Age-structured Population Models with Applications
By
Min Gao
Dissertation
Submitted to the Faculty of the
Graduate School of Vanderbilt University
in partial fulfillment of the requirements
for the degree of
DOCTOR OF PHILOSOPHY
in
Mathematics
August, 2015

Nashville, Tennessee

Approved:
Professor Glenn F. Webb
Professor Philip S. Crooke
Professor Doug Hardin

Professor Vito Quaranta



Copyright © 2015 by Min Gao
All Rights Reserved



To my parents
Jiaping Xu
and

Youshen Gao

iii



ACKNOWLEDGMENTS

The education I have been honored to obtain from Vanderbilt University would not have been possible
without the help of a great faculty and staff, for this reason I would like to thank the Department of Math-
ematics. In particular, I would like to give my sincere thanks to my supervisor, Professor Glenn F. Webb.
He has provided me, as an expert advisor, with constant encourgement and thoughtful guidance for all these
years. My thesis would not have been possible without his tireless efforts.

I would like to thank my committee members Professor Philip S. Crooke for his enriching discussion,
valuable advices which led to a great improvement in the models and the methodology of this thesis. 1
want to express my gratitude to Professors Vito Quaranta and Professor Doug Hardin for their enlightening
suggestions from cancer biology perspective and from bioinformatics point of view, which provided this
work with a strong biological and mathematical background. I must acknowledge the director of graduate
studies, Professor Akram Aldroubi, for taking time out from his busy schedule to help my graduate studies
along the way.

Extra key persons in my work have been Dr. Peter Hinow from Department of Mathematics, Univeristy
of Wisconsin-Milwaukee and Dr. Joszef.Z. Farkas from University of Stirling, UK. I would like to thank
them for their numerous ideas, valuable discussions, and encouragements.

I would like to thank Professor Jay Clayton, Professor Steven J. Tepper, Professor Nancy L. Chick and
I would like to extend my gratitude to all faculty and staff in Curb Center and Center for Teaching, not only
for providing the funding support but also for offering me a great opportunity to work on an art and science
research project, supported by an award from the National Endowment for the Arts: Grant 12-3800- 7005,
which expanded my knowledge and skills in data analyses, data mining, and teaching and learning in college
classroom.

I would also like to express my appreciation and gratitude to graduate school, for providing me valuable
career advices, and financial support along my graduate school career.

Special thanks are devoted to my parents, who experienced all of the ups and downs of my research, for
their understanding, endless patience, and continuous support.

Throughout the research and preparation of this thesis, these and others have given me great support.
Completing this work would have been all the more difficult were it not for the support and friendship

provided by these individuals. I owe them my eternal gratitude.

v



TABLE OF CONTENTS

DEDICATION . . . . . . e e e

ACKNOWLEDGMENTS. . . . . . . e

Chapter

L

IL.

I1I.

IV.

INTRODUCTION . . . . . o e e e e

I.L1  Human age structure and human-microbe coevolution . . . . . . . . .. ... ... ...
1.2 The age-structured populationmodels . . . . . . . ... ... ..o
1.3 Formulation of anonlinearmodel. . . . . . . .. ... ... ... ... ... ..
1.4 Reformulation as integral equations. . . . . . . . . . . ... .. o

BASIC PROPERTIES OF THE SOLUTIONS . . . . . . .. ... ... .. .. ... ...

ILT Preliminaries . . . . . . . . . . . 0 o i e e e e e e
II.2  Local existence and continuous dependence on initial values. . . . . . . . . .. ... ..
I1.3 The semigroup property and continuability of the solutions . . . . . .. ... ... ...
IL.4 Positivity of solutions. . . . . . . . . . . . L e e e
II.5 Regularity of solutions . . . . . . . . . . . . . e

THE INDUCED NONLINEAR SEMIGROUP. . . . . . ... ... ... ... .. ... ...

III.1 The induced nonlinear semigroup. . . . . . . . . . . . . . . v i i it
III.2 The infinitesimal generator associated with the problem (I.3). . . . . . . ... .. .. ..
II.3 The exponential expression . . . . . . . . . . . . . o ot i i

EQUILIBRIA AND THEIR STABILITY . . . . . . . . .. o

IV.1 Existence and uniqueness of either the positive equilibrium or a trivial equilibrium . . . .
IV.1.1 Existence and uniqueness of an equilibrium solution . . . . .. ... .. ... ...
IV.1.2 Numerical examples . . . . . . . . . . .
IV.1.3 Further discussion on the uniqueness of the nontrivial equilibrium . . . . . ... ..

IV.2 Thelinear problem . . . . . . . . . . . .. L
IV.2.1 Thelinearproblem . . . . . . . . . . . . . . .. . ..
IV.2.2 Basic properties of the linear semigroup . . . . . . . . .. ... ... ... ...
IV.2.3 State space decomposition by invariant subspaces . . . . . . . . . . ... ... ...
IV.2.4 The characteristicequation . . . . . . . . . . . . .. . e

IV.3 Stability or instability of the linear problem. . . . . . . . .. .. .. ... ... .....
IV.3.1 Stability of the trivial equilibrium . . . . . . . . ... ... oo
IV.3.2 Stability of a positive equilibrium . . . . . .. ..o

Page
iii

v

D W N =

oo

—_
—_— O O O ®©

—

12
12
14
14

17



V. ASYMPTOTIC BEHAVIOR OF THEMODEL . . . . .. ... ... ... ... ....... 40

V.1 Preliminaries . . . . . . . . . Lo e e e e e e 40

V.2 Thelinear problem . . . . . . . . . ... L 42

V.3 Growth estimates of the linear semigroup. . . . . . . . . . . . . .. ... ... ... .. 43

V.4 Uniform Persistence . . . . . . . . . . . 53

V.5 Global stability analysis. . . . . . . . . . . . . . e e e e 55
V.5.1 Global stability of the trivial equilibrium . . . . . ... .. ... ... 0000 55

V.5.2 Global stability of the nontrivial equilibrium . . . . . .. ... ... ... ..... 56

VI. DISCUSSION . . . . e e e e e 60
BIBLIOGRAPHY . . . . . o e 66

Vi



VL1

VI.2

VL3

V14

LIST OF FIGURES

The graph (A) is the value of IGC as ap;, and amx vary. The graph (B) is the value of IGC
as amip changes when an,x = 35 years are held fixed and the graph (C) is the value of IGC
as amax changes when ap, = 15 years are held fixed. IGC is significantly above one in a
wide range of dmin and Gmax- -« -+« v . e e e e e e e e e e e e e e e e
The graph (A) is the fertility rate at age a when the total population is 7. The graph (B) is
the time evolution in years of the age structured population density p(a,?) for the baseline
parametric values as in Table VI.1. The graphs in (C) are time evolution in years of the total
population and subpopulations for the baseline parametric values as in Table VI.1. The age
structure is robust for those baseline parameter values. . . . . . . . . ... ... ... ...
The graph (A) is the all-cause mortality at age a when the total population is 7. The graph
(B) is time evolution in years of the age structured population density p(a,t) for the baseline
parametric values corresponding to increased fertility rate (c; = 0.85) and increased senes-
cent burden on juvenile individuals (¢4 = 2 X 1072). The graphs in (C) are time evolution
in years of the total population and subpopulations for the baseline parametric values with
increased fertility rate (c; = 0.85) and increased senescent burden on juvenile individuals
(c4 = 2 x 1077). The age structure is again robust for the parameter values, but undergoes
significant oscillations if the initial conditions are perturbed far from the equilibrium values.
The graph (A) is the initial distribution of the population. The graph (B) is time evolution in
years of the age structured population density p(a,?) for the baseline parametric values with
initial distribution given as graph (A). The graphs in (C) are time evolution in years of the
total population and subpopulations for the baseline parametric values with the initial value
given as graph (A). The age structure recovers from an extreme initial age distribution.

vii

62

62



VI.1 Baseline model

LIST OF TABLES

viii



CHAPTER 1

INTRODUCTION

I.1 Human age structure and human-microbe coevolution

A human newborn is colonized by microbiota from the environment, especially through the exposure to
the mother. The coevolution of humans and microbes occured over evolutionary time with adaptation to
their environment. This shared evolutionary process involving human hosts and their symbiotic microbes,
selected for mutualistic interactions that are beneficial for human health. Ecological and genetic changes
that perburbed this symbiotic system resulted in disease or host demise through interactions with high-
grade pathogens [40]. Studying the coevolution of human host and microorganisms in a dynamical system
involving human age structure improves the current understanding of both human health and disease [24].

The age structure of human females is exceptional among species, with its extremely extended pre-
reproductive and post-reproductive phases. We explore how nature optimizes the age structure of human
species through the mutualistic interactions between human host and microbiota. Recent studies in [38]
show that a female baboon matures at ~ 5 years and has average life expectancy of ~ 16 years. Studies in
[2, 30, 36, 62, 69] show that a whale matures at ~ 9.5 years and could live to ~ 90 years, Chimpanzees
become reproductively active at =~ 11 — 12 years and have average lifespan ~ 50 years and Gorilla females
mature at ~ 10 — 11 years with the maximum longevity ~ 52 years. In contrast, a female in an early human
hunter-gatherer society became fertile at ~ 15 years and has an inherent lifespan on the order of ~ 70 years
[41].

It is commonly argued that selective pressure generally favors the good of the species in contrast to
individual fitness. Child survival rate is an important indicator of human female reproductive success[27,
64], since human females have relatively little difference in fertility. Therefore, human age structure has
to reflect the adaptation of maximizing the survival probability of newborns to ensure the reproductive
success of the human species, while not overburdening their mothers. Clearly, young humans are not self-
sufficient until much later than almost all other species, and parent or extended family care is necessary for
their survival. The fact that the human female nonreproductive state (that is, the extended juvenility and
senescence phases) accounts for a relatively high proportion of female’s lifespan may have an evolutionary
advantage that increases human species’ reproductive success and the fitness of descendants.

The extended juvenility, senescence, and longevity of Homo sapiens has been maintained over the past
130,000 years [38, 41], and is inherited by modern humans. This is related to a dramatic fivefold increase in
the ratio of older to younger adults (O-Y ratio) [41, 56] over evolutionary time. Studies in [39, 41] indicate
that there exists a maximum age for human life span, which may be inherent in humans and resultant from
evolutionary pressure. Such pressure involves optimizing limited resources in balancing juvenile and adult
populations. Another consideration is the benefit of post-reproductive nurturing of juveniles. Such elements
play an essential role in shaping human age structure and influencing total size of the population. A consid-
eration in this balance is the benefit of post-reproductive nurturing of juveniles-the so called grandmother
effect [4, 5, 15, 26, 30, 37, 39, 40, 59, 65].



From the coevolutionary point of view, we assumes that the mutualistic interactions between human
hosts and their indigenous microbiota could be divided into two parts. First, during reproductive life, there
is selection for microbes that preserve host function, through regulation of energy homeostasis, promotion
of fecundity, and interference with competing high-grade pathogens. Second, after reproductive life, there
is selection for organisms that contribute to host demise. While harmful for the individual (during their
post-reproductive age), such interplay is salutary for the overall population, in terms of resource utilization,
resistance to periodic diminutions in food supply, and epidemics due to high-grade pathogens [46]. A
question arises as to the fragility or robustness of this human structure, which is related to modern human
lifespan. We study the age structure of early humans with models that illustrate the unique intrinsic balance
and robustness of human fertility and mortality. We hypothesize that female fertility is regulated by human
age structure and population density, that is, the actual population size has an influence on the quantity of
newborns; and female mortality incorporates the programmed death of post-reproductive population through
interactions with indigenous microorganisms [46] and the effects of crowding.

We investigate the interaction between those mortalities: one takes the form of all cause mortality, which
could be total population size dependent, and affects individuals from all age classes. The other depends
on the size of the post-reproductive population, but only affects the pre-reproductive subpopulation, with
youngest ones most vulnerable. This models the competition between the post-reproductive population and
the pre-reproductive population for the limited resources that all members of the population require. Thus,
as the post-reproductive population grows, it disproportionately affects pre-reproductive individuals.

In early human populations, this effect could take the form of the competition between senescent and
juvenile subpopulations. The numerical examples presented in [46] and also in section 4 support the hypoth-
esis that the senescent burden on juveniles is not negligible, and might affect the population much stronger
than crowding effects. We thus argue that in early humans with especially small total population size, the
fraction of senescent population is fairly small compared with modern society. This is consistent with recent
anthropological findings: more than 1 million years ago, there were only 18,500 human ancestors, with
relatively short average lifespan, living on earth [6, 55]. Numerical simulations in [46] and in section 4
illustrate that when subject to a linear or a nonlinear birth rate, the evolution of a population could exhibit
relatively wild oscillations before it arrives at a steady state, if the senescent burden on juvenile individuals
is significantly large. Such oscillations could reduce the overall population size drastically and might en-
danger the survival of the population, since the recovery from events corresponding to harsh times would be
problematic. In particular, when a population becomes too small to be viable (which is known as Allee or

fade-out effects [46]), these oscillations would lead to the extinction of a population.

1.2 The age-structured population models

A variety of linear and nonlinear logistic models have been developed to analyze the dynamical viability
of age-structure in human populations (see [3], [8], [9], [10], [11], [12], [13], [14], [19], [20], [21], [23],
[31], [32], [42], [43], [52], [57], [58], [68]). In [57], the asymptotic behaviour of solutions of the following

abstract differential equation (I.1) has been analyzed



W (t) =ult)— Fut))ult)+ f,t>0; u(0) =xeXy. (L.1)
under the following hypotheses:

(H.1) « is the infinitesimal generator of a strongly continuous semigroup of positive linear operators
T(t),t > 0, in the Banach lattice X with positive cone X ;

(H.2) .% is a positive linear functional on X;
(H3) fCXys

(H.4) x € X, and lim,_..t "¢ ™'T (t)x = Pyx where n is a positive integer, Ay € R, and Py is a bounded

linear operator in X;
(H.5) ZPyx > 0. Set

B T(t)x
1+ [ F(T(s)x)ds

S(t)x (1.2)

The results from [57] are stated as follows:
Theorem 1.2.1. Let (H.1)-(H.5) hold and let f = 0.
(i) If x € D(/), then u(t) = S(t)x is the unique solution of (I.1);
(ii) If Ao < O, then lim;_,o S(t)x = 0;

(iii) If A > 0, then limy c. S(1)x = 422

1.3 Formulation of a nonlinear model

We consider a female population with the total population size 7'(¢) at time 7. Let a; be the maximum age
of a female, and anin, amax be the beginning and the end of the reproductive period, respectively. We divide
the total population 7'(¢) into juvenile, reproductive, and senescent subpopulations, denoted by J(z), R(t)
and S(t). Let X = L'(0,a;) be the state space, endowed with the norm |9/, = [ |¢(a)|da, for ¢ € X.
Let p(a,t) denote the population density at age a and time ¢. We stratify the number of females between
ages by and b, at time ¢ as: fbbf ®(a)p(a,t)da, where & € L7(0,a;) is a specified weight function and
0<b <by La.



The change of the population density p(a,t) at age a and time ¢ obeys the following balance law:

Pi(a.0)+afa.) = ~[pola. Mo(Q (1) + i (0. (01 (1) + (@] (a1, 13)
0<a<ap,t>0,
p(0.) = [ Blana(@u(e))pla.)da, 1 = 0.

p(a,O) :p()(a)a O S a §a1~

where, Q;(r) = [y wi(a)p(a,t)da,i=0,1and p(a) is the initial age distribution of a population. Moreover,
B(a;n2(Qo(t))) represents the fertility rate of a female at age @ when the weighted number of females that
affect the fertility is given by Qp(¢) at time 7. ,(a) represents the age-dependent mortality in the host
population, which could be influenced by a particular class of microbes affecting age structure, but is not
influenced by environmental limitations. Moreover, u;(a,n;(Q;(t))), i = 0,1, provide mechanisms which
incorporate mortalities that affect the population disproportionately through age as the weighted number of
females Q;(r) change over time ¢, and the effects of crowding and resource limitation take hold. In particular,
Wi (a,z) only affects the pre-reproductive population, that is, y;(a,z) =0, for a > api, and z > 0.

We define the birth function and the aging function % : X — R and 4 : X — X for V¢ € X by:

G(9)(a) = —(uo(a,mo(Qod)) + 11 (a,n1(Q19)) + u2(a))d(a). (14)
F0)= [ Bla:na(Qu9))9(a)da. (L)

Amin
where 0;¢ = [ w;(a)¢(a)da for ¢ € X, i =0,1. We make the following assumptions on f3, i;, n;,i =
0,1,2,w;,i = 0,1, and pg throughout this paper:

H.1. B € C'([amin, @max] X [0,%)), B(a,z) > 0 for (a,z) € ([amin,@max) X [0,20)), ti € C1((0,a;) x [0,0)),
Ui(a,z) > 0 for (a,z) € ((0,a1) x [0,%)), i =0,1, ui(a,z) =0, for a > amyi, and z > 0, u;(a,0) =0
for a € (0, amin), W1 :(a,z) > 0 for (a,z) € ((0,a1) x [0,0)), 2 € C1(0,ay), ta(a) >0 fora € (0,a),
o; € L3(0,a1),i=0,1, and pg € X;. We require that 17; maps [0,0) onto [0,00), i = 0,1,2. Further,
ni € C'0,00), Ni(z) > 0 and n}(z) > 0, for z € [0,),i =0, 1,2.

We formulate the age-dependent population dynamics as follows (refer to [10], sec 1.4, pp.17):
Let P(¢) be the total population at time ¢. The average rate of change in the total population size in the

time interval (¢,z 4+ h) is

P(t+h)—P(t)  _, [ “ p(a+h,t+h)—p(a,t)
T—h /Op(a,t—i-h)da—i—/h h da (1.6)

Let T >0, letl € Ly, let # be a mapping from X to R, let & be a mapping from X to X and let ¢ € X.

The balance law of the population is given by

a I
lim 1 pla+h,t+h)—pla,t)
h—0+ Jo h

—G(p(-,1))(a)|da =01 € [0,T]. (1.7)



The birth law of the population is given by

lim /Oh lp(a,t+h)—F(p(-,t))(a)lda=0t € [0,T]. (L.8)

h—0t

The initial age distribution of the population is given by

p(-,0)=¢ 1.9)

From (1.6), (I.7) and (I1.8) we see that the rate of change of the total population size follows

d

P = y((-,t))+/0al G(p(-1))(a)da. (L10)

where .7 ((-,1)) is the birth rate at time ¢ and [;" ¢ (p(-,7))(a)da is the rate of change of total population at

time ¢ due to aging process.

