a central vector ¥ (since a;’s generate M and M

has property (T).)The rest follows easily. 0

3.5 Rigidity for u.c.p. maps on the boundary

Theorem 3.5.1. Suppose we have an intermediate von Neumann algebra M C ¢ C A, and ¥ :

€ — A is a normal unital completely positive map such that Wy =1id, then ¥ =id.

Proof. By identifying ¢ with &?(¢) we may assume that ¢ : 4 — Har(Zy) is a normal unital
completely positive map such that ¥y, = id. Under this identification, ¢ is a weakly closed M-sub

bimodule of Har(%y). Note that for T € € we have,

(F(T)1e,1e) = (Po(¥(T))1e, 1e) = (P5(¥(T))1c, Lc)
—ZZn T)Zle, 1e) = (P(25(T))1x, Ls).

Where the last equality follows from the fact that ¥ is normal and M-bimodular. So we get that

(W(Z5(T))1e,1¢) = (¥(T)1e, 1¢) forall T € C, which immediately implies that

Nle, 1z) = (¥(T) 1y, 15)forall T € C.

ﬁMz

Let z be a weak operator topology limit point of %Zﬁ)’:l (22)"(T). Then, z € Z'(M) by theo-
rem 3.2.1. So, ¥(z) = z, and we get that

(W(T)1g, 1) = (zlg,17) = (T, 1y)
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where the last equality follows because z is independent of W. Now, leta,b € M, and T € €. Then,

we have that b*Ta € €, and hence by above computation, we get:
<\P<T)a11,b117> - <\P(b*Ta)1f, 1T> - <b*Ta11, 11) - <Talf,b11>

and hence W(T) =T O

Theorem 3.5.1 should be compared with Theorem 3.2 in [CP13] where this is established for

crossed products of commutative Poisson boundaries.

Corollary 3.5.2. Suppose M; is a Il| factor fori € {1,2}, and @; be regular, generating hyperstates
(for M; on B(L*?M;) ). Then,

Har( Py, @ Py,) = Har( Py, )@Har(H,).

Proof. We clearly have Har( %, )@Har(Z,) C Har( Py, ® Py,) so we only need to show the

reverse inclusion. Note that
(gz% ®id)o(<@¢1®<@¢2) = (@%@9%)0((@%@1@,

hence (Zy, ® id) Har(2,, @ 2, g1ves a normal ucp map which restricts to the identity on M 1 @M.

By Theorem 3.5.1 we have that (P, ©id) Har( Py, ©7,,) 18 the identity map and hence
Har( Py, @ Pg,) C Har( Py, @id) = Har( Py, )@ B(L*M>).

We similarly have

Har( Py, @ Py,) C B(L*M))@Har( Py,).

Since Har( %, ) is injective it is semidiscrete [Con76a], and hence has property S of Kraus
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[Kra91, Theorem 1.9]. We then have
Har(¢) ® ¢») C (Har( Py, )®B(L*M>)) N (B(L*M,)@Har(Py,)) C Har( Py, )@Har( P, ).

O

Corollary 3.5.3. Let M be a 11| factor, and let ¢ be a regular, generating hyperstate. Then, M is a

maximal type 11 factor inside B .

Proof. Suppose N C %, is a type 11 factor containing M. Then there exists a normal conditional

expectation E : N — M. Hence, by theorem 3.5.1, E(n) =nforalln € N,and hence N =M. [
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