.4  Reformulation as integral equations

The method we use to solve this problem is the method of characteristics. We proceed as follows ([10],
section 1.4, pp.21): Suppose that the solution p(a,?) of problem (I.3) is known. The characteristic curves of
the equations (I.3) are the lines @ —t = ¢, where c is a constant. Let ¢ € R and define the cohort function

we(t) :=p(t+c,t), t > 1, (L.11)
From (I.3) we obtain,

%Wc(t) :hlif})h p(t+h+c,t+hh) —p(t+ec,t) (L12)
=9p(t+c,t) 1.13)
= (o (t + ¢, M0(Qo(1))) + i (1 4+, (Q1 (1)) + Mot + )welt), 1 > 1. (L14)

This implies that
wel(t) = we(te)e™ Jie (Ho(s+¢,10(Qo($)))+4u1 (s-+¢1 (@1 (5))) +a(s+¢))ds 4 t,. (1.15)
If we set c = a —t, where a > ¢, then
we(t) = we(0)e ™ Jo(Holstemo(Qo(s)+itr (stem (Qi()) +Hinals+e))ds ¢ > . (116)
which yields
pla,t) =pla _t’O)e—fé(Ho(S+a—l-,’70(Qo(S)))+lil (sta—t,m(Qi () +Ha(sta=1)ds 5 > ¢ 1.17)



If we set c = a —t where a < ¢, then

we(r) = Wc(_c)e*ffr(uo(Hc,no(Qo(S)))Jr#l(Ham(QI(S)))+#2(S+C))dS > —c. (1.18)

which yields

pla,t) = p(0,t —a)e” Ji-a(uo(s+a=1,m0(Qo(s)) +a (s+a—1,m(Q1(5))+pa(s+a—1))ds ;4 (1.19)

Combine forumlas (I.17) and (I.19) to obtain

p(0 ,_a)effLu(un(s+aft7no(Qo(s)))+ul(s+afr,m(Ql(s)))+uz(s+a7t))ds ae(0,6)N[0,ay];

) 9 m ) >
pla,t) = { (1.20)

po(a — [)eif(;(#()(s‘i'a*tvno(QO(S)))“*’“l(S‘Hlftanl (QI(S)))‘HJ'Q(S""I*Z‘))dS ae ([,al]_

where p(a,0) = po(a) fora € [0,a].
Define B(t) := p(0,7) and substitute the formula for p(a,z) (1.20) into Q;(¢), i = 0,1, ¢ > 0 and B(¢) to

obtain,

:/[B(t—a)exp[— t 4 (p(-,s))(s+a—t)dslda (L.21)
t—a
+/a1p0 —t)exp[— /% ))(s+a—t)ds|da.
0:(t) = tB(t— )exp[— / 4 (p(-,s))(s+a—t)dslda (1.22)
+ alpo —1)exp[— /% ))(s+a—t)ds|da.
Bi)= [ Bla:00(t))B(t — a)exp|— / G (p(-,5))(s+a—1)ds|da (1.23)

n /““’“‘ (@ 0o(0)pola—)expl— [ F(p(-))(s+a—dslda.

or equivalently,

:/tB (a) exp—/tg (p(-,s))(s —a)ds|da (1.24)
+/ po(a)exp[— /% ))(s+a)ds]da.

0i1(t)= [ Bla)exp|- / G(p(-5))(s — a)ds)da (1.25)
+ alpo a)exp[— /% ))(s+a)ds]da.



Bi)= [ Blr-aue)B@esl [ 9(p(9)(s—a)dsida (.26

Amax

+ [ Bla—r0o0ml@ exol— [ 9(p(-,5) -+ a)dsida

The equations (1.24)-(1.26) constitute a coupled system of nonlinear Volterra integral equations in B(¢) and
Q,‘(l), i=0,1.
The equivalent integral equation is given by (which is an adaptation of [10], sec 1.4, pp.21, (1.49))

pla.t) = ﬂ‘(p(-,t—a)l) —|—ff_a§4(p(-,s))(s+a—t)ds ae. ac(0,6)N[0,a1]; 127
pola—1t)+ [o9(p(-,s))(s+a—1)ds ae. ac(t,a].

We state the following definition of solutions of the problem (I.3).

Definition I.4.1 ([10], sec 1.4, pp.17). Let T > 0 and let p € Ly. We say that p is a solution of problem (I.3)
on [0, 7] provided that p satisfies (1.3).

Definition 1.4.2 ([10], sec 1.4, pp.21). Let T > 0 and let p € Ly. We say that p is a solution of (I.27) on
[0, T] provided that p(-,¢) satisfies (1.27) for ¢ € [0, T].



CHAPTER 1

BASIC PROPERTIES OF THE SOLUTIONS

In this chapter we establish some properties of solutions of the nonlinear problem (I.3) under the frame-
work of [10].

II.1 Preliminaries

We derive from H.1 that the birth function .# and aging function ¢ are locally Lipschitz continuous in the

following sense,

Z : X — R, there is an increasing function c¢; : [0,0) — [0, o) such that |.% (¢) — .F (¢)] (IL1)
<c1(r)[|91 — @2l forall g1, ¢, € X such that [[¢1]|x, [|¢2]lx < r
¢ : X — X, there is an increasing function ¢; : [0,00) — [0,00) such that |4 (¢1) — ¥ (¢2)|| (IL.2)
< ca(r)[|91 — @2l forall g1, ¢, € X such that [[¢1]|x, [|¢2]lx <r

We state an adapted version of three lemmas from [10], chapter 2, the first of which allows us to view
an element in Ly = C([0,T];X) as an element in L' ((0,a;) x (0,7T);R).

Lemma IL.1.1. Let T > 0 and let p € Ly. There is a unique element in L'((0,a;) x (0,T);R) such that

(i) Foreacht €(0,T],p(a,t) = p(t)(a) for almost everywhere a > 0.

(ii)

[ tplyar= [ ptandaas
= ["1[ Intanjarida
:/Oa1 /OT |p(a,1)|drda.

This lemma establishes the existence of integrals in (I.27) when p € Ly.

Lemma IL.1.2. Let H.1 hold, let T > 0, let I'r := {(c,s):0<s<T,—s<c<a}, andletl € Ly. The
following hold:

(i) The functiont — 4 (p(-,t)) from [0,T] to L' belongs to Ly.

(ii) There exists h € L'((0,a1) x (0,T);R) such that for each t € [0,T],h(a,t) =4 (p(-,t))(a) for almost

everywhere a > 0.

(iii) There exists k € L'(T'r;R) such that k(c,s) = h(s +c,s) for almost everywhere (c,s) € I'r, and
Jo U2 k(e,s)delds = [ [ faxqo,—c) k(e,5)dslde.

m



The following lemma characterizes compact sets in X.

Lemma IL1.1.3. A closed and bounded subset M of L' is compact if and only if the following condition hold:

ai

}llin(l) |¢(a) — ¢ (a+h)|da = O uniformly for ¢ € M( where ¢(a+h) is taken as 0 ifa+h < 0). (IL.3)
—0.Jo

I.2  Local existence and continuous dependence on initial values

We collect some results from [10] chapter 2 and adapt them for our nonlinear problem. We first state the

following result to establish that a solution of the integral euqation (I.27) is also a solution of (I.3).

Proposition I1.2.1. Let H.I hold and let T > 0, let ¢ € X, and let p € Ly. If p is a solution of (1.27) on
[0,T], then p is solution of the problem (1.3) on [0, T].

Proposition I1.2.2. Let H.1 hold and let r > 0. There exists T > 0 such that if ¢ € X and ||¢||y < r, then
there is a unique function p € Lt such that p is a solution of (1.27) on [0, T].

Proposition I1.2.3. Let H.1 hold, let ¢,¢ € X, let T > 0, and let p, p € Ly such that p, p is the solution of
(1.27) on [0,T] for ¢, §, respectively. Let r > 0 such that 181, > Ipll, <r. Then,

Ip(-ot) = (1) |Ix < elrITeDr|lg — G| for0 <t <T. (I1.4)

Collecting Proposition II.2.1, I1.2.2 and II1.2.3 leads to,

Theorem 11.2.4. Let H.1 hold and let ¢ € X. There exists T > 0 and p € Ly such that p is a solution of
the problem (1.3) on [0,T|. Furthermore, if T > O, then there is at most one solution of the problem (1.3) on
[0,T].

IL3 The semigroup property and continuability of the solutions

The following proposition shows that solutions of (I.27) has the semigroup property.

Proposition I1.3.1. Let H.1 hold, let ¢ € X, let T > 0, and let p € Ly such that p is a solution of (1.27) on
[0,T]. Let T > 0 and let p € Ly such that fort € [0,T]

) = F(pt—a)+ [ G(p(-,s+t—a))(s)ds aeac (0,6)N[0,a;] ‘ (L)
pla—t,T)+ [, 9(p(-,s+t—a))(s)ds a.eac (t,a1]

Define p(-,t) = p(-,t = T) for T <t <T+T. Then, p € Ly_ 4 and p is a solution of (1.27) on [0,T +T.
Proposition 11.3.1 has the following important consequence.

Theorem I1.3.2. Let H.1 hold, let T > 0, let § € X, and let p € Ly. Then, p is a solution of the problem
(I.3) on [0,T] if and only if p is a solution of (1.27) on [0,T|.



We give the following definition of the maximal interval of existence of the solution of the problem
(I.3)-(1.5) since the continuability of the local solution of the problem (I.3) defined for all time depends on

the existence of a priori bound.

Definition I1.3.3. Let ¢ € X. The maximal interval of existence of the solution of the problem (1.3)-(1.5),
denoted by [0, 7} ), is the interval with the property that if 0 < T < T}, then there exists p € L such that p
is a solution of the problem (1.3) on [0, 7.

The following definition says that by the uniqueness of solutions to (I.3) on [0,7],if0 < T < T, p € Ly,
P € Ly, such that p is a solution of (I.3) on [0, 7] and p is a solution of (I.3) on [0, 7], then p and p have to
agree on [0, T].

Definition I1.3.4. Let ¢ € X and let p be a function from [0, 7y ) to X. We define p to be the solution of (I.3)
on [0, Ty ) provided that for all T € (0,7} ), p restricted to [0,7] is the solution of (I.3) on [0, 7.

Definition II.3.3 allows the possibility that 7 = oo, which states as follows
Theorem I1.3.5. Let H.1 hold, let ¢ € X, and let p be the solution of (1.3) on [0,Ty). If Ty < oo, then
hmsuptﬁT‘D’ Hp(‘vt)HX =
I.4  Positivity of solutions

We derive from H.1 that the birth function .# and aging function ¢ given as (1.4)-(1.5) satisfy

F(Xy) CRy. (IL6)
There is an increasing function ¢3 : [0,00) — [0,00) such that if » > 0 and ¢ € X with ||¢|, <r, (IL7)
then 4(¢)+c3(r)9 € X,

The following results follow from ([10], section 2.4, pp.49) :
Proposition I1.4.1. Let H.1 hold and let ¢ € X . There exists T > 0 and a function p € Lt y satisfying (I.3).

Theorem 11.4.2. Let H.1 hold and let ¢ € X,.. The solution p of problem (1.3) on [0,Ty) has the property
that p(-,t) € Xy, for 0 <t < Tj.

Theorem I1.4.3. Let H.1 hold and for each ¢ € X, let p be the solution of the problem (1.3) on [0,Ty). Let
there exists ® € R such that

+/ da<a)/ (a,t)dat €[0,Ty).

Then, Ty = oo and

I 0)llx < e® 19, for0<t <Tp.
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IL5 Regularity of solutions

If we assume differentiability conditions on .%#,¥ as in (I1.4)-(1.5), we can obtain further regularity for

solutions of the system (I.3).

Definition I1.5.1. Let K be a mapping from a Banach space X to a Banach space X,. We require K to be
Frechet differentiable at X € D(K), in the following sense: K(x) = K(£) + K'(£)(x — £) 4+ o(x — £) for all
x € D(K), where K'(%) is a bounded linear operator from X; to X», o is a function from X; to X, and b
is a continuous increasing function from [0, ) to [0,00) such that 5(0) = 0 and ||o(x)|| < b(r) ||x|| for all
x € X such that ||x|| < r. If K is Frechet differentiable at each £ € D(K), then K is Lipschitz continuously
Frechet differentiable on D(K ), provided that |K'(x;) — K’ (x2)]| < d(r) ||x1 — x2|| for all x;,x, € D(K) such

that ||x; ||, |[[x2|| < r, where d is a continuous increasing function from [0, ) to [0, o).

By H.1, .%, ¢ (1.4)-(1.5) are continuously Frechet differentiable at qAS € X in the sense of the definition
(see [10], sec 2.6, pp.63), since

(@' ($)0)(a) = (6(8)9) a) + (($)9)(a) ac.a € [0.], ford € X. s)
F§)0)= [ Bla:m(00$))0(ada 9)
+1(008)(Q09) | i (g?z) (v $(@)da, for ¢ €X.
where,
((§)0)@) =~ THUE| 5009 (u0)d(a) (1L.10)
SO, e (@i8)(@i0)(a);
(62(8)0)(a) = —o(a.10(Q08)0(@) — 1 (@ (Q16)9(@) ~ iala)o(a).  (LID

Theorem I1.5.2 ([10], section 2.6, pp.63). Let H.1 hold. Let ¢ € X such that ¢ is absolutely continuous
on [0,a1), 9’ € L, ¢(0) = .F(¢) and let p be the solution of the nonlinear problem (1.3) on [0,Ty). The
following hold:

(i) The mapping t — p(-,t) is continuously differentiable from [0,T,) to L'.

(ii) For0<t<T <Ty, | %p(-,t)”x <" —4(9)llx ! (5UPseio ] |7 (p(-59)) [+supsejo ) |9 (p(-5))]).
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CHAPTER 111
THE INDUCED NONLINEAR SEMIGROUP

In this chapter we first state some results in the theory of the nonlinear semigroup theory from [10], pp.74
and we will establish that the solutions of the model (I.3) form a strongly continuous nonlinear semigroup
in the state space X which is set up within the framework of general age-structured nonlinear population

model from [10] chapter 3.

1.1 The induced nonlinear semigroup

We first introduce the definition of a strongly continuous semigroup,

Definition II1.1.1. Let Y be a Banach space and let C be a closed set in Y. A strongly continuous semigroup

in C is a family of mappings U (t), ¢ > 0, satisfying the following:
(i) U(t) is a continuous mapping from C into C for each 7 > 0.
(ii) U(0) =1 (where I is the identity mapping in Y restricted to C).
(i) U(ti +n)x=U(11)U(t2)xforall; >0, i=1,2,xC.
(iv) U(t)x is continuous in ¢ as a function from [0, o) to C for each fixed x € C.

Fundamental properties of the infinitesimal generator of a strongly continuous semigroup determine the

regularity, asymptotic behavior of of the trajectories of the semigroup. We define,

Definition ITL.1.2. Let C be a closed subset of the Banach space Y and let U(¢), t > 0, be a strongly
continuous semigroup in C. The infinitesimal generator of U(t),t > 0, is the mapping .2/ from a subset of
C to Y such that

lim —2 = = o/x. (IIL.1)

1—07F t
with domain D(.27) the set of all x € C for which the limit (III.1) exists.

In the following theorem, we establish that the generalized solutions of the associated nonlinear problem

(I.3) form a strongly continuous nonlinear semigroup in X, .

Theorem IIL1.3. Let H.1 hold and for each ¢ € X let the maximal interval of existence [0,Ty) of the
solution of the problem (1.3) be [0,0). Let U(t),t > 0, be the family of mappings in X, defined as follows:
fort>0,¢ € Xy, U(t)p := p(-,t), where p is the generalized solution of (1.3) on [0,00). Then, U(t),t > 0,

is a strongly continuous nonlinear semigroup in X .

We next provide a L' norm estimation of the generalized solutions of the nonlinear problem (I.3).
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Theorem IIL1.4. Let H.1 hold and for each ¢ € X let the maximal interval of existence [0,Ty) of the
solution of the problem (1.3). Let U(t), t > 0, be the family of mappings in X, defined as follows: fort > 0,
¢ € Xy, U(t)¢ := p(-,t), where p is the generalized solution of the system (1.3) on [0,%) as in Theorem
11.4.2. Let there exists ® € R such that

Fpl)+ [ Gpea)@da<o [ plandare0.1y)

Then, Ty = oo and {U(t), t > 0} in X, forms a positive strongly continuous nonlinear semigroup in X

satisfying

[U@)elly < e” 9]y, for Vo € X,

If .%# and ¢ are bounded linear operators, then the solutions of (I.3) may be associated with a strongly

continuous semigroup of bounded linear operators in X. We state this result as follows:

Theorem IIL.1.5 ([10], sec 3.1, pp. 75). Let .% be a bounded linear operator from X to R and let 4 be a
bounded linear operator from X to X. If ¢ € X, then the solution of (1.3) is defined on [0,0). Further, the
Sfamily of mappings U(t),t > 0, in X defined by U(t)¢ := p(-,t), where p(-,t) is the generalized solution of

(1.3) on [0,00), is a strongly continuous semigroup of bounded linear operators in X satisfying
U@y <e®™,t>0, where ®:=|.F|+|9|.

We state the definition of nonlinear accretive operators in Banach space X.

Definition III.1.6 ([10],sec 3.1, pp.77). Let A be a mapping from a subset of a Banach space X to X. A is
said to be accretive in X provided that if xj, x, belong to the domain D(A) of A and A > 0, then

(T4 AA)x; — (I+ AA)xz|| > ||x1 — x2| -

We state the following results from [10]:

Proposition III.1.7 (M. Crandall and T. Liggett). Let </ be a mapping from a subset of a Banach space
X to X and let there exist @ € R such that </ + @l is accretive in X. Let there exist Ay > 0 such that if
0<A <Ay, thenR(I+Aol) D D(). Then, for each x € D()

lim (I +¢t/ne?)"x := T (t)x exists uniformly in bounded intervals of t > 0.

n—yoo

Moreover, the family of mappings T (t),t > 0, so defined is a strongly continuous nonlinear semigroup in
D(<f) satisfying

T (2)x) — T (t)xz]| < e® ||x1 —x2| forallt > 0,x1,x, € D(<).

13



III.2  The infinitesimal generator associated with the problem (1.3)

It is well-known that if T'(¢z), r > 0, is a strongly continuous semigroup of linear operators in a Banach
space X, then T'(¢),r > 0, has a densely defined infinitesimal generator B and T'(),z > 0 is generated by
—B. For a strongly continuous nonlinear semigroup in a general Banach space this result may not be true
and the infinitesimal generator may have a nondensely defined domain. In this section we will establish
that the infinitesimal generator <7 of the strongly continuous nonlinear semigroup U (¢),t > 0, associated
with problem (I.3) has a densely defined domain. We first define the infinitesimal generator of the strongly

continuous nonlinear semigroup associated with the solutions of (I.3).
Definition IT1.2.1. Let H.1 hold and define the mapping <7 from X, to X by

o =¢'—9(9) for ¢ € D(o/), where (11.2)
D(«/) = {¢ € X; : ¢ is absolutely continuous on [0,), ¢’ € L', and ¢(0) = F(9)}. (1IL.3)

Theorem I11.2.2. Let H.1 hold, let <f be defined as in (II11.2), and let U (t),t > 0, be the strongly continuous
nonlinear semigroup in X, as in Theorem II1.1.4. Then, — </ is the infinitesimal generator of U (t),t > 0.

The following result establishes the fact that the domain of the infinitesimal generator is invariant under

the nonlinear semigroup U (¢),t > 0.

Proposition II1.2.3. Let H.1 hold, let Ty = o for all ¢ € X, let U(t),t > 0, be the strongly continuous
nonlinear semigroup in X as in Theorem III.1.4, and let </ be the infinitesimal generator of U (t),t > 0, as
in (LI1.2). Ift > 0, then U (t)[D(/)] C D(<7). Further; if ¢ € D(<7), then & U ()¢ = /U (t)$, t > 0 holds.

If .% and ¢ are bounded linear operators as in theorem III.1.5, then we have,

Proposition II1.2.4. Let % be a bounded linear operator from X to R and let 4 be a bounded linear
operator from X to X, and let U(t),t > 0, in X be the strongly continuous semigroup of bounded linear
operators in X as in Theorem II1.1.5. The infinitesimal generator of U(t),t > 0, is

o =¢' —4(9) for p € D(), where
D(o/) ={¢ € X, : ¢ is absolutely continuous on [0,),¢’ € L', and ¢(0) = F(¢)} .

Further, For allt >0, U(t)[D(</)] C D(</) and %U(t)q) =JU@t)p =U(t)/ ¢ forall p € D(<7).

1.3 The exponential expression

In this section we formulate the nonlinear semigroup by the exponential formula of its infinitesimal generator

as in [10], sec. 3.3, pp. 91.

Proposition II1.3.1. Ler H.1 hold, let <7 be defined as in (II1.2). Let % and 94 as in (1.4)-(1.5) be globally
Lipschitz continuous and let ® = |.7 |+ |4|. The following hold:
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(i) RI+A) =X, forO< A< !;

(ii) &/ + wl is accretive in X;

(iii) D(o/) = X,.
The following proposition gives the exponential expression when .% and ¢ are globally Lipschitz con-

tinuous.

Proposition I11.3.2. Let H.1 hold, let % and &4 be globally Lipschitz continuous, let U(t),t > 0, be the
strongly continuous nonlinear semigroup as in Theorem I1I.1.4, and let <7 be defined as in (II.2). If p € X,
then

t
lim (1 4+ Etfzi)*”(]) = U(t)9 uniformly in bounded intervals of t > 0. (1I1.4)

n—soo

Next we consider that the birth functin .% and the aging function ¢ are locally Lipschitz continuous in

the sense of (II.1) Using a truction method, we have the following, for more details we refer to [10],

Proposition II1.3.3. Let H.1 hold and let r > 0. Define

F(9) := 7l 9 € X and |9l < (IIL5)

) feeXand|9lly>r

o) |70 Tocxad ol <r e

G(55) o X and ||9lly >

Then, %, and 9, satisfy the following:

| Z:(9) — ZH(9) < 2c1(r) [0 — bl ¢, 0 €X (IL7)
19:(6) —4(9)|| < 2e2(r) [0 — B[, 9,9 €X (IIL.8)
Fr(X4) CRy (11L.9)
G.(9)+c3(r1)¢ € Xy forall ¢ € Xy such that ||¢||y <r;. (II1.10)

Definition I11.3.4. Let H.1 hold, let r > 0, let .%, and ¥, be defined as in (II.5)-(II1.6) and let mapping <7,
from X to X be defined by

=9 ~G,(9) for g € D(7,), (IL11)

where D(7,) = {¢ € X, : ¢ is absolutely continuous on [0,a],¢' € X,¢(0) = Z.(¢)}

Theorem IIL3.5. Let H.1 hold, let Ty = o for each ¢ € X, and let U(t),t > 0, be the strongly continuous

nonlinear semigroup in X, as in Theorem IIL1.5. If p € X, t >0, r > supy,, ||U ()9 ||y, and <7, is defined
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asin (Ill.11), then

lim (14 %ﬂ})*% =U(s)¢ uniformly for s € [0,1]. (I1.12)

n—oo

Theorem I11.3.6. Let H.1 hold and let </ be defined as in (I11.2). Then, D(</) = X . Further, let Ty = oo for
all ¢ € Ly, let U(t),t > 0, be the strongly continuous nonlinear semigroup in X as in Theorem I11.1.4, let
¢ € D(o/), and let u be a Lipschitz continuous function from [0,t] to L' such that u(0) = ¢ and for almost all
s € (0,1), u is differentiable at s, u(s) € D(A), and (d/ds)u(s) = —</u(s). Then, u(s) = S(s)¢ for s € [0,t].

We conclusion this section by stating some results for the strongly continuous semigroup of bounded
linear operators associated with the problem (1.3) in the case that % and ¢ are bounded linear operators.

This results follows from [10], sec 3.3, pp. 98.

Theorem IIL.3.7. Let % be a bounded linear operator from L' into R", let 4 be a bounded linear operator
from L' to L', let U(t),t > 0, be the strongly continuous semigroup of bounded linear operators in L' as in
Theorem II1.1.5, let A be the infinitesimal generator of U(t),t > 0, and let @ = |.F | +|¥9|. The following
hold:

(i) D(%)=L";
(ii) —# + ol is accretive in L';
(iii) (I—APB)~"is a bounded everywhere defined linear operator in L', for all 0 < 2 < &~ !;

(iv) Foreach ¢ € L', lim,_oo(I —t/n%B) "¢ = U(t)¢ uniformly in bounded intervals of t.
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CHAPTER 1V
EQUILIBRIA AND THEIR STABILITY

Iv.1 Existence and uniqueness of either the positive equilibrium or a trivial equilibrium

In previous sections we use the semigroup theory to establish the existence of unique, postive solutions of
the model for all positive time, the next natural step is to use the mathematical population models to predict
whether or not a biological population will survive. More precisely, we are interested in analyzing the
existence and uniqueness of the nontrivial (or trivial) steady states or equilibria of the models. Mathematical
analysis of the existence and stability of a nontrivial equilibrium can be used to show the convergence of a
population to the nontrivial steady state. In the first section of this chapter we study the problem of existence
of a nontrivial equilibrium to (I.3). In the next section we will investigate the stability and instability of a

nontrivial equilibrium of (I1.3).

IV.1.1 Existence and uniqueness of an equilibrium solution

We begin with some basic definition and proposition (see [10], sec 4.1, pp.136) used in finding the nontrivial

equilibrium of the model (I.3).

Definition IV.1.1. Let H.1 hold, let ¢ € X, and let p be the solution of (I.3) on [0,7,). Then, p is an
equilibrium of (I.3) if and only if 7y = oo and p(-,¢) = ¢ for all # > 0.

We obtain the following proposition (see [10], sec 4.1, pp.136) from definition IV.1.1:

Proposition IV.1.2. Let H.1 hold. Let < be defined as in Definition 1I1.1.2, let ¢ € X, and let p be a
solution of (1.3) on [0,Ty ). Then, p is an equilibrium of (I.3) if and only if &/ ¢ = 0.

We define,

(b,a;s,t) := exp[—/ (Ho(a,s)+ui(a,r) + pa(a))dal, for0<b<a.
b

I1(b,a;Mo(Q09), M1 (Q1¢)) represents the probability that a member of the population of age b will survive
to age a when exposed to the all-cause mortality to(d, 1o(Qo®)), the age-dependent and post-reproductive
population-dependent mortality on the pre-reproductive population (@, n;(Q1¢)), and the age-dependent
mortality U (a), for @ € [0,a;] with age distribution ¢ € X

We define the net reproduction function, for ¢ € X,
B(9):= | Bla:ma(Qod)IL(0,a:10(Q00), 11 (Q16))da av.1)

Amin

Let Z(0) be the intrinsic growth constant (IGC), which is an indicator of the capacity of the species to

survive independent of the effects of crowding and all other nonlinear effects in this model.
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Let ®(x) := [g™" i (@, x)da, for x > 0. By H.1, we have ®(0) = 1;(0) = 0. Let ®(z) and 7 (z) be the
odd extensions of ®(z) and 1;(z) to R. We deduce from H.1 that ®~!(z) is continuous for z € R. We make

the following assumptions:
H.2. Let [i™ B(a; N2(Qo) e Jo (Ho(@m0(Q0))+1(@)dd g < 1, for Qy sufficiently large.
H.3. The mapping © : [0,) — R, defined by,

o) = 01 (x) Jo" @o(a)T1(0,a;10(x), M (Q1(x)))d
' o @1 (a)1(0,a3mo (x), 1M1 (Q1 (x)))da

is decreasing, where

01(x) = 7! ocirl[ln(/

Amin

9 forx>0, (IV.2)

Amax

B(a;ma(x))e o kol@m) Hia(@)da )]

Remark IV.1.3.

(a) H.2 requires that the intrinsic growth constant IGC= /"> B(a;12(Q0))I1(0,a;M0(Q0), N1 (Qo))da <

Amin

[max B(a;15(Qp))e o (Hol@mo(Qo))+ra(@)ddgy < 1 as Qy sufficiently large.

Amin

(b) H.3 requires that the fixed point mapping defined by ®(x) for x > 0 is monotone decreasing.

(c) If H.3 is violated, we have constructed a numerical example to illustrate the existence of multiple

poistive equilibria.

In the following theorem, we show the existence and uniqueness of either the nontrivial equilibrium or
only the trivial equilibrium of (I.3) under certain conditions. The method involves a fixed-point approach
in an operator theoretic framework combined with utilizing the special property of u;(a,x) for (a,x) €
[O,a]] X (0,00).

Theorem IV.1.4. Let H.1-H.2 hold.
(a) IfIGC > 1, there exists a positive equilibrium for the system (1.3).
(b) IfIGC < 1, the trivial equilibrium is the only equilibrium solution for the system (I.3).

(¢) IfIGC > 1 and H.3 is satisfied, then system (1.3) admits a unique positive equilibrium.

Proof. A time-independent solution ¢ € X, of the system (I.3) satisfies:

¢'(a) = —(to(a,no(Qod)) + 11 (a, M1 (1)) + p2(a)) §(a). (IV.3)
6(0)= [ Blam(Qo6))d(@da. (IV4)
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Because 0 satisfies (IV.3)-(IV.4), there always is the trivial equilibrium qﬁ = 0. We solve (IV.3)-(IV4) to
obtain,

N

$(a) = $(0)I1(0,a;10(Qo$), M1 (Q19)). (IV.5)

We plug (IV.5) into the initial condition (IV.4) to get,

6(0)=§(0) [ Blaima(Qof)TI(0.a:mo(Qof), i (©16)da
Dividing both sides by ¢(0) gives,
1= [ Bla;m(Qo$))TI(0,a:m0(QoB), M1 (Q1))da (IV.6)

Amin

We use the assumption, ;(a,z) = 0 when a > apin, to obtain,

| — e_f(;’min i (ami(Q19))da W)
X amaxﬁ(a 772(Q0¢)) 1o0(@,10(Q0d))+12(d a)da g,

We take the natural logarithm on both sides of (IV.7), to obtain,

Amax

B(71(019) =In[ [ Bla:na(Qof))e ¥ (@M (o) +m(@)digq) (IV8)

< Amin

Since 1n;(z) for z > 0 is strictly monotone increasing, onto, continuous and f};(z) is the odd continuous
extension of 1;(z) to R, we have 7 (z) is invertible and its inverse is continuous on R. We apply 7j; ' o ™!
on both sides of (IV.8) to obtain,

016 =" 0! In / " B (ama(Qo) e Woldml08) 2@ g

We define Q; : [0,00) — R by, for Qg >0,

Amax

01(Q0) ==, "o @ In( [ Bla;na(Qp))e i Hol@mo( Qo) +ha(@)ddgg)). (IV.9)

Amin

If Z(0) = IGC > 1, we derive from H.1 that [y™" ;(a,0)da =0, 11(0) = 0 and from (IV.9), we obtain,

01(0) = 17 0@ In( [ Bla 12 (0)) 0OV @

min

— i 0@ fin( [ Blasma(0))TI(0,a:m0(0), 71 (0))da)] > 0.

Amin

We have constructed a continuous function Q;(z) for z > 0. By H.2, Q1(Qo) < 0 for Qp sufficiently large
while Q;(0) > 0. Then, we apply the intermediate value theorem to obtain some Qy > 0 such that Q1 (Qy) =
0. In order to derive a second equation for Q¢ and Q| 9, we integrate @;(a)d(a) (IV.5), for i =0, 1, over
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[0,a,] to obtain,

Qo Z/Oa] @ (a)f(a) / @o(a)T1(0,a;10(Q0d), M1(Q19))da; (Iv.10)
019 :/Om o1 (a)$(a) / @1 (a)T1(0,a;1m0(Q09), M1 (Q1))da. (IV.11)
We use (IV.10) to divide (IV.11) to obtain,
Qo‘fz _ kI %(G)H(O,a;no(Qo@),Tll(Qlé))da' (IV.12)
019 o' 01 (a)11(0,a;10(Qo9), M1 (Q19))da
From (IV.9) and (IV.12), we define © : [0,00) — R:
O(Qy) = 01(Q0) Jy' wo(a)H(O,a;no(Qo),m(Ql(Qo)))da7 for 0y > 0. aV.13)

o @1 (a)T1(0,a;10(Q0), M (Q1(Q0)))da

Our next goal is to show there exists a fixed point for ®(z), z > 0. It follows from (IV.13) that,

01(0) Jy" oo (a)I1(0,a;10(0),n1(01(0)))da >0
Jo @1 (a)T1(0,a;10(0),1m1(Q1(0)))da '

0(0) =

We compute ©(z) at Oy,

0(G0) = 01(0o) Jo" @0(a)T1(0,a;10(0o), 1 1(Q (Q0)))da
" o1 (a)I1(0,a;10(Q0), M1 (Q1(Q0)))da

—O<Q0.

Therefore, the function ®(z) is continuous for z > 0 and ®(0) > 0, ©(Qy) < Qy. We apply the intermediate
value theorem again to obtain some Qo >0, (0< Qo < Qo) such that ®(Qo) = Qo. Furthermore, Ql is
uniquely given by (IV.9). The following form of a positive equilibrium ¢3 follows from (IV.5), (IV.10)-
Iv.1l).

O11(0,a;10(00), 1 (01))

' @;(a)T1(0,a:Mo(Q0), M (Q1))da’ i=0orl. (IV.14)

¢(a) =
0

The uniqueness of the positive equilibrium is a consequence of H.3.
O

In the following Theorem IV.1.5 and Example IV.1.7, we let 1;(x) = x forx > 0, i = 0,1,2, ap(a) =
Xjo.a)(@) and @1(a) = Xjap..a)(@) for a € [0,a1], where ¥4 (a) =1 if a € [¢,d] C [0,a;]; otherwise,
Xjea)(@) =0if a ¢ [c,d]. Tt then follows that Qo (1) =T (¢) = [y p(a,t)da, and Q;(t) = S(t) = [ p(a,t)da,
where T'(t), S(¢) denote total population and senescent population at time #, respectively. Furthermore,
J(t) = Jo™" p(a,t)da, and R(t) = [;™ p(a,t)da, where J(t), R(t) denote juvenile population and reproduc-
tive population at time ¢, respectively. In the following Theorem IV.1.5, we provide a sufficient condition
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for the uniqueness of the nontrivial equilibrium for (IV.15) by applying Theorem IV.1.4:

Theorem IV.1.5. Let H.I hold. Let (a,z) = B(a) for a € [amin,amax] and z > 0. Let uo(a,z) = n(a)z and
ui(a,z) = p(a)z for (a,z) € [0,a1] x [0,00), where n, u € C+[0,a1], and pu(a) =0 for a > amin. Consider
the following system,

pi(a,t) + pa(a,t) = —[N(a)T(t) + w(a)S(t) + wz(a)lp(a,i), (IV.15)
O<a<ap,t>0,
p0.0 = [ Blap(a.nda, 1 >0,

p(a,0) = po(a), 0 <a<a.

Then,
(a) IfIGC > 1, there exists a positive equilibrium for the system (IV.15).
(b) IfIGC < 1, the trivial equilibrium is the only equilibrium solution for the system (IV.15).

(c) If e > IGC > 1, then system (IV.15) admits a unique positive equilibrium.

ay *fo ﬂz(a)dada ) w”h ‘[L — fé”min“(u) j min ( )

o™ n(a)da 1 _Jo
where, A := OfalT(l-f- ”m Grin

amax

Amin ﬁ
Proof. For part (a), one can use a similar argument as in Theorem IV.1.4(a) to show the existence of a
positive equilibrium as in (IV.14). Part (b) follows from Theorem IV.1.4(b).Our goal is to show, similarly as
in Theorem IV.1.4(c), that if eA>IGC > 1,0 asin (IV.13) is monotone, and therefore, there exists a unique

nontrivial equilibrium. We derive from (IV.9) that,

Py = In( [ B(a)e Jo (@ Er+(a))da g,
T f(;lmmu(a’\)dd

We observe from (IV.16) that . (Er) is differentiable for Er > 0, and it is monotone decreasing, since its

for Er > 0. (IV.16)

derivative satisfies,

[ B (a)e — Jo' (2(@)4+n(@)Er)da Jo n(a)dada

a Jo™" n(a)da
—7E o > o : IV.17
( ) f;ﬂ:‘::x ﬁ(a)e fo W (a)+n(a)Er) dadafamm ’J( ) a f() min u(a)da ( )

If IGC = [;™ B(a)e” Jor(@dagg > 1, we have .#(0) > 0. We derive from (IV.16) that .7 (E7) — —oo, as
Er — o0, and . (Er) is a continuous function for Er > 0. Therefore, by the intermediate value theorem,
there exists a zero T of .%(E7) and it is unique since . (Er) is monotone decreasing for Er > 0. Moreover,

we estimate that 7 satisfies:

In(fjoe Bla)e 50 00da) - n(fm Bla)e 51 @ida)

Amin T Amin

0" n(a)da N Jo™ n(a)da

(IV.18)
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We deduce from (IV.2) that ®(x) = x if and only if A(x) = 0 for x > 0, where A : [0,0) — R is defined by,
forx >0

Alx) := y(x)/ " e Jo ma(@)da ,—x [ n(@)da .. (x) [;min p(a)da IV.19)
0
+ () /”“ o Ji m(@)da ,—x i m(@)da g, _ / U o I m(@)da —x [§m(a)da g,

Our next goal is to show that if e* > IGC, A(z) is non-increasing for z > 0. It is easy to show that A'(E7) <0
for E7 > 0 if and only if (IV.20) holds, for Er > 0:

_ [y/(ET)/O " o= I§ a(@)da ,~Er [ n(@)da . (Er) [gmin p(a)da g, (IV.20)

+5ﬂ(ET)/O mi"e—f(?uz(&)d&e—Erf(?n(d)d&eY(Er).ffmi"u(&)dﬁ(_/ n(a)da

Amin aj

+AE) [ w@)da)da+ .S (Er) /

a

o~ Jo 1a(@)da —~Er [y n(a)da g,

—i—Y(ET)/m o~ Ji ma(@)da ,~Er fé’n(&)da<_ /an(&)dd)da] . _/m o I ma(@)da
Amin 0 Amax

XefET_[g’n(&)ddda_f_ET/al e*f(fﬂz( )da —Er [gn da / n da)da

Amax

Furthermore, we have, for 0 < Ey < T,

The left hand side of (IV.20) > —.'(Er) / ¢~ o ke(@)da ~Er Jin(a)da g, (IV.21)
S Zm‘" n(a)da / — J§ 1(@)da y=Er J§n(@)da g
~ Jom u(a)d
(@)

The right hand side of (1V.20) T/ n(a)da—1) ¢~ o ro(@)dd ,=Er Jym(@)da gy
Amax

a1 J§ B (@)da ,—x G n(@)da g,

Let K(x) := -2

[ o J0 Ha(@)da —x [ n(a)da 4 >
Jamax

Therefore, if ¢* > IGC, we obtain, for 0 < Ey < T,

for x > 0. One can easily verify that K(x) is non-decreasing for x > 0.

foamin T[(d)d& f(?l e fé’uz(ﬁ)ddefET Ion n(aydag, N foamin Tl( )da fa1 e Jo ma(a ayda g,
Jom p(a)da f“n:a el Ha(@)dag—Er [n(a)dagy = ffmin [.L( )da f“nia e~ Jo r(@)dag,

n( )da ll'l(j:m"x ( )e7 I ,uz(ﬁ)dada) B f(;zmm
- min Amin A A / n da _ 1
Jomn(a)da
It is readily seen that (IV.20) holds and the uniqueness of the nontrivial equilibrium follows. O

IV.1.2 Numerical examples

Let ¢ given by (IV.14) be a nontrivial equilibrium of (I.3). We define the mean age of a female by

a2 N . Jo' #(a)da
Jo'a¢(a)da, and the average prospective lifespan from birth of a female by T el @) @) P @
(see [49]). We hypothesize that there is no significant change in the reproductive age interval of a female
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(who survives past juvenility) throughout the recent evolutionary time from early humans living in hunter-
gatherer society until modern agricultural civilization [41, 60, 61]. Therefore, we choose baseline values

amin = 15 years, amax = 35 years and a; = 80 years in all numerical examples used throughout this paper.

Example TV.1.6. The baseline parameters are set as po(a,T) = 1(a)T = 3 x 107°T, for a € [0,a;] and
T >0, ui(a,S) = pu(a)S = 107" (—a+ amin)S, if a < amin and S > 0; otherwise, if @ > ami, and S > 0,
wi(a,S) = 0; B(a) = 0.5(a — amin)e 4@~ min) if @ > ap;,; otherwise, if @ < amin, B(a) =0 and Wy (a) =
0.03+0.01e%%% for g € [0,a;]. We numerically find that if ay;, = 15 years and apax = 35 years, IGC~ 1.5
(indicated by yellow dots and dashed lines in Fig.VI.1). As Figure VI.1(A) illustrates, the age structure of
human beings is robust with extended juvenility. When ap.x = 35 years and all other baseline parameters
are held fixed, increasing the juvenility, the reproductive period decreases and therefore IGC decreases and
falls below 1 as api, exceeds = 25 years (see Figure VI.1(B)). Figure VI.1(C) shows that when api, = 15
years is held fixed, IGC increases sharply and then more slowly as am,x increases. We numerically find that
the average lifespan and the mean age of a female at the nontrivial equilibrium is ~ 22.4 years and ~ 17.6

years, respectively.We refer to [46] for numerical simulations and sensitivity analyses of (IV.15).

In the following example, we revisit the system (IV.15), when it is subject to a nonlinear boundary

condition.

Example 1V.1.7. Consider the following system:

pi(a,t)+ pa(a,t) = —[n(a)T(t) + w(a)S(t) + uz(a)lpla,i), (IV.22)
O<a<ay,t>0,
p0.0) = [ B@fTW)pla.nda, >0,

p(a,0) = po(a), 0<a<a.

All parameters are set as in Table VI.1. Numerical illustrations of 8 and Ly are given by Figure VI.2A and
Figure VI.3A. Since f(x) = %sz for x > 0 and ¢, > 0, it directly follows that f(x) — 0, as x — co. We
numerically find that IGC~ 1.5 for values in Table VI.1. One could argue as in Theorem IV.1.4(a) to ob-
tain the existence of a positive equilibrium of (IV.22). Moreover, since . (E7) = m In( [y 5 fc(;%r
e lo (”(d)ET+“2(d))ddda), for Er > 0, it is readily seen that ./ (Er) < 0 for E7 > 0. We numerically find that
T [3' n(a)da < 1, which implies that condition (IV.20) holds, where T is the zero of . (Er) for Ex > 0.
Therefore, A(E7) given by (IV.19) is monotone decreasing for 0 < Ey < T and the system (IV.22) admits

a unique positive equilibrium. We numerically find that the average lifespan of a female at the nontrivial

equilibrium is ~ 32.9 years. In the baseline model, with parametric values set as in Table V1.1, starting
from a small founding population py(a) (with initial total population ~ 392), the total population, juvenile,
reproductive and senescent subpopulations converge to the nontrivial equilibrium over approximately 400
years with IGC~ 1.5. Figure VI.2B illustrates the evolution of the population density p(a,t) in approxi-
mately 400 years and Figure VI.2C demonstrates the change of total, juvenile, reproductive and senescent
subpopulations over about 400 years. The total population exceeds 1878 with mean age ~ 23.5 years (see

Figure VI.2B). We repeat the simulation with all parameters set as in the baseline model except that we
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increase the juvenile mortality due to the senescent population burden and the fertility rate. We numerically
find IGC~ 2.56. From Figure VI.3B and VI.3C, we observe that total population, juvenile, reproductive and
senescent subpopulations all exhibit oscillatory behavior as the population converges to the equilibrium in
more than 800 years. This indicates that age structure of humans is robust and could recover from oscilla-
tory behavior as the population stabilizes at the nontrivial equilibrium. As Figure VI.4A and VI.4B indicate
that if the initial population consists of a large fraction of juvenile and senescent populations and very few
reproductive individuals, and all baseline parameter values are held fixed, the total population, juvenile, re-
productive and senescent subpopulations all exhibit oscillatory behavior as the population converges to the
equilibrium in approximately 400 years. The numerical simulations here and in [46] support the hypothe-
sis that human age structure from early hunter-gatherer society to present (intrinsically shaped by age and
population density dependent fertility and mortality and also regulated by evolutionary benefits and costs)
is robust and stable [44, 45, 46, 47, 48].

IV.1.3 Further discussion on the uniqueness of the nontrivial equilibrium

In this section, we investigate different combinations of fertility and mortality functions such that the system
(I.3) has a unique nontrivial equilibrium. In the following theorem, we assume po(a,z) or u;(a,z), for
(a,z) € [0,a1] x [0,o0) to be only age dependent, and let B(a,z), for (a,z) € [amin,@max] X [0,°0) to be only
age dependent.

Theorem IV.1.8. Let H.1 hold. Let up(a,z) = to(a) or wi(a,z) = wi(a) for (a,z) € [0,a;] x [0,e), and
B(a,z) = B(a) for (a,z) € [amin,amax] X [0,°0). Let 0/ (x) x%&g“‘)) >0, where (d4,x) € [0,a;] x [0,0). If
IGC > 1, the system (1.3) admits the unique positive equilibrium.

Proof. We only show the case that piy(a,z) = uo(a). Define % : [0,00) — [0, 00) by:

H(x) 1= / e B(a)e™ B @M@ +m(@+m@Ndagy  for x > 0.

Amin

We observe that % (0) = IGC > 1. Since 7] (X)%T&)(X)) > 0, where (a@,x) € [0,a;] x [0,0), we obtain, for
01 =0,

H(Q)) = — amaxﬁ(a)e*.fé‘(uu (@.m1(Q1))+1to(@)+112(a))da

Amin

< i) [ RIS IO)

dald 0.
IMm(Qi) djda <

Therefore, % (z) is a non-increasing function for z > 0. As z — oo, % (z) — 0. By the intermediate value

theorem, the continuous function 7 (z) for z > 0 has a unique, positive equilibrium. O

Following example gives an illustration of Theorem IV.1.8:

Example IV.1.9. Let H.1 hold. Let uy(a,z) = n(a)z and p(a,z) = p(a)z, for z >0, where n, pu € C[0,a1],
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and p(a) =0 for a > ap;,. Consider (IV.23) as follows:

prant) + palat) = —@T (1) + (@) + pa(a)]p(a1), ?ful(m):ul(a); av.23)
—[1(a)S(1) + po(a) + pa(a)]p(a,r), i po(a,2) = bo(a).

forz>0,0<a<ap,t>0,

Amax

p(0,1) = B(a)p(a,t)da, t >0,

Amin

p(a,O) :p0(0)7 O<a<a.

It is readily seen that conditions of Theorem IV.1.8 are satisfied, therefore, the existence and uniqueness of
a positive equilibrium of (IV.23) follow if IGC > 1.

In the following theorem, we derive the existence and uniqueness of the positive equilibrium from the
system (1.3) when it is subject to a nonlinear boundary condition and linear mortalities ;(a,z) = p;(a), i =
0,1, for (a,z) € [0,a1] x [0,00).

Theorem IV.1.10. Let H.1 hold. Let p;(a,z) = pi(a), fori=0,1, where (a,z) € [0,a;] % [0,0), and B(a,z) =
B(a)f(z) for (a,z) € [dmin, Gmax] X [0,0), where B € C. [amin, amax)and f € C'[0,00), f >0, f' <0 0n [0,00).
If IGC > 1, the system (1.3) admits the unique positive equilibrium.

Proof. Define £ : [0,00) — [0,c0) by:

M

5(T) = / " Bla) f(T)e Ji o@+m@+m@)dig,  for 7 > 0.

Amin

We observe that #5(0) = GC > 1, and since f'(z) <0, for z € [0,0), we have,
%’(T) _ /llmax B(a)f/(T)e*fél(#o(ﬁ)Jr#l (@)+p2(a))da g, <0, forT >0.

Therefore, Ji% (z) is a continuous non-increasing function for z > 0. As z — oo, ji/l;(z) — 0. By the inter-

mediate value theorem, the existence and uniqueness of a positive equilibrium follow. O

Following example illustrates Theorem IV.1.10:

Example IV.1.11. Let H.1 hold. Let y;(a,z) = pi(a), for i = 0,1, where (a,z) € [0,a;] x [0,%). Let & > 0

and (a,z) = ﬁ, for (a,z) € [amin, @max] X [0,00). Consider (IV.24) given as follows:

pi(a,t) + pala,t) = —(uo(a) + wi(a) + w2(a))p(a,t), 0 <a<ap, t >0, (IV.24)
p(0,1) :/0 HTT(t)p(a’t)da’ t>0,

p(a,0) = po(a), 0<a<a.

By Theorem 1V.1.10, if IGC > 1, the existence and uniqueness of a positive equilibrium of the system
(IV.24) follow.
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IV.2  The linear problem

In this section we use the method of linearization to address the local stability or instability problem of
the equilibrium solutions of the model (I.3). First we formulate our linear problem by finding the Frechet
derivatives of nonlinear operators .#, ¢ given by (I1.4)-(1.5) at an equilibrium solution 43 € X of the system
(I.3) and then we study some basic properties of a linear operator. Next we discuss the state space decom-
position by invariant subspaces. We close this section by deriving the characteristic equation for the linear

problem. We first state the following definition:

Definition IV.2.1 ([10],sec 4.2, pp.145). Let U(z),t > 0, be a strongly continuous nonlinear semigroup in
the closed subset C of the Banach space X and let £ € C. The trajectory y(%) is y(X) :={U(¢)X: ¢t > 0}. If
Y(X) = %, then £ is an equilibrium solution for U (), > 0. The trajectory y(%) is stable if and only if for each
€ > 0, there exists 6 > 0 such that if x € C and |[x— || < 8, then |[U(¢)x—U(¢)%|| < € for all > 0. The
trajectory y(%) is unstable if and only if it is not stable. The trajectory is asymptotically stable if and only if
it is stable and there exists some 6 > 0 such that if x € C and ||x — £|| < &, then lim, .. | U (#)x — U (¢)%|| = 0.
The trajectory is exponentially asymptotically stable if and only if it is asymptotically stable and there exists
0 >0, >0and K > 0suchthatif x € Cand ||x —%|| < §, then |U(¢)x — U (¢)%|| < Ke~®" ||x — %||. If & can
be chosen arbitrarily large in each of these last two definitions, then the corresponding property is said to
be global.

IV.2.1 The linear problem

We assume as in H.1, that .#, ¢ given by (1.4)-(1.5) are continuously Frechet differentiable at an equilibrium
solution ¢ € X of the system (I.3) and the Frechet derivatives are given by .#'($), ¢'(¢) as in (IL8)-(IL.11).

The associated linearization of (I.3) is as follows:

r(at) + ttg(at) = ~ [Ho(a, M0(Q0B)) + 1 (a1 (1)) + pa(@)u(as1) (IV.25)
d « A d N

D)) O Qo@D i)

x (Qr1(1)d(a), 0<a<ay, t >0,

u(0.0)= [ Blasm(Qod))u(a,r)da

i aﬁ(a,z)| 6
dz '=m(Qo9)

£14(Q06)(Qro)) |

Amin

(a)da, t >0,
u(a,0) = po(a), 0 <a<aj.
where Qp ;(t) = [ wi(a)u(a,t)da, i=0,1.

We apply Proposition 3.2 and Proposition 3.7 (in [10], section 3.1, pp.76) to obtain the semigroup
property for solutions of (IV.25):

Theorem IV.2.2. Let H.1-H.2 hold. Let F'(¢) and 4'(§) be bounded linear operators from X to R and
from X into X as in (I1.8)-(1I.11). If po € X, then the generalized solution u(a,t)of the system (IV.25) is
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defined on [0,o0). Further, the family of mappings Ty.(t), t > 0 in X, defined by (Tp.(t)po)(a) = u(a,t) is a

strongly continuous semigroup of bounded linear operators in X satisfying,
1T ()] < e, fort >0 where @ = |.Z'(§)|+ |9 (d)].
The infinitesimal generator of Ty (t), t > 0, is
Bop=—0¢'+9'(9)¢, forp cD(B). (IV.26)
where,
D(B) = {¢ € X : ¢ is absolutely continuous on [0,a;],¢’ € L',¢(0) = F'(§)¢}.
Further, for allt >0, Tp(t)(D(B)) C D(B) and (d/dt)T.(t)¢ = BT, (t)¢ = Tp.(t)Bo for all ¢ € D(B).

IV.2.2 Basic properties of the linear semigroup

Let 7;.(), t > 0 be the strongly continuous linear semigroup, in X as in Theorem IV.2.2. Let 6(7.), Ec(T.),
and Po(Ty) be the spectrum, the essential spectrum and the point spectrum of the linear operator 7, (for

details see [10]). We begin this section with some definitions and results from [7, 10, 34].

Definition IV.2.3. The spectrum of a closed linear operator 7 in the complex Banach space Y, denoted
by o(T), is the complement of the resolvent set of T, denoted by p(7'), in the complex plane C. p(7T) is
the set of complex numbers A for which (A1 — T)~! exists and is an everywhere defined bounded linear
operator in Y. The continuous spectrum of T, denoted by Co(T), is the set of complex numbers A such
that (A1 — T)~! exists, is densely defined in ¥, but not bounded. The residual spectrum, denoted by Ro (T),
is the set of complex numbers A such that (A1 — T)~! exists, but is not densely defined in Y. The point
spectrum of T, denoted by Po(T), is the set of complex numbers A such that 7x = Ax for some nonzero
x€Y. If L € Po(T), then A is called an eigenvalue of T and a nonzero vector x € X such that Tx = Ax
is called an eigenvector of T corresponding to the eigenvalue A. If A is an eigenvalue of 7', then the Null
space N(AI —T) is called the geometric eigenspace of T with respect to A, and its dimension is called the
geometric multiplicity of A. The essential spectrum of T, denoted by Ec(T), is the set of A € o(T') such
that at least one of the following holds:

(i) R(AI—T) is not closed;
(i) A is a limit point of 6(T);
(iii) the generalized eigenspace of T with respect to A, denoted by N, (T), is infinite dimensional.

where N (T) is the smallest closed subspace of ¥ containing Uy N((AI — T)*) and where N((AI —T)*)
denotes the null space of (Al —T)X, k = 1,2,---. The point spectrum of T, denoted by Pc(T), is the set
of complex numbers A such that 7x = Ax for some nonzero x € X. If A € Po(T), then A is called an
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eigenvalue of T and a nonzero vector x € X such that Tx = Ax is called an eigenvector of T corresponding

to the eigenvalue A.

Definition IV.2.4. The growth bound, @y(B) € [—0,0) of B: D(B) C X — X, where B is the infinitesimal
generator of the strongly continuous linear semigroup {77(z),# > 0} in X as in Theorem IV.2.2, is defined

as follows:

() i MO L)

t—300 t

The essential growth bound, 6% .ss(B) € [—o0,0) of B is defined by:

h In(||T.(¢
wo,ess(B) = lim n(”Lf)”ffSS)’

=300

where, || T;.(t)|,,, defined by || T1.(¢)]|,,, := K(T1(t)Px(0,1)) is the essential norm of 7;(t), and By (0,1) =

{x € X : ||x||y < 1}, and for each bounded set Z C X, we define the Kuratovsky measure of non-compactness

Hess
as:
k() :=inf{€ > 0: % can be covered by a finite number of balls of radius < €} .

We state the following theorem which links the local stability of an equilibrium ¢ of (I.3) to the spectral

properties of B:

Theorem IV.2.5. Let H.1-H.2 hold. Let U(t), t > 0, be the strongly continuous nonlinear semigroup in X,
as in Theorem II.1.4 with infinitesimal generator <f. Let Ty (t), t > 0, be the strongly continuous linear
semigroup in X as in Theorem IV.2.2 with infinitesimal generator B, defined by (IV.26). Let (]3 € X, bean
equilibrium solution of the system (1.3). Let %7ess(3) < 0. The following hold:

(a) Ifsup)tec(é)—Ec(B) Re(A) <0, then ¢3 is a locally exponentially asymptotically stable equilibrium of
the system (1.3).

(b) If there exists A € o(B) such that Re(A1) > 0 and SUP) co(8)—Ea(B) Axn Re(A) < Re(A1), then  is
an unstable equilibrium of the system (1.3).

In the following theorem, the existence of the projector was first proved in [10], and in [34] it is shown

the spectrum consists of finite points.

Theorem 1V.2.6. Let B : D(é) C X — X be the infinitesimal generator of the strongly continuous linear
semigroup {TL(t)},> in X as in Theorem IV.2.2. Then

(L)()(B) = max(a)(),ess(é), max Re(l))
A€a(B)—Eo(B)

Assume in addition that @ ess(B) < wo(B). Then, for each y € (0 ess(B), 00(B)], {A € 6(B) : Re(A) > v} C
PG(E) is nonempty, finite and contains only poles of the resolvent of B. Moreover; there exists a finite rank

bounded linear operator of projection & : X — X satisfying the following properties:

28



(i) PA—B)'=(A—B)"' 2 VA epB);

(ii) 6(Byx)) ={A€c(B): Re (LX) >7}:
(iii) 0(B(1-)x)) = 0(B) — 0 (Ba(x)).
The following definition for a strongly continuous linear semigroup 7;(¢), t > 0, to be irreducible is
from [7], section 7.1, pp.165:

Definition IV.2.7. A positive strongly continuous semigroup 7y (), ¢t > 0, in the Banach space X is irre-
ducible if and only if for every 0 < x € X and 0 < ¢ € X*, there exists # > 0 such that (7 (¢)x,¢) > 0.

The following Proposition gives equivalent conditions for a strongly continuous linear semigroup 77(t),
t > 0, to be irreducible:

Proposition IV.2.8. For a positive strongly continuous semigroup Ty (t), t > 0, with generator B in a Banach

lattice X, the following statements are equivalent.
(i) Tp(t), t > 0O, is irreducible;

(ii) The resolvent R(A,B) satisfies R(A,B)f is strictly positive for some A > s(B) and all 0 < f € X, where
s(B) =sup{Re(A): A € 6(B)} is the spectral bound of B.

The compactness and boundedness results for the strongly continuous linear semigroup 7y (¢), t > 0 in

X as in Theorem IV.2.2 follow from:

Theorem IV.2.9. Let H.I-H.2 hold. Let .F'(§) and 4'($) be bounded linear operators given by (IL.8)-
(IL.9). Let Ty (t), t > O be the strongly continuous linear semigroup in X as in Theorem IV.2.2. If ¢ € X and
{Ty(t)¢ : t >0} is bounded in L', then {Ty(t)¢ : t > 0} has compact closure in L'

We will show the positivity and irreducibility of the strongly continuous linear semigroup 7;(¢), t > 0
in X as in Theorem IV.2.2 under the following assumption, for the linear operators .%’(¢) and ¢’(¢) as in
(I1.8)-(I1.9), where (73 is a positive equilibrium solution (IV.14) of (1.3):

H.4.
~. dB(a,
n(006) B (gz J e 0v) > 0 0T @ € [dumin, Gina]- (IV.27)
i a i\Y,
nlf(Q,-qb)/”L&(zz)\z_m(Qiq;) <0,i=0,1, forae0,a. (IV.28)

Conditions (IV.27)-(IV.28) indicate that a biological population may exhibit a certain type of behavior at a
positive equilibrium of the system (I.3) in which will the population growth rate becomes negative, while

the fertility rate growth becomes positive.

Theorem I1V.2.10. Let H.1-H.2 and H.4 hold. Then, the strongly continuous linear semigroup T (t),t > 0,
in X as in Theorem 1V.2.2 satisfies Ty.(t)(X+) C Xy and is irreducible.
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Proof. The positivity of the operator 4] as in (I1.10) follows directly from condition (IV.28). Therefore, we
can restrict ourselves to the operator B — €. The associated differential equation subject to the correspond-

ing boundary condition is given as follows:

u,(a,t) +”d(a7t) = _[HO(%nO(QOé)) + W (a7n1(Q1$)) +;u2(a)]“(aﬂt)’
O<a<ap,t>0,

u(0,1) = afnaxﬁ(a;nZ(Qoé))u(a’t)da+nﬁ(Qo(ﬁ)/oa' o (@u(a.t)da
Amax o) , .
. / - ﬁg; - | (00 P (@)da, t >0,

u(a,0) = po(a), 0 <a<aj.

Let u be a solution of above equation and satisfy the given boundary condition. Then, the function w given
by

w(a,t) =u(a,t)exp {/Oa[lio(ﬁ, M0(Q0d)) + 11 (a,m (1)) + Hz(@)]d&} -
satisfies,

we(a,t) +wy(a,t) =0, 0<a<ap,t>0,
w(0,t) = y(w(a,t)), t >0,

w(a,0) =po(a>exp{ / * [40(@,T10(00)) + 11 (@, m (o)) + uz(d)]d&}, 0<a<aj.

where, y(w(a,1)) = Z'(¢)(w(a,t)e Jo[to(@mno(Qod)) +1m(@ni(Q:16))+12(a)da) * This system is associated with
the linear semigroup generated by Z¢ = —¢' for ¢ € D(2A), with D(A) being defined as:

D(%#) = {¢ € X : ¢ is absolutely continuous on [0,a1],¢’ € L', $(0) = w(¢)} .

It then suffices to show that the semigroup generated by % is positive. We observe that the resolvent
equation Aw — %w = f has the solution w(a) = e Ay (w) + [ e *@0) f(b)db for A > 0 sufficiently large
and f € X,. Applying v on both sides, we get w(w) = (1 — w(e ) Ly ([ e *@=P) f(b)db). From the
definition of y and condition (IV.27) we obtain that the solution w, is positive if f is positive a.e. and A
is sufficiently large. Therefore, the resolvent operator of 4 is positive for sufficiently large A. Then the
conclusion follows from Proposition IV.2.8 (iii).

O

Theorem IV.2.10 has the following consequence:

Theorem IV.2.11. [34] Suppose that conditions H.1-H.2 and H.4 hold true. Then the spectral bound s(B) =
sup {Re A:A€ G(B)} belongs to the spectrum o (B). Specifically, the spectral bound s(B) is a dominant

eigenvalue, and any other point A in the spectrum has real part less than s(é).
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In the following theorem, we show @y s (B) <0:

Theorem IV.2.12. Let H.1-H.2 hold. Let Ty(t), t > 0, be the strongly continuous linear semigroup in X as
in Theorem I1V.2.2 with infinitesimal generator B, given by (IV.26), then,

0 ess (é) = —.

Proof. Let Ty(t) = Wi (t) + Wa(t), where the mappings W, (1), Wa(t) € X for t > 0, ¢ € X are defined as
pping

follows:

- 0 ae. ac (0,0)N[0,a1];
Wi(t)¢)(a) = (IV.29)
(T(1)9)(a) ae. ac(r,a];
(W()) (@) = (T.(t)9)(a) ae. a€(0,1)N[0,a1]; ava0)

0 ae. ac(t,a;l.

It is readily seen that W, (t) = 0 for ¢ > a; while W (t) (see [10], section 3.4, pp.112) is ultimately compact by
using the measure of noncompactness due to Kuratowski by Proposition 3.17 (see [10], section 3.5, pp.113).
Therefore, from Proposition 4.9 (in [10], section 4.3, pp.166), we obtain &[Ty (¢)] < a[W; (¢)]+ a[W»(¢)] =0
for t > a;, where « is the measure of noncompactness of 7" defined in [10], section 4.3, pp.165. The claim

then follows directly. O

IV.2.3 State space decomposition by invariant subspaces

Definition IV.2.13. Let Y be a Banach space. An everywhere defined bounded linear operator P in Y is
called a projection provided that P> = P. Let M;, M be linear subspaces of Y. Then, Y is the direct sum
of My, and M,, denoted by ¥ = M| & M,, provided that M| N M> = 0 and for each y € Y there exists the
(necessarily unique) representation y = y; + y,, where y; € My, y» € M.

Proposition IV.2.14. Let X be a Banach space. If P is a projection in X, then I — P is a projection in X,
and X = My & M, where M1 = P(X), My = (I — P)X, and My, M; are closed subspaces of X. Conversely,
if X = M| & M, is the direct sum of two closed subspaces M|, M, then P, P> are projections in X, where
Px=x, x=x14+x, x; EM;, i =1,2.

Definition IV.2.15. Let the Banach space X have the direct sum representation X = M; & M,, where M,
M, are closed subspaces of X. Let P, P» be the projections induced by M, M5, that is, Pix = x;, where
X =x1+x2,x;i € M;, i =1,2. A closed linear operator 7" in X is said to be completely reduced by M; and M»
provided that T(M; ND(T)) C My, T(M,ND(T)) C Mp, P,(D(T)) C D(T) and P,(D(T)) C D(T).

Proposition IV.2.16. Let T be a closed linear operator in the complex Banach space X and let Ay be an
isolated point of 6(T). Then,

AI-T)"'= Y (A—2) A (IV.31)

k=—c

31



where for each integer k
Ay = (2IL) ! /(z — o) Y Ar—=T)"1dA. (IV.32)
r

and T is a positively oriented circle of sufficiently small radius such that no point of o (T ) lies on or inside T.
Further, A_y is a projection on X. If Ay is a pole of (Al —T)~" of order m (that is, A_,, # 0 and Ay = 0 for all
k < —m), then Ay is an eigenvalue of T with index m, R(A_1) = N((AoI — T)™), RI—A_1) = R((AI — T)¥)
forallk>m, X =N((Al—T)")®R((AI —T)™), and T is completely reduced by the two linear subspaces
occurring in this direct sum. Also, R(A_y) is closed, R(I —A_}) is closed, and T restricted to R(A_y) is
bounded with spectrum {Ao}. Finally, if R(A_1) is finite dimensional, then A is a pole of (A1 —T)~".

We need the following result from [10], sec 4.3, pp. 166.

Proposition IV.2.17. Let T be a closed linear operator in the complex Banach space X and let Ay € o(T) —
Eo(T). Then, N (T) = R(A_1), where A_y := (2ITi) ! [.(A — Ao) *"Y(AI — T)~YdA, Ay is a pole of
(A —=T)~', and A € Po(T).

Proposition IV.2.18. Let T(t),t > 0, be a strongly continuous semigroup of bounded linear operator in the
Banach space X and let B be the infinitesimal generator of T (t),t > 0. Let A= {A1,---, At} be a finite set
of points in o(B) such that ReAj > @ ¢ss(B) for j=1,--- k. Let

Wy A := max {(1)01653 (B), sup Re/l} . (IV.33)
Aec(B)—Ec(B)—A
and let
A <®<min{Red: j=1,--- k}. (Iv.34)
The following hold:

(i) Each A; € o(B) — EG(B) and is therefore isolated in o(B), and if P; := (2I1i) "' Jr. (A1 —B)~'dA,
1 < j <k, whereTjis a positively oriented closed curve in C enclosing A;j, but no other point of 6(B),
and M := R(P;), then Pj is a projection in X, PP, = 0 for j # h, and B restricted to M, denoted by

Bu; is bounded with spectrum consisting of the single point Aj.

(ii) If P := ZIJ‘-: \Pj, Py:=1—P, and My := R(Py), then B restricted to My, denoted by By, has spectrum
0(B)—A, PiBx=BPjx forallxe D(B), 0 < j <k, X =M &My, where M =M, & --- My, and B is
completely reduced by M and M.

(iii) Ift > 0, then T (t)Pix = P;T (t)x for all x € X, 0 < j <k, and T (t) is completely reduced by M and
M.

(iv) If for some j, A; is a pole of (Al —B)~! of order m, then M; = N((A;1 —B)™), R(I — P;) = R((A;I —

B)™), and Aj is an eigenvalue of B with index m.
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(v) There exists a constant K > 1 such that ||T (t)Pox|| < Ke® || Pox|| for all x € X, t > 0.

(vi) The restriction of B to M, denoted by By, is bounded with spectrum consisting of A, PT (t)x = e'B" Px
forxe X, t >0, where BV Py, —oo <t < oo, is the exponential of tBy in M, and there exists K > 1
such that ||’ Px|| < Ke® ||Px|| for x € X and t <O0.

IV.2.4 The characteristic equation

In this section, we will follow the linearization procedure to derive the characteristic equation as follows:
Let H.1-H.2 hold. By Theorem IV.2.5, the stability of an equilibrium solution ¢ of the system (L.3) is
determined by o(B) — Ec(B). Accordingly, let A € C and let Bp = A¢ for ¢ € X and ¢ # 0. From the

definition of B, we derive the characteristic equation for A:

(@) + A9(a) +(@)o(@)+ PLED | i(008)(009)6(@ (1V35)

3#;(: Z)\z m(0:6)71(219)(Q19)6(a) + Ho(a, 10(Q0$))9 (@)

+ i (a,m(Q19))9(a) =0, a € [0,a1].
0(0)= [ Blaims(2od)d(@)da (1V.36)

o dBlaz),
oz |z:n2(Qo<ﬁ)¢(a)da

+14(06)(00) |

Amin

From (IV.35), we obtain the general solution ¢, which takes the form:

¢(a) = 9(0)e T1(0,a;M9(Qof), M (Q19)) (IV.37)
e*A”H(O,a;nO(Q()(ﬁ),m(Qlé))/an’le(b,O;no(Qoqs),m(Ql(ﬁ))

<UD s o(0)(000)+ PP (018101 b

We have Q;¢, i = 0,1 satisfies:

09 = /0 " w;(a)¢(a)da (IV.38)
=9(0) /0”1 @i(a)e *T1(0,a;m0(Q0$), M1 (Q19))da

_/al w;(a) /ae MDD, a3m0(Q0), m (Q16))
0 0
2)

Ao (b, d
< (PRUOD) i @od) 200 + D

QTI(0,b:10(Q0), m(Q1)) ooy,
' @;(a)TI(0, 7310(Q0), M1 (01))d T ’

‘z m Q1¢ (Q1¢)(Ql¢)}
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We use the following basic properties of IT:

H(bv(); nO(QO)v Uit (Q]))H(O,b; n0(QO)7 m (Ql )) =1,
T1(b,a;10(Q0), m (Q1)) = T1(b,0;10(Q0), M1 (01))T1(0,a:10(Qo), m (Q1)).-

From (IV.38), we obtain the following system of equations for Q;¢,i =0, 1,

(1 + o, 1o (1)) Q09 + L1, (A) Q19 = Car (1) $(0); (IV.39)
Lo 1 (A) Q09 + (141 1y (1)) Q10 = Coo, (A)9(0).

where

w(a; ) = e *T1(0,a;10(Q09), M1 (019)):
Co(A) = /0 o (a)(a; A )da, i =0, 1.

wa,uj(l):/o 1601'(61)/0 e M PTI(b, a3 mo(Q0d), M1 (019))
p;(b,z) 04 O11(0,b;10(00), M1 (01))
o e W) T m0, 5 m0(00), mi (01)d7

om’(Q;9) /“1
o ay(a)I1(0,7510(Q0), 1 (01))dT Jo

“ woM;(b,2)
b OH (D,
% /0 S T

dbda

w;(a)m(a; L)

Qj(l;)dbda; fori,j=0,1.

Solving the system of equations in terms of Q;¢ for i = 0, 1, to obtain

(1 + o 1 (A))Coy (A) — L1y (A)C (A)

Qo9 = ¢(0) AL . (IV.40)
0,0 = ¢(0)Iw1’“° (A)Cay(A) —_(Al(;tr)lawo(QL))Ca,1 (l).

where A(A) = (1+Tay 1o (A)) (1 4+Teoy 11y (X)) = Tay, 11y (A) o, 1o (A). Substitute expressions (IV.40) for Q;¢, i =
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0,1 into (IV.37), we obtain

¢(a) =9(0)m(a; 1) (AV.41)

_o(0) Qona<Qoq3><1Z(%,m (1) Fa ()
QAln/(QO(ﬁ)I ,1(A)Fw1()’) .
OO =0 Gy (a3 2)

i ¢(0) QAOTI{(QI é)ia()lkl.;o (A)FCUO (’l) Gul (a,l)

RNCRICENET A

Gyy(a;A)

Gy (a;1).

where,

C(Di(l)
ol @i(a)T1(0,a;10(00), M1 (O1))da

@ poMi(b,z .
Gﬂi(a;l) = n(a;?t)/o e ;Z ) ‘z:ni(Qifﬁ)db’ i=0,L

Fy (1) = Li=0,1.

Substitute (IV.41) into equation (IV.36) to obtain the characteristic equation K(1) — 1 =0 for A € C, where,

K(A):= /:maxﬁ(a;nz(Qqu))ﬂ(a;l)da (IV.42)
— Hyy(A)5(Q09) aal_mB(a;nz(Qoé))Gﬂo(a;/l)da

Amax

—Hy, (A)n1(219) B(a:m2(Q09))Gy, (a:A)da

Amin

i Ond00d) [ PPIE| s T0,.asm0(006), 11 (016))de
and,
90(1 +Toy (X)) Ear(A) Ol g (A)Finy (A
H(4) = Oo(1+1 XE)L() ))Fay(A) Qllwo,uA((}L))F ( );
Soloy (M) Fa(A) O (A1) Fany (A
Hul(k):—QOI ,uA((A))Fab( ) Q1(1+IwoA,;E)L() ))Fo ( )

Iv3 Stability or instability of the linear problem

IV.3.1 Stability of the trivial equilibrium

The following result shows the stability or instability of the trivial equilibrium of the system (I.3) (for details
see [10]).

Theorem IV.3.1. Let H.1 hold and let A(0) # 0. The trivial equilibrium is locally uniformly exponentially
stable if IGC < 1. It is unstable if IGC > 1.
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Proof. At the trivial equilibrium ¢ = 0, we have H,(1) = 0 since Q; = 0, for i = 0, 1. The characteristic
equation (IV.42) is reduced to:

Amax

1— [ B(a:ma2(0))e *TI(0,a;10(0),11(0))da = 0.

Amin

Let A € C and take the real part of A on both sides, we obtain
Amax
1= / e R cos(Im(A)a) B (a;12(0)TI(0,a; Mo (0), 171 (0))da. (IV.43)
Amin

Therefore, if IGC < 1, we have Re(A) < 0 for all A € C. Otherwise, if IGC > 1, there exists a root Ay € C
of (IV.43) with Re(Ap) > 0.
d

IV.3.2 Stability of a positive equilibrium

Before addressing stability or instability of a positive equilibrium ¢ (IV.14) of the system (I.3), we want to
study some basic properties of K (z), given by (IV.42) for z € R. We observe that, for A € R, lim _,.. [, B(a;
M2(Q09))7(a;A)da = 0 and limy .. Coy,(A) = limy e Fp, (A) = 0, i =0, 1. For Iy, ;,;(A), i,j = 0,1, we de-
rive that limy ., I, ;i;(4) = 0 by Lebesgue Dominated Convergence Theorem. This is because for 0 < b <
a<ayand A >0, e *@b)| <1 and lim,_,, e *(?) = 0. Similarly, we have lim, _,., f;n:‘::‘ﬁ(a;nz(Qoqs))
Gy(a;A)da=0,i=0,1. It then easily follows that as A — oo, limy ., A(A) = limy o0 (1 4 Tepy iy (A)) (1 +
Loy uy (X)) = Iy, (A) Iy iy (A) = 1 and limy_,o. Hy, (A) =0, i = 0,1. Therefore, these limits imply that
lim) _,..K(A) = 0, the limit is taken in real. Moreover, we derive from (IV.6) that [;™> B(a:n2(Q0d))

m(a;A)daly—o = 1. Furthermore, we obtain,

lo®) = ~60) [ 0 DOEELDQ@E),
Ty (0 / oi(a 11(0,a; noégow m(z)) - gida.
Moreover,
15(008) [ Bla:12(008) G a:0)da
= [ Blamioup THOATEM@O, | g,
M(Qi) [ Blaima(0d))Gy (a:0)da
-- [ —— MOaWCOMO)| o
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Let

9 James B(a:M2(2))T1(0,a3 M0 (2), M1 (Q19))da

(é) Hﬂo( ) “min 0z ’Z:Qoﬁs
1, (0) 9 [gm ﬁ(a;nz(Qo¢))rg(Z0,a; M0(Qo9), M (2))da o

DZ () is related to the Frechet derivative of Z(¢) at a equilibrium solution ¢ of the system (1.3). We
derive K(0) = 1 +DZ($). We summarize what we have so far to obtain the following consequence of the

instability condition for a nontrivial equilibrium of the system (I.3).

Theorem 1V.3.2. Let H.I-H.2 hold. If IGC > 1, a positive equilibrium solution ¢ of the system (I.3) is
linearly unstable if DZ($) > 0

Proof. The claim holds if we can show that there exists a positive zero of the characteristic equation (IV.42).
This result directly follows from lim, .., K(A) = 0 by the Intermediate Value Theorem since K is real and
continuous on R and K(0) > 1if DZ($) >0

O
For the linear stability of the positive equilibrium, we make the following assumptions:
H.5.
~ Olo(b,z ~ U (s,z
né(Qo¢);Z)IZnO(QO@n{(QM)la(z)lzm(gl(,;) (va4)
~ 8;41 (b Z) ~ a,LL()(S Z)
( (P) |Z n,(qu) ( (])) |Z 170(Qo<13) §07
for (b,s) € [O,al] x [0,ay].
/ A “ a.ul (b,Z)
(@ (@)@ (y) = (@1 (M(Q19) | =57y (0,480 =0, (IV.45)

for (a,y) € [0,a1] x [0,a1];

(0 0)ovla) ~ anr@)nh(0) [ UL =

for (a,y) € [0,a1] x [0,a1].

Theorem 1V.3.3. Let H.1-H.2, and H.4-H.5 hold. Let IGC > 1, and let qA) be a nontrivial equilibrium of the
system (1.3). Then ¢ is locally asymptotically stable if and only if DZ ((73) <0.

Proof. By Theorem IV.2.10, we could restrict ourselves to A € R to derive the linear stability condition for
a positive equilibrium solution ¢ of the system (1.3). If DZ (¢3) < 0, then ¢ will be linearly asymptotically

stable if we can show that the characteristic function K(z) is nonincreasing for z > 0. First, we observe that

Co(2); Fun(2)s Jom B(asma(Q09)) 7 (as 2)da; —lop;(2); =1/ (Qif) Jar B(as M2(Q0)) Gy (as2)da, i, j =

0, 1, for z > 0 are all nonincreasing functions by H.4. Therefore, to show K(z) is nonincreasing, it suffices to

show Hy, (z), i =0, 1 is nonincreasing for z > 0. Next we want to show A(z) is nondecreasing for z > 0 under
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(IV.44). We recall A(A) = 14Ty g (A) +Tooy gy (A) +Tay 1o (A ) Teoy 1y (A) = Taoy 1 (A) w3y 1o (A ). To show A(A)
is nondecreasing, it suffices to show that Iy 1) (A) 1w, 11y (A) — Ly 11y (A )10y 1o (A) is nondecreasing for 4 > 0.

I(D()nu'() (A‘)le,lil ()“) - 16007#1 (A‘)le Mo ()')

_ Q01(Q09) 2590 (b,2)
B Oa] wO(a)H(O,TQTIO(QAO) Q1 dl’/ @ (a)7(a; 2')/ dz ’z ﬂo(Qo¢)dbda

0in;(219) “ 25Ot (b,2)
@y (a)I1(0,7;10(00),m(01)) dr/ @ (@) (a; A)/0 0z =1 (0.)dbda
_ QAOH{(QI(P) a9l (b,2)
J& @0 (a)T1(0, 7:10(Q0), M1 (O1)) dr/ @(a)n(a; M/ 9 l=m@i)dbda
erlo(QO(lS) 159 10(b,2)
o1 (a)I1(0, 7:10(Q0), M dr/ @1 / 0z le=no0p9)dbda.
ab 9o (b, 2)

:432(0)716(Q0<73 n{(Qlé)[/O /0 wy(a)w (1)m(a; A)7(t; )L)/ e o000

x [P o sydsdadi— [ [* an(@yn(0)m@sr)ae:2)

o (b,2) 9#0 (s,2)
lb 1 As
x /0 aZ Z m qu) db/ Z TIo(Qod))deadt]

=¢32(0)no(Qof/))m(Q1¢)/o /0 wo(a)wl(t)n(a;l)n(t;/l)/Oa/ote“’e“

duo(b,z) I (s,2) .
[T leemied ™ g, l=mieid)

i (b,z) 9Ho(s,2)
- oz |z:711(Q1¢) 9z ‘Z 110(Q0¢)]

dbdsdadt.

Therefore, A(/l) is nonincreasing for A > 0. We recall that F,(z), i = 0,1 is nonincreasing for z > 0. To

show Hy,,(A), i = 0,1 is nonincreasing for 4 > 0, it suffices to show that

Qolo, 1y (A)Fary(A) — Oty i, (A) Fi, (A)
= ¢/(0) [T, i, (A)Cay(A) — Ly (A)Ciy (A)]: (IV.46)
—QAOleyuo(M (L) + 011, 1o (A)Foo ()

)
= 0 (0) [~y 41y (A)Caxy (A) + T 1 () Cry (A)]. (IV.47)
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are nonincreasing for A > 0. For (IV.46), we obtain

Loy i (A)Coa (A) = Loy g1y (1) Co, (A)
0111(219) /“1
o o1 (a)I1(0,7;10(Q0), M (01))d7 Jo

a «9/.1 b,Z ay
y /0 b 3(1 )’Z:m(glé)dbda /0 o(a)7(a; A )da

QAon{(Qlfls) i /“'
o @o(a)II(0,7:m0(Qo), N1 (Q1))d7 Jo

@ 50U (b,2) a
Ab ) .
X/o e FE ]Z:m(qu;)dbda/o w;(a)w(a;A)da

—s0mi@d)[" [" e (@an(t) - an(a)on(]x(@i2)(r:2)

¢ 9t (b,z)
Ab )
X/O € dz ’z:m(quS)

o (a)m(a; 1)

wo(a)m(a;A)

dbdadt.
Similarly, for (IV.47), we obtain

—le7m(7l,)ca;0(l) +Ia)07[,LO(7L)C(D1 (l) = é(O)né(Qods) /Oa1 /Oa1

(1 (1) wp (@) — 0o (1) 0y (a)] T(a; A) (15 1) /0 ’ elba“oa(f %) |e—no(00)dbdad.

Therefore, if (IV.45) holds, then H,,(A4), i = 0, 1 is nonincreasing for A > 0. Then, the conclusion follows.
U
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CHAPTER V
ASYMPTOTIC BEHAVIOR OF THE MODEL

In section 4 we established conditions which guarantee the existence of either only the trivial equilibrium
or also a positive equilibrium. The next natural step is to study the stability of an equilibrium of the model
(I.3). Our approach to this problem involves the use of the invariance principle of J. LaSalle through finding

the smallest closed set to which a trajectory will converge as times goes to infinity.

V.1 Preliminaries

Definition V.1.1. The functions ¢ — U(r)¢ for fixed ¢ € X are (positive) trajectories of the nonlinear
semigroup associated with system (I.3), defined for all positive times ¢ € [0,00). {U(t)¢ :t <0} is the
negative orbit (or trajectory) through ¢ € X,. {U(t)¢ : 1 € R} is a complete orbit (or trajectory) through
¢ € X;. LetU(t), t > 0, be a strongly continuous nonlinear semigroup in the closed subset C of the Banach
space X. The omega-limit set of ¢ for ¢ € C, denoted by Q(¢), is

Q@)={x1€X: H{Z‘k}zozl € R, such that#y — ccand U ()9 — x1 }.
The alpha-limit set of ¢ for ¢ € C, denoted by ct(¢), is
a(¢) ={x; € X :I{n};_, € R_suchthatty - —eoand U ()9 — x }.

Definition V.1.2. A set B C X is said to attract a set C C X under U (¢) if dist(U(t)C,B) — 0 ast — oo. A
set S C X is said to be invariant if, for any ¢ € S, there is a complete orbit {U (¢)@y : r € R} through ¢y such
that {U(t)¢o : t € R} C S. For a given continuous map U : X — X, a compact invariant set A is said to be a
maximal compact invariant set if every compact invariant set of U belongs to A. An invariant set 2% is said

to be a global attractor if o is a maximal compact invariant set which attracts each bounded set B C X(see
[28]).

Definition V.1.3. Let Y be a Banach space and T'(¢) : Y — Y, forz > 0, be a strongly continuous semigroup
onY, T(t),t > 0 is point dissipative in Y if there exists a bounded nonempty set B in Y such that for any
y € Y, there exists a fy = fo(y, B), such that T'(t)y € B fort >t [29]. T (t),t > 0 is asymptotically smooth if

every positively invariant bounded set is attracted by a compact subset [51].

Definition V.1.4. Let Mj be an open subset of X, and dMy = X — My, if U(t)dMy C IMy, and U ()M, C
My, for Vr > 0, then the strongly continuous nonlinear semigroup U (t),t > 0, defined on X is uniformly
persistent with respect to (Mo, dMy), if there exists some € > 0 such that liminf,_,..d(U(t)x,d M) > € for
Vx € My, where the distance d is induced by the L'-norm [28, 29].

If we can show these trajectories have compact closures, then the following Proposition from ([25],
Proposition 4.1, pp.166 and Theorem 4.1, pp.167) assures the existence of the smallest closed set to which

the trajectory approaches as time approaches infinity.
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Proposition V.1.5. Let U(t), t > 0 be a strongly continuous nonlinear semigroup in the closed subset C of
the Banach space X and let x € C. Then Q(x) is closed, positive invariant, and a subset of the closure of
{U(t)x: t >0}. If {U(t)x: t > 0} has compact closure, then Q(x) is nonempty, compact, connected and

invariant. Moreover, U (t)x approaches Q(x) as t approaches infinity in the sense that
liminf ||U(t)x —x;]| = 0.
1—oo x1 €Q(x)

Further, Q(x) is the smallest closed set that U (t)x approaches as t approaches infinity, in the sense that if
U (t)x approaches a set Cy C C as t approaches infinity, then Q(x) C Cy.

Further, the following LaSalle’s Invariance Principle ([25], Theorem 4.2, pp.168) provides a method to
identify the omega-limit set.

A Lyapunov function for a strongly continuous nonlinear semigroup U (¢), ¢ > 0 (in the closed set C of
the Banach space X) on C| (C; C C) is a continuous function V : C — R such that for all x € Cy,

V(x) := limsup VU@x) V) <0.

t—0T ?
(where we allow the possibility that V (x) = —oo).

Proposition V.1.6. Let U(t), t > 0, be a strongly continuous nonlinear semigroup in the closed subset C of
the Banach space X, let Cy C C and let V be a Lyapunov function for U(t), t >0, on Cy. Let x € C be such that
{U(t)x: t >0} CCiand {U(t)x: t > 0} has compact closure. Then Q(x) C M, where M is the largest
positive invariant subset of M := {xl €C:V(x)= 0}. (In fact, Q(x) C M N {xl €C:V(x)= k}for
some constant k). Further, U(t)x approaches M as t approaches infinity, where M is the largest invariant
subset of M.

The main technical difficulty involved in showing the trajectories of U have compact closure is that it is
not automatic that a bounded trajectory lies in a compact set in an infinite dimensional Banach space. The
following Theorem (which is an adaption of Theorem 3.5 in [10] section 3.4, pp.112) allows us to work

around this difficulty.

Theorem V.1.7. Let H.1 hold. Let U(t), t > 0 be the strongly continuous nonlinear semigroup in X as
in Theorem II1.1.4 and let U(t), t > 0 have the property that if t > 0 and M is a bounded subset of X,
then there exists r > 0 such that ||U(s)¢||y <rforallg e M,0<s<t. If¢p € X  and {U(t)¢p: t >0} is
bounded in L', then {U(t)¢ : t > 0} has compact closure in L.

The proof of this theorem is accomplished by decomposing U (¢) into U (t) = W; () + Wa(t), with map-
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pings Wi (), Wa(t) € X, for t > 0 given as follows: for ¢ € X,

(Wi (1)0)(a) = 0 ae. ac(0,6)N[0,a1]; V)
U@)p)(a) ae. ac(t,a];
(W (0)0) (a) = (U(t)p)(a) ae. ac(0,6)N]0,a1]; v2)

0 ae. ac(t,ay.

It is easy to see that W) (r) = O for r > a; while W,(¢) (see [10] section 3.4 pp.112) is ultimately compact
by using the measure of noncompactness due to Kuratowski under suitable hypotheses on .#,¥ (1.4)-(L.5).
Theorem V.1.7 assures that a trajectory has compact closure, provided that it is bounded. From Theorem
I1I.1.4, we obtain |W;(t)| < e®“, for t > 0, where @ = |.# |+ |¥|. Let H.1 hold. The boundedness of
Wa(t), t > 0 follows from Proposition 3.13 (in [10], section 3.4, pp.100). Therefore, the boundedness of a
trajectory of the strongly continuous nonlinear semigroup U (¢), ¢t > 0 in X as in Theorem IIL.1.4 follows.

Applying Theorem V.1.7, we obtain the following corollary:

Corollary V.1.8. Let H.1 hold. Then, the strongly continuous nonlinear semigroup U(t), t > 0in X, as in
Theorem I11.1.4 is bounded dissipative and asymptotically smooth.

V.2 The linear problem
H.6. Let B € LY [amin, Gmax), and i € L[0,a1].

In this section, we study some basic properties of the following linear age-structured model to apply the

comparison argument:

(a.1) + L(a,t) = —fi(a)l(a.1), (V.3)
O<a<a,t>0,

10,) = [ Bla)l(a,1)da, t >0,

Amin

[(a,0) = po(a), 0 <a<a.

where pg € X,
We define bounded linear operators ﬁL X =R, gl : X — X for V¢ € X by,

G(9)(a) = —fi(a)9(a). (V.4)

FL(9) = B(a)¢(a)da. (V.5)
Let A; : D(AL) C X — X be the linear operator defined by,

AL =—9'+9(9), for ¢ € D(AL). (V.6)
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where,
D(A;) = {¢) € X : ¢ is absolutely continuous on [0,a;],¢’ € L', ¢(0) = ﬁLM})} :

The following well-known result in the context of age structured models establishes the semigroup
properties of solutions of the system (V.3), we refer to Proposition 3.2 and 3.7 in ([10], section 3.1, pp.76)
for proofs.

Theorem V.2.1. Let H.6 hold. Let ﬁL,?L be bounded linear operators defined as in (V.4)-(V.5). If ¢o € X,
then the solution l(a,t), for (a,t) € [0,a;] X [0,00) of the system (V.3) is defined on [0,00). Further, the
family of mappings Ty (), t >0, in X defined by (Ty.(t)o)(a) = l(a,t), for (a,t) € [0,a;] x [0,0), with intial
condition ¢y € X, is a strongly continuous semigroup of bounded linear operators in X with the infinitesimal

generator AL, defined by (V.6). Moreover,

(T1.(t)90) (a) = Blr=allt.« ae. aclonnOalk (V.7)
oo(a—1t)[I(a—t,a) ae acltal.

where [1(b,a) := e~ Jy Rla)da for 0 < b <a, and,

Amax ~

B = [ " B@]0.0B(—a)da+ [ pla) [Tta—r.a)m(a—1)da (V8)

Furthermore,
[Ti(1)| < e®, fort >0  where @ = |.Z1|+|9L|.

Further, for allt > 0, Ty (t)(D(AL)) € D(Ar) and (d/dt)T;(t)¢ = AL Ty (t)¢ = Ty(¢)AL¢ for all ¢ € D(AL).

A Growth estimates of the linear semigroup

Applying the same methods as in the previous section, we can readily show, in the similar way as in Theorem
IV.2.12 and Theorem IV.2.10, that the strongly continuous linear semigroup 7; (¢),# > 0in X, as in Theorem
V.2.1 is eventually compact, positive and irreducible. Therefore, the spectrum of the linear operator consists
of eigenvalues of finite multiplicity, which can be determined via zeros of a characteristic function, see [1,
34, 35] for more details.

The following theorem estimates the essential growth rate of the linear semigroup 77 (z), t > 0.

Theorem V.3.1. Let H.6 hold. Let TL(z‘), t > 0, be the strongly continuous linear semigroup in X as in
Theorem V.2.1 with infinitesimal generator Ay, defined by (V.6), then,

@, ess (AL) = —oo.
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Proof. Let Ty (t) = Vi (t) + Va(t), where the mappings V; (), V»(t) € X fort > 0, ¢ € X are defined as follows:

(71000 (@) = OA ae. ac (0,6)N[0,a1]; V)
(TL(1)9)(a) ae. ac€(t,a];

(T()0) (@) = (TL(1)9)(a) ae. ac(0,6)N[0,a1]; V10)
0 ae. ac(t,a

It is easy to see that V| (t) = O for t > a; while V5 (¢) (see [10], section 3.4, pp.112) is ultimately compact by
using the measure of noncompactness due to Kuratowski by Proposition 3.17 (in [10], section 3.5, pp.113).
Therefore, from Proposition 4.9 (in [10], section 4.3, pp.166) [T} ()] < at[V;(£)] 4+ [V (¢)] = O for t > ay,
where a is the measure of noncompactness of 77, defined in [10], section 4.3, pp.165. The claim then follows
directly. O

The following theorem establishes the positivity and irreducibility of the strongly continuous linear

semigroup 77 (¢),# > 0in X, as in Theorem V.2.1.

Theorem V.3.2. Let H.6 hold. Then the strongly continuous linear semigroup Tp(t),t > 0 in X, as in

Theorem V.2.1 is positive and irreducible.

Proof. The associated differential equation subject to the corresponding boundary condition is given by
(V.3). Let [ be a solution of (V.3). Then the function w given by

w(a,t) = l(a,t)elo @4,
satisfies

we(a,t) +wg(a,t) =0,0<a<ap,t>0,

w(0,1) = y(w(a,t)), t >0,
w(a,0) = po(a)eld M4 o < g < gy

where, y(w(a,t)) = F1(w(a,t)eJo #@da)  Solutions of this system form a strongly continuous linear

semigroup with infinitesimal generator ¢ = —¢’ for ¢ € D(#), and D(Z) is given by,
D(#) = {¢ € X : ¢ is absolutely continuous on [0,a1],¢’ € L' ¢(0)=w(9)}.

It then suffices to show that the semigroup generated by % is nonnegative. We observe that the resolvent
equation Aw — %w = f has the solution w(a) = e Ay (w) + [§' e *@b) f(b)db for A > 0 sufficiently large
and f € X. Applying y on both sides, we get y(w) = (1 — w(e ) y([¢'e *@=) f(b)db). From the
definition of y we obtain that the solution w, is nonnegative if f is nonnegative a.e. and A is sufficiently
large. Therefore, the resolvent operator of 4 is positive for sufficiently large A. Then the conclusion follows

from Proposition IV.2.8 (iii).
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Consider the characteristic equation A(A) of the system (V.3) defined by,

AL) = 1— / " e-24B(a) [](0,0)da.

Amin

We define Zy = [“™ f(a)[1(0,a)da. We state some results (see Theorem 4.9 [10], sec 4.3, pp.184-187),

Amin

which is an adaption for the strongly continuous linear semigroup 7; (¢), r > 0 in X as in Theorem V.2.1 .

Theorem V.3.3. Let H.6 hold. Let TL(t), t > 0 be the strongly continuous linear semigroup in X as in
Theorem V.2.1 with infinitesimal generator Ay, as in (V.6). The following hold:

IfA(L) =0, then A € Pc(AyL). (V.11)
IfA € p(AL), then for yw € X,a € [0,ai], (V.12)

(A=A y)(@) = [ AP ba vib)a

+e ™ T1(0,a)a0) ™" / afml?(b)e*“[ /0 ’ AT (x,b)w(z)d]db.

Theorem V.3.4. Let H.6 hold. Let TL(I),I > 0 be the strongly continuous linear semigroup in X as in

Theorem V.2.1 with infinitesimal generator Ay, as in (V.6). The following are equivalent:

Mo €c(AL). (V.13)
X co(A)—Ec(Ar). (V.14)
Ao is a pole of (Al —Ap) ™! of order m. (V.15)
Ao is a pole of 1/A(A) of order m. (V.16)
Ao is a zero of A(A) of order m. (V.17)

Theorem V.3.5. Let H.6 hold and let supy;)—oRe A < 0. Then, the zero equilibrium of the system (V.3) is
globally exponentially asymptotically stable.

Theorem V.3.6. Let H.6 hold. Let T;(t),t > 0 be the strongly continuous linear semigroup in X as in
Theorem V.2.1 with infinitesimal generator Ay as in (V.6), and let there exist an eigenvalue Ay of the linear
system (V.3) such that Ay is real, Supy(;y—o 222, Re A < Ao, and A is a simple zero of A(A). Let 75, : X — X
be defined by,

Py = (27:1')*1/(11—&)*141,1, for €X. (V.18)
r
where T is a positively oriented closed curve in C enclosing Ay, but no other point of G(AL). Then,

lime ™7, (1) = 2,0, forall ¢ €X. (V.19)

=30
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In the following theorem (which is an adaption of Theorem 4.10 in [10], sec. 4.3, pp.188), we derive the
projection onto the eigenspace associated with the dominant eigenvalue Ag of the linear system (V.3).

Theorem V.3.7. Let H.6 hold, and let Ty (t),t > 0 be the strongly continuous linear semigroup in X as in
Theorem V.2.1 with infinitesimal generator Ay, as in (V.6). If By < 1, then the zero equilibrium is globally

exponentially asymptotically stable. If %y > 1, then there exists a unique positive real number A such that

/amax e B (a) H(O,a)da =1. (V.20)

Amin

and for all ¢ € X,

Amin

e . Jutmx B(b)e " ([ M7 T1(7,b)¢ () dT]db
lim e a) = e M TT(0,a - )

(V.21

where the limit is taken in the norm of L.

Proof. Define g : C — C by,

Amax ~
a3)i= [ e M Ba) [10.a)da
Amin
Notice that g(A) = 1 if and only if A(A) = 0, that is, A is an eigenvalue.
Assume that ¢(0) < 1 and there eixsts A such that g(A) = 1. Then,

I =Reg(A) = / " e Rekacos(1m A @) (a) [[(0,a)da (V22)

Amin

< [ errp@T0.0da

Amin

=g(Re ).

Since ¢ is continuous and strictly decreasing on R, Re A < 0 and there must exist a real number Ay €
[Re A,0) such that g(Ag) = 1. Further, (V.22) shows that for any A such that g(A) = 1, we must have
Re A < 2. Thus, supy3)—gRe A < A9 < 0. The global exponential asymptotical stability of the zero
equilibrium follows from Theorem V.3.5.

Assume that ¢(0) > 1. Since lim) cg 3. g(4) = 0, there exists a unique positive number Ay satisfying
Jmas ¢ %4B(a)[1(0,a)da = 1. We claim that there can be only finitely many A with Re A >0 and g(A) = 1.
Assume to the contrary that there exists an infinite sequence {z; } such that Re z; > 0 and ¢(z;) = 1 for k € N.
Since A(A) is holomorphic for Re A > —eo, its zeros cannot accumulate in this region (see [67], pp.209).
From (V.22), we see that 0 < Re z; < A for all k = 1,2,---. Thus, limy_,c |Im z;| = oo. Observe that for

eachk=1,2,---,

| = / " ¢ Re w4 o (Im 2 a) B (a) [[(0,a)da (V.23)

Amin

< /amax cos(Im z; a)f (a) H(O,a)da.

Amin
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But by the Riemann-Lebesgue theorem (see [16], pp.90),

Amax

lim cos(Im z, a)B (a) H(O7a)da =0.

k—yeo Amin

which is a contradiction.

Thus, sup(1)—o,1.£2, Re 4 < Ag. To finish the proof it suffices by Theorem V.3.6 to show that 4 is a
simple zero of A(4) and &7, ¢ in (V.18) is given by the right hand side of (V.21). The claim that 4 is a
simple zero of A(A) follows from the fact that

Amax -
N(o)= [ a0 (@) [T(0,0)da >0,
Further, the residue of ﬁ at Ag is
[ 1
N(Ao)  [im= ge~Hoef(a)T1(0,a)da

(see [67], pp.215). The claim that &%) ¢ in (V.18) is given by the right hand side of (V.21) now follows
directly from (V.12) and Theorem V.3.4.
O

The fact that A is a dominant eigenvalue follows from Theorem V.3.2. Using the resolvent formula, we
apply the results on irreducible positive semigroups in Banach lattices [12] to the system (V.3) to obtain the

following theorem (we also refer to [18, 33, 50] for more results on this topic):

Theorem V.3.8. Let H.6 hold. Let TL(I),I > 0 be the strongly continuous linear semigroup in X as in
Theorem V.2.1 with infinitesimal generator Ay asin (V.6). Let By > 1. Then 2y >0 is a simple dominant

eigenvalue of AL, that is,
To(t) Py, = Py, Ti(t) = &' 2, Ve > 0.
and there exist constants €,1 > 0 such that,

7)1 = 22,) | < me ™2 [[1 = 223,

, Vi > 0.
Lemma V.3.9. Ler H.6 hold. Let T° > apin. Assume that there exists some & > 0 such that Jigmax B(a)
l(a,t)da > & for ¥t € [0,7*]. Then,
amﬂx ~
B(a)l(a,t)da >0, fort>D0.
Amin

where (a,t) is a solution of the system (V.3).

Proof. Since T > amin, ¥ B(a) T1(0,a)da > 0. Therefore, there exists some & € (0,7*) such that Q :=

Amin
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ET* B(a)11(0,a)da > 0. For t > t*, we have

Amax .

B(t) = at. ﬁ(a)H(O,a)B(t—a)da—F t ﬁ(a)H(a—t,a)po(a—t)da

> / " B(@)[](0.0)B(t —a)da
> ol B() /e B(a)[](0,a)da
0

reft—t*r—¢

= inf B(r)

relt—t* r—g]

Consider ¢ € [1*,7* + €], we have

B(r)> inf B(r)Q > 0.

rel0,7]

We recall that [/ B(a)l(a,t)da = 1(0,t) = B(t), it follows that f;:;xﬁ(a) I(a,t)da > 0 is satisfied for all
t € [7%,7" + €]. The result follows on [t* +ne, T° + (n+ 1)¢g] by using induction argument, forn € Z. [

We define @ := sup{a >0: f(a;-) > 0}. Also we have @ > amin, > 0 and @ = sup{a >0:f(a) > O}
from H.1 and H.6. Let

My = {(]) exX, : /Oad)(a)da > 0}, and dMy = X, — M.

Proposition V.3.10. Let H.6 hold. Then for any ¢y € dM, the solution of the system (V.3) satisfies,

maXB(a)l(a7t)da = O7 fort Z O

Amin

and therefore l(a,t) is also a solution of the following system,

Ii(a,t)+1.(a,t) =—p(a)l(a,t), (V.24)
O<a<ap,t>0,

1(0,¢) =0, t>0,

1(a,0) =¢o(a), 0<a<ay.

and satisfies, ||1(-,t)|lx < e~ ||go|lx, for Vt > 0, where ® = inf [ 4, ().

Proof. Let B(t) be the solution of the Volterra integral equation (V.8). We observe that since ¢y € dM,, we
deduce that, for t < amax,

Amax—1

/t“max B(a)[J(a—t,a)¢0(a—t)da= /0 Bla+n)]T(@a+1))go(a)da=0.

If t > anax, it is evident that the above term is not in the equation (V.8). Therefore, in both cases, for
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¢o € IM the equation (V.8) becomes,

Bo)= [ B(@)](0.0)B( — a)da

Amin

which has the unique solution B(r) = 0 for # > 0. Then we deduce from the Volterra integral equation (V.7)
that /(a,t) = 0 for 0 < a <t. In particular, /(0,7) = 0, therefore, / is a solution of the system (V.24). For
t < a, we obtain,

la,t)=go(a—1)]J(a—1.a) <e™“go(a—1).
where ® = inf,¢[o,,) fL(a). Then the conclusion directly follows. O
The following result follows from Theorem V.3.8.

Proposition V.3.11. Let H.6 hold. Let [(a,t) be a solution of the system (V.3) with ¢o € My. If Bo > 1, then
there exists a unique positive real number Ay and some € = €* () > 0 and t* =1t*(¢o) > 0 such that

Amax .
lim e*z"’/ B(a)l(a,t)da > €*.
e Amin

Proof. Let ¢ := &) ¢p. Since Ao > 1, by Theorem V.3.7, then there exists a unique positive real num-
ber A such that [ ¢ 4B (a)[1(0,a) = 1. The corresponding projection on the eigenspace associated
with the eigenvalue A is given by (V.21). Since ¢y € Mo, it directly follows that [, B (b)e MP] fé’ et
[1(7,b)¢o(7)d7]db > 0. This implies that ¢ (a) > 0 for a € [0,a;]. Thus, there exists some €* = £*(¢p) > 0
such that [, B(a) ¢(a)da > €*. Then, applying Theorem V.3.8, we obtain,

1(-,1) = T.(t) 9o
= TL(t) P2y 00+ TL(t) (I = P3) 90
="' 23,00+ TL(1) (I — P2, o
= MO+ TL(1)(I— P3,) 9o

It directly follows from Theorem V.3.8 that,

. 71{” S - —
lim ‘e () %O)HX 0.
Therefore,
dmax . dmax
lim ¢! / B(a)l(a,r)da— / B(a)o(a)da > e*.
f—ee Amin Amin
Then the conclusions follow. O

The next proposition shows that if %, < 1, the claim of Proposition V.3.11 still holds.
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Proposition V.3.12. Let H.6 hold. Let [(a,t) be a solution of the system (V.3) with ¢y € Mo and let o < 1.
Then there exists some t* =t*(¢o) > 0 such that

maxﬁ(a)l(a,f)da >0, forVt>t".

J Amin

Proof. Let o > 0 and let [(a,t) = ¢*!~9[(a,t) for t > 0, where I(a,t) is a solution of the system (V.3) with
@®o € My. Then,

Ii(a,0)+ 1 (a,t) = e* (I, (a,1) +4(a,1))
= —fi(a)l(a,1).

and,

1(0,¢) = e™1(0,1)

e [ B(a)l(a,t)da

Amin

dmax -
/ B (a)e™i(a,)da.
Amin

Therefore, [(a,t) satisfies the following system,

L(a,t)+ 1 (a,t) = —fi(a)l(a,t), (V.25)
O<a<ap,t>0,

1(0,1) :/ maxﬁ(a)e“"f(a,t)da, t >0,

min

[(a,0) = e *¢p(a), 0 <a<a.

We choose o > 0 sufficiently large such that,

Ry = maxB(a)ea“H(O,a)da > 1.

Amin

Then, the claim follows by applying Proposition V.3.11 to the system (V.25).
We make further assumption on  and w;, i =0, 1:

H.7. There exist B,E € L% [amin, amay] such that B(a) > B(a;z) > B(a) >0 for (a,z) € ([amin, @max] X [0,0))
and f3(a;z) is non-increasing for z > 0.

There exist fi;, 4; € L7 [0,a1] such that fi;(a) > u;(a;z) > pi(a) > 0 for (a,z) € ([0,a1] x [0,0)), for
i=0,1 and ;(a,z) is non-decreasing for z > 0. fi;(a) = p,(a) = 0, for @ > amin.
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Proposition V.3.13. Let H.1 and H.6-H.7 hold. Then, for the same initial distribution py € X, we have
l(a,t) < p(a,t) <I(a,1) for (a,t) € [0,a;] x [0,0), where, p(a,t) is a solution of the nonlinear system (I.3),
l(a,t) and [(a,t) are solutions of linear systems (V.26) and (V.27) for (a,t) € [0,a;] x [0,e0). Furthermore,

ILC. 1)l < NlpCo)lly < [JIC,0)]

X where,

L(a,0)+1,(a,t) = —[fio(a) + fir (a) + pa(a)]l(a, 1), (V.26)
O<a<a,t>0,

1(0,1) :/ maxﬁ(a)g(a,t)da, t>0,

1(a,0) = po(a), 0 <a<ay.

Ii(a,0) +Ia(a,t) = —[uo(a) + i (a) + pa(a)l(a,1), (V.27)
O<a<ap,t>0,
0= " Ba)l(ar)da,t>0,

[(a,0) = po(a), 0 < a < ay.

Proof. By Theorem V.2.1, we obtain solutions of systems (V.26), (V.27) form strongly continuous linear
semigroups, denoted by 7;,(¢),t > 0 and Ty (¢),t > 0. The Volterra integral formula for linear systems (V.26)
and (V.27) can be derived directly from (V.7)-(V.8), where I(a,1) := (T;.(t)po)(a) and [(a,t) := (Ty (t) po) (a),
for (a,t) € [0,a1] x [0,00). We apply the method of characteristics to nonlinear system (I.3) to obtain the
following integral equations, (for more details we refer to [10], sec 1.3, pp.11.)

p(o’ t— a)ei ]}Ca(HO(“+5*’:T70(Q0(S)))+111 (dJrS*lvm (Ql (5)))+I“L2 (a+s*t))ds'

bl

ae. ac(0,t)N[0,a1];
plast) = : (V29
po(a— t)e~ JoHolats—1m(Qo(s)) 41 (a5 =111 (01 (5) pa(a+s—1))ds,

’

ae. acltal.

Define B(t) = p(0,t) and substitute the formula for p(a,t) into Q;(¢), i = 0, 1 and the boundary condition to
obtain,

Qo(t) = /t ao(a)B(t — a)e*.ﬁia(#o(ﬂJrS*fyno(Qo(S))HHl(aﬂfl-ﬂl(Ql ($)))+ma(ats—1))ds g,
0
+ “ ay(a)po(a—t)e” Jo(uo(ats—1,10(Qo()))+41 (at+s—1m(Q1 (5)))+ iz (a+s—1))ds g,
'
Q1(t) = /t oy (a)B(t — a)e*.ftia(ﬂO(aH*t,no(Qo(S))H#l (a+s—1,m(Q1 () ka2 (at+s—1))ds

n / " 01(a)pola—t)e Jimo(ars—tm0(Qu(s) +in (@ ts—1.m(01 (9) Hhs(a+s—1)ds g
t
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By= [ Blam(Qo()B(—a)

Amin

% e*fffa(uo(aﬂft-,no(Qo(S)))Jrul (a+s—101(Q1(9)))+H2(ats—1))ds 7,

+ [ Blama(@)pofa—1)

< e~ Jo(uo(a+s—1,10(Qo(s)))+4 (a+s—1,m1(Q1 () +4t2 (at+s—1))ds g,

The claim follows from the assumptions. O

The following invariance property of the strongly continuous linear semigroup 7.(¢), ¢ > 0 correspond-

ing to the system (V.26) is a consequence of Proposition V.3.11 and Proposition V.3.12.

Proposition V.3.14. Let H.6-H.7 hold. Then,
TL(t)(M()) C My, fort>0.

Proof. Let ¢y € My. Assume that there exists 7; > 0 such that 77.(7;)@9 € dMy, then we have | (Z:l‘ix B(a)
l(a,t)da = 0 for t = t;. Further, since Ty (f1)@o € Mo, then by Proposition V.3.10, we have [ B(a)
l(a,t)da =0 for t > t;, where l(a,t) = (T.(t)po)(a), for (a,t) € [0,a1] x [0,0), and this contradicts Propo-
sition V.3.12. Therefore, there does not exist such a #;. O

Proposition V.3.15. Let H.6-H.7 hold. Let U(t), t > 0 be the strongly continuous nonlinear semigroup in
Xy as in Theorem I11.1.4. Then, M is positively invariant under U (t),t > 0. Furthermore, for every ¢y € My,
there exists t* > 0 such that

Amax

- B(a;n2(Qo(t)))pla,t)da >0, for vVt >t".
Proof. Let Ty (t), t > 0 be the strongly continuous linear semigroup corresponding to the system (V.26) with
initial value ¢. By Proposition V.3.13, (U(t)@o)(a) > (Tp(t)¢o)(a) for (a,t) € [0,a1] X [0,00). Let ¢g € Mp.
Assume that there exists #; > 0 such that U(z)@o € dMo, then we have [;™> B(a;n2(Qo(t)))p(a,t)da =
0 for t = #;. This by comparison argument, implies that 7.(¢;)@o € dMy, which contradicts Proposi-
tion V.3.14. Therefore, there does not exist such a #;. Finally, applying Proposition V.3.12, we obtain

Jie= Bla:ma(Qo(0)pla.1)da > [io= Bla)i(a.r)da > 0. for e > 1.

Amin Amin

O

Proposition V.3.16. Let H.6-H.7 hold. Let U(t),t > 0 be the strongly continuous nonlinear semigroup in
X, as in Theorem IIl.1.4. Then, dM is positively invariant under U(t),t > 0. Furthermore, the trivial
equilibrium is globally exponentially stable for U(t),t > O restricted to d M.

Proof. Let ¢y € dMy and let Ty (t),t > 0 be the strongly continuous linear semigroup corresponding to the
system (V.27). By Proposition V.3.13, we obtain (U(t)¢0)(a) < (Ty(t)¢o)(a) for (a,t) € [0,a1] x [0,00).
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Then by Proposition V.3.10, we deduce that

Amax Amax _

0< [ Blam(Q) UM h)@da< [ Bla)(Ty(r)do)(a)da=0.

Amin Amin

and the result follows.

V.4 Uniform Persistence

Theorem V.4.1 (Uniform Persistence). Let H.1, H.6-H.7 hold. If Zy > 1, the strongly continuous nonlinear
semigroup U (t),t > 0, in X as in Theorem II1.1.4 is uniformly persistent with respect to the pair (d My, My),

namely, there exists € > 0 such that,
litn_1>inf||U(t)¢||X > g, forevery ¢ € M.

Proof. Let & = max{||w;||;~,i=0,1,2}. To apply Theorem 4.1 in [29] for the claim, it is sufficient to
show that there exists € > 0 such that for each ¢y € My, there exists 7y > 0 such that |U(tp)@olly > €.
Let Zo(Q0,01) = [*™ B(a; 12(Q0)) T1(0,a:10(Q0),n1(01))da, for Q; > 0 and i = 0, 1. We observe from

Amin
(IV.1) that Zo(Qo, Q1) is continuous for (Qg, Q1) € [0,0) x [0,0) with %,(0,0) = %y > 1. Therefore, there
exists some neighbourhood of (0,0) in the right half plane of R?, denoted by & := [0, 8) x [0, ) such that for

any (Qo,01) € 0, we have [ B(a;n2(Q0)) [1(0,a:10(Q0),N1(01)) da > 1. We argue by contradiction,

assume for 0 < € = min{%, g} < & fixed, there exists some ¢ € My such that ||U ()¢, < €, V¢ > 0.

Then, we consider the following linear system, and let i(a,7) be a solution:

ir(a,1) +ia(a,1) = =[ko(a,M0(5)) + (a,m(g)) + i (a)li(a,1),

| ol

O<a<ay,t>0,

. Amax

i0.0)= [ Blam(s
Amin

i(a,0) =@o(a), 0<a<a.

| &

))i(a,t)da, t >0,

This, by Proposition V.3.13, implies that p(a,t) = (U(t)¢o)(a) > i(a,t) for (a,t) € [0,a;] x [0,°0). Since
Ko > 1, by Theorem V.3.8, we deduce that &2 i(-,t) = 67‘0’3%0% for some A9 > 0, where &7, is the

‘@%(I)OHX >
x = %, which

projection on the eigenspace corresponding to the eigenvalue Ay. Further, by Theorem V.3.7, |
0 for ¢9 € Mp. It then follows that lim,_,c H@A{)i(-,t)HX = oo. Therefore, lim; || p(-,7)]
contradicts with ||p(-,7)||y <&, V¢ > 0. Therefore, the stable manifold of the trivial equilibrium does not

intersect My. Furthermore, by Corollary V.1.8, the strongly continuous nonlinear semigroup U (z), t > 0
in Xy as in Theorem III.1.4 is point dissipative and asymptotically smooth and the trajectory of a bounded
set is bounded. The trivial equilibrium is global stable in d M. Therefore, Theorem 4.2 in [29] implies the
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uniform persistence of U(t), t > 0.

We use the results of [17, 22, 28, 29, 51, 53, 54, 63, 66], to obtain the following theorem.

Theorem V.4.2. Let H.1 hold. Let U(t), t > 0 in X, be the strongly continuous nonlinear semigroup as
in Theorem III.1.4. Assume that U(t), t > 0 is bounded dissipative, asymptotically smooth and uniformly
persistent with respect to (Mo, dMy). There exists a global attractor </ € My under U (t), t > 0, which is a

compact set, satisfying,
(i) < is invariant under the semigroup U (t), t > 0, namely, U (t)<t = <, fort > 0;

(ii) <A attracts the bounded sets of My under U (t), t > 0 that is, for every bounded set C € My, lim;_,c
S(U(1)C, ) = 0, where, the semi-distance §(C, o) := sup,ccinfyeq [|x —yl|-

Moreover, the subset < is locally asymptotically stable.

Proposition V.4.3. Let H.1, H.6-H.7 hold. Let U(t),t > 0, be the strongly continuous nonlinear semigroup
in X1 as in Theorem I1I.1.4. There exists some & > 0 such that for every ¢o € %,

/ "™ Ba)o(a)da > §.

Amin

where < is the global attractor given in Theorem V.4.2.

Proof. By Corollary V.1.8 and Theorem V.4.1, the strongly continuous nonlinear semigroup U(¢), ¢t > 0 in
X, as in Theorem II1.1.4 is point dissipative, asymptotically smooth and uniformly persistent with respect
to (My,dM,). Therefore, by Theorem V.4.2, there exists a global attractor <% € My, for U(t),t > 0, which
is invariant under U (¢), t > 0. Let T;.(¢),7 > 0 be the strongly continuous linear semigroup corresponding to
the system (V.26) with i(a,t) = (T.(t)¢o)(a) for (a,t) € [0,a;] X [0,e0). By Proposition V.3.13, we obtain
(U(t)o)(a) > (To(t)o)(a) for (a,t) € [0,a1] x [0,00). Further, by Proposition V.3.12, there exists t* =
t*(¢o) > 0 such that for ¢ > ¢*, we have

Amin Amin

[ B@@nm@da> [ Bl@)TL)h)@)da >0, fors >

For each fixed ¢ € X, U(t)¢ is continuous in ¢ and the mapping ¢ — U(¢)¢ is continuous for ¢ €
X,, t >0, and also the mapping ¢ — [, B(a)¢(a)da is continuous in L' norm. Therefore, for any

Amin

do € o, there eixsts r = r(¢) > 0 and 7* > 0 such that for ¢y € .o satisfying H(ﬁo - (j)oHX < r(¢p), we
have [;m> B(a)(U(t)do)(a)da > 0, for ¢ € [t*(¢o),#*(¢o) + 7*]. Then applying Lemma V.3.9, we deduce

Ami

that [ B(a) (U(r)¢)(a)da > 0, for t > t*(¢o). Therefore, we obtain an open cover for <%, that is,

Amin

2 C UgpetyN(90), where N(¢o) := {9 € % : ||¢ — ¢o|lx < r(¢o)}. Then, we deduce from the compactness
of @ that there exists a finite cover such that &% C U7_;N(¢;) for some m > 0 and for each ¢ € N(¢;),

we have [ B(a) (U(t)¢)(a)da > 0, for t > t*(¢;), where j=1,2,---,m. Leti=max]_, {t;}. For

Amin

every ¢ € o and t > 7, [ B(a) (U(t)¢o)(a)da > 0. Using the fact that U (1)< = %, Vt > 0, we have
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for any initial value ¢y € <%, there exists a complete orbit {U(¢) : 7 € R} through ¢y in <. Therefore,
for any ¢ € o, we have ¢o = U (t)(U(—t)¢o) with U(—t)@o € %. This implies for any t > 0, [;"™> B(a)
(U(t)¢o)(a)da= [ B(a) (U(t+t1)U(~t1)¢o)(a)da >0, fort; > 7. It then follows that for every ¢ € .2,

Amin

Jmax B(a)@o(a)da > 0. Now we define the functional F oy — [0,00) by F () 1= Jmax B(a) ¢ (a)da for
V¢ € <. Then using the continuity for ¢ — [ B(a)¢(a)da again, we have % is continuous on .2%. Let
0 = infye Z(¢) > 0. We claim that § > 0. If not, by the definition of infimum there exists a sequence
{®n}nez C A such that limn_mﬁ (¢,) = 0. Then we use the compactness of .7 to choose a convergent
subsequence { ¢, } for j=1,2,--- such that lim;_,. ¢,, = ¢, where ¢ € <%, . This implies .7 (¢) = 0 which
contradicts [;™* B(a)¢(a)da > 0 since ¢ € .o%. Therefore, the claim follows.

O

V.5 Global stability analysis

V.5.1 Global stability of the trivial equilibrium

Theorem V.5.1. Let H.1 and H.6-H.7 hold. If Zy < 1. Then the trivial equilibrium is global asymptotically
stable.

Proof. Let U(t),t > 0, be the strongly continuous nonlinear semigroup in X, as in Theorem III.1.4. Let
pla,t) = (U(t)¢o)(a), for ¢y € X . Define the function V : X; — R by

V[ = /umaxp(a;nz(o))/a o I (Ho(@no(0)) - (@11 (0)+12(@)dangs () g5l (V.29)
Amin 0
Then
d fmex @ = I (0(@.M0(0)) 41 a1 (0))+1a (@) 9
ViG] = [ Blaima(0)) [ e FnEm O @m0 @) L (s, ) dsda

= [ 7 B(a;12(0)) /0 eff(uom,no(o»m(a,m<o>>+u2<a>>da[_aasp(s,,)

Amin

— (Ho(s,m0(Qo (1)) + (s, m(Q1(1))) + ka(s)) p(s,1)]dsda

Amax

< B(a;m2(0)) /0 e Js (1o(a,m0(0))+4u (a,m: <0))+“2(d))dﬁ[—ip(s, 1)

— (ko (s,m0(0)) + 1 (5,11 (0)) + 12(5)) p(s,1)|dsda
— [ B(a;ma(0))[e K (Ko@) (@m(O) +ra (@) gy]a g

— [ Baymp(0) e 8 (0@ mol0)) a1 @i (O) 10 @))dd gy ) )

- [ Blam()par)da

min

Applying the boundary condition p(0,1) = [;™ B(a;m2(Q0(1)))p(a,t)da < [ B(a;n2(0))p(a,t)da, t >

Amin
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0 to obtain,

SVIpC) = ([ Blama(0) [T0.a:m0(0), m(©))da—1)
« [ Blama(0)planda.
Since %, < 1, we deduce that,
d

—Vip(-,t)] <0, fort>0.
dt [p(7)]— b Or —

And %V[p(-,t)] = 0 if and only if [ B(a;1n2(0))p(a,t)da = 0. Therefore, ¢o € IMy, and by Propo-
sition V.3.16, the trivial equilibrium is globally asymptotically stable in dMjy. Then, we deduce that the
omega-limit set of a trajectory only consists of the trivial equilibrium. Finally, we observe that V[p(-,7)] is
decreasing for ¢+ > 0 and is zero at the omega-limit set. Then we deduce that it is identically zero, and the
result follows.

O

Remark V.5.2. Another way to show the global stability of the trivial equilibrium is by applying the invari-
ance principle, which is given by the following Theorem from ([10], section 4.2, pp.158):

Theorem V.5.3. Let H.1 and H.7 hold. Let U(t), t > 0 be the strongly continuous nonlinear semigroup in
X, as in Theorem I11.1.4. Let By(a) = B(a,n2(0)) for a € [amin,amax]| and fly : [0,a1] — [0,0) be [ip(a) =
Ho(a,no(0)) + ui(a,n1(0)) + pa(a). Let Bo, fio satisfy the following conditions:

(i) [lo is nondecreasing on [0,a;];

(ii) fom> ¢® Bo(a)e o fo®)dbgg — 1 for some @ > 0.

Then, lim, .. U(t)¢ = 0 in L' (0,0;R) for all ¢ € X,.

The proof of this theorem follows from ([10], section 4.2, pp.158) by defining V : X, — R, V(¢) :=
S o(a)g(a)da ¢ € X, where, g(a) := exp[—wa+ [ fio(b)db] x [1— [¢ e® By (b) exp[— [ fio(T)dT]db], a €
[0,611].

V.5.2 Global stability of the nontrivial equilibrium

In this section, we use the following Lyapunov functional to show that, if %, > 1, solutions of the system
(I.3) converge to the nontrivial equilibrium qS (IV.14). We define V : o4 — R by:

V(o= [ (6(0) = (0] ~16(a) 1oz § % . tor o < o,

where ¢ (IV.14) is the positive equilibrium of the system (I.3) as in Theorem 4.1.

Proposition V.5.4. Let H.1-H.7 hold. If %y > 1, V is a Liapunov functional on <.
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Proof. Our goal is to show that V is well defined on the global attractor .%. Obviously, V is not well
defined on M{ because of the function log under the integral. Let ¢y € <%. We use the Volterra formulation
(V.28) and a comparison argument by Proposition V.3.13 and Proposition V.4.3, to obtain (U(t)¢p)(a) =
B(t—a) > [ B(1)(U(t —a)o)(1)dl > &, for (a,t) € [0,a1] x [0,00) and ¢ > a. For 0 <t <a<ay,
we have (U(t)¢o)(a) = (U(t +11)U(—t1)¢o)(a) > 6, where t; > a;. Therefore, (U(t)¢o)(a) > & for all
(a,t) € [0,a;1] x [0,00). On the other hand, we use the fact that <7 is compact and H.6 to derive that there
exists some M > 0 such that for every ¢p € <, we have [/ B(a)¢o(a)da < M. Then, we deduce that
(U(t)do)(a) =B(t—a) < f;ﬂ:‘:z*ﬁ( YU (t—a)do)(1)dl <M, for (a,t) € [0,a;] x [0,00) and 7 > a. For0 <t <
a < ay, we have (U(t)¢p)(a) = (U(t +1:)U(—11)¢o)(a) < M, where t; > a;. Therefore, (U(t)o)(a) <M
for all (a,r) € [0,a;] x [0,00). It then directly follows that §; < % < &, for (a,t) € [0,a1] x [0,00),

_ o) M A .
where 8, = Docper b and & = — b @ It is easily seen from (IV.14) that inf,c[,,) ¢ (a) > O which
is due to the fact that ¢ € C'[0,a;] and ¢(a) > 0 for a € [O al] We then deduce that 0 < |log7\ <
max {|log 8 |,|log 8|}. Therefore, 0 < [ ¢(a )]log \da<max{\10g51| \log&\}Hq&Hx

Then, for ¢ € o and U (1) € o, t > 0, we have

((]5)—[15(% t

i L ; (U(9)(a)

Jlim (10 00)@) ~ bl - |9l tog = 5 da
o) b 0(a)

= ) (0@ =@~ [§(aton 5 i

— tim [ (W ©0)(@) - §(a) ~[0(a) - §(a)])da
RPN CIGTIT) (a)

— lim - (|9(a)log 3(a | |¢(a)10g$(a)\)d

=A-B

where

t—=0*t 1 Jo

= tim - [ (W00 @ -2~ /0@~ (a)?)da

[ (W09)@ @)~ (9@ - @)
UL (W 09)@) - b@)+ [ (0(a) - b(@)?)

[ U09)@) () (U(1)9)(@) +9(a) ~ 29 a) "
=0 o f (V(WO)(@ - §(@)7+1/(9(a) — $(a))?)
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i L 1 S e U OO@, L 0(a)
By gy s gy I oe gV

—1im ~ [ é(a OMQ_ 0¢(a)2a

Jim -0 )(\/(lg i@ ) \/(1g$(a)))d

= L%l% Oal 8(a)(/ (log(U (1)9) () — log $(a))? — / (log § () — log  (a))?)da
— tim [ §(a)—(108W()9)(a) ~logh(a)” ~ (logd(a) ~logd(a)”

0o W(logw(rw)()—logm )24/ logé (a) ~Tog§(@)?)
i [ ELOB0) oz

t—0t

log(U(1)¢)(a) +log ¢ (a) —2log §(a)

X da

(1/ (108(U(1)9)(a) ~log §(a))? + 1/ (log () ~ log §(a))?)
= [ét@” 1 sentot0) - ba)a

0 ¢(a
Thus,
V()= [ g0 asen(ota) - dtanda— [ 671 sgn(o (@) - b(a)aa
“ 9(a) — §(a) 5
= [y @) @sen(9(@) — b(@))da
IO s
= [ g ota) ~ §la)ld

= —/0 (to(a, m0(Qo(9))) + k1 (a, M (Q1(9))) + t2(a)) |9 (@) — (a)|da.

All terms are obviously nonpositive. Therefore, V(¢) is a Liapunov function for U(z),z > 0 in X, as in
Theorem I11.1.4. O

Theorem V.5.5. Let H.1-H.7 hold. If %y > 1, the unique positive equilibrium is globally asymptotically
stable for the semigroup generated by the system (1.3).

Proof. We derive from Proposition V.5.4 that V(¢) = 0 if and only if [;" (g |¢( )—(a)|da =0, that

is, ¢(a) = ¢(a), a.e. on [0,a,], because % < 0ae. on [0,a;]. Thus the only invariant set contained

in the set V(¢) = 0 is the positive equilibrium ¢. Hence, LaSalle’s theorem implies the largest invariant
setis {@}. For V¢ € My. Let ¢ € w(¢). There exists {ta},cz, — oo such that lim,, . U(t,)¢ = @. Since
pcw(p)C{9:V(d)=0,¢ € o}. Therefore, § = ¢. We claim lim;_,. U(t)¢ = ¢. If not, by Theorem
V.1.7, we have {U(r)¢ :r > 0} is compact, and therefore, there exists a sequence {tm}nez — o such that
lim; o U(t,)) 0 = ¢ # ¢. However, since ¢ € (¢), this implies ¢ = ¢, which gives the contradiction.

O

We give following examples to illustrate that there are different choices of fertility and mortality func-

tions for which conditions of Theorem V.5.5 hold:
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Example V.5.6. For example IV.1.5, it is readily seen that, when e™ > %y > 1, conditions of Theorem
V.5.5 are satisfied, thus, the unique positive equilibrium is globally asymptotically stable for the semigroup
generated by the system (IV.15). In example IV.1.7, we numerically verify that with all parametric values set
as in Table VI.1, conditions of Theorem V.5.5 are satisfied and the unique positive equilibrium is globally
asymptotically stable for the semigroup generated by the system (IV.22). Similarly, in example IV.1.9 and
example I'V.1.11, one can easily verify that when %, > 1, assumptions of Theorem V.5.5 hold and therefore
the unique positive equilibrium is globally asymptotically stable for the semigroup generated by the system
(IV.23) and by the system (IV.24).
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CHAPTER VI

DISCUSSION

Our model of age structure in human populations incorporates the extended juvenility and the prolonged
post-reproductive population period unique to the human species. Our analysis of the model shows that these
features are mathematically stable and robust in the sense that equilibria are recovered from perturbation and
reset initial values. The population could stabilize at a very low level or converge to a higher one depending
on the initial population size. It would be a challenge for early humans with fairly small total population size
[56] to recover from such a perturbation. The harsh time value is determined by the value of the unstable
nontrivial equilibrium which is an indicator of the survivalship of a population. It is easily seen that a large
harsh time value is associated with a reduced chance for a small population to survive especially when the
evolution of the population exhibit oscillatory behavior which leads the total population size to fall to a
very low level at the bottom. If at certain time the population size drops below the harsh time value, then the
strong Allee effect would drive the species to go extinction eventually. In contrast, a smaller harsh time value
provides a more friendly environment for early humans to grow from a fairly small total population size at the
very beginning and after sufficiently many generations stabilize to a much higher population level. Human
life expectancy is constrained, as confirmed by our model, in the sense that increasing senescent population
becomes a burden on juveniles. Example IV.1.7 shows that an increased fertility rate will not balance the
cost of the extremely large juvenile mortality caused by the competing adult population. Instead, increased
senescent burden on juveniles and increased fertility will lead to oscillatory behavior for the system when
the birth process involved is either linear or nonlinear. Our model supports the thesis that the intrinsic age

structure of human is essentially unchanged from the hunter-gatherer era to the present.

Table VI.1: Baseline model

Term Form Baseline value
c;=0.5
(— —0.4(a—15)
Fertilit t T) = M
erulity rate B(a7 ) 1+ T cy = 0.00022
All-cause mortality c3=0.01

to(a,T) =0.03+c3e % 4 n(a)T

(excluding particu- n(a) = 176 x
lar microbial mor- 10~%(a —20)?
talities)
Juvenile mortality | p;(a,S) =cs(15—a)$, a € [0,15] = 106

4=

due to senescent | i(a,S) =0, a€ (15,)
population burden
Particular  micro- | ty(a) 0
bial mortalities
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- dmax
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Figure VI.1: The graph (A) is the value of IGC as ayj, and am.x vary. The graph (B) is the value of IGC
as amin changes when an,x = 35 years are held fixed and the graph (C) is the value of IGC as ap,x changes
when api, = 15 years are held fixed. IGC is significantly above one in a wide range of apj, and amax-
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Figure VI.2: The graph (A) is the fertility rate at age @ when the total population is 7. The graph (B) is the
time evolution in years of the age structured population density p(a,t) for the baseline parametric values
as in Table VI.1. The graphs in (C) are time evolution in years of the total population and subpopulations
for the baseline parametric values as in Table VI.1. The age structure is robust for those baseline parameter
values.
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Figure VL.3: The graph (A) is the all-cause mortality at age a when the total population is 7. The graph (B)
is time evolution in years of the age structured population density p(a,t) for the baseline parametric values
corresponding to increased fertility rate (c; = 0.85) and increased senescent burden on juvenile individuals
(c4 =2 x 107°). The graphs in (C) are time evolution in years of the total population and subpopulations
for the baseline parametric values with increased fertility rate (c; = 0.85) and increased senescent burden
on juvenile individuals (c4 = 2 x 107). The age structure is again robust for the parameter values, but
undergoes significant oscillations if the initial conditions are perturbed far from the equilibrium values.
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Figure V1.4: The graph (A) is the initial distribution of the population. The graph (B) is time evolution
in years of the age structured population density p(a,t) for the baseline parametric values with initial dis-
tribution given as graph (A). The graphs in (C) are time evolution in years of the total population and
subpopulations for the baseline parametric values with the initial value given as graph (A). The age structure
recovers from an extreme initial age distribution.
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