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CHAPTER 1

INTRODUCTION

1.1 Motivation

Short fiber composites are used in a variety of disciplines and can be utilized to enhance

performance. The composites provide significant benefits, not only in the mechanical char-

acteristics as compared to the base material, but also provide different function properties.

To accurately understand the response from the short fibers in the composites, they need

to addressed carefully. Short fibers tend to have small diameter (or thickness) compared

to the length of the fiber, resulting a high aspect ratio. Modeling high aspect ratio fibers

in a domain is a difficult task and needs to be approached with a computationally efficient

methodology.

This dissertation presents the development and formulation of the behavior of short

fiber composites without the computational cost of standard analysis methods, to capture

the complex composite behavior. The framework to model short fiber composites will be

beneficial in various applications, including those which directly rely on short reinforced

composites simulations for their system analysis. An improvement on the understanding of

the response of the composites can lead to greater enhancements of composite materials.

The main focus of this dissertation is to apply the extended finite element method (XFEM)

to model short fiber composites.

1.2 Literature Review

Micro- and nano-fiber short fiber reinforced composites have been shown to exhibit good

mechanical performance under static and dynamic loading conditions for a wide range of

matrix materials and are frequently used in practice for a variety of engineering applica-

tions. The fibers can significantly effect elastic modulus, load carrying capacity, flexural
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strength and flexural toughness (see e.g., [113, 118] for examples for cementitious materials).

A key advantage of these composites is that they can be tailored to perform optimally under

a range of loading and environmental conditions. Besides the superior mechanical proper-

ties, short fiber reinforcement introduces functional properties ranging from crack control,

electromagnetic field shielding and self sensing, making them attractive for multi-functional

applications (e.g. [24, 25, 43, 64, 95]).

Short fiber reinforced composite material modeling to extract elastic and inelastic ho-

mogenized properties, are traditionally conducted based on micromechanical modeling or

through computational studies of representative volume elements (RVEs). The microme-

chanical modeling approaches are usually based on the Eshelby’s solution of ellipsoidal in-

clusions embedded in a matrix in conjunction with Mori-Tanaka scheme (e.g., [17, 54, 104]),

Hashin-Strichman bounds [89] and others. The ellipsoidal inclusions are taken to have a high

aspect ratio to mimic the effect of the fiber geometries when such approaches are applied

to model random fibers. The computational RVE modeling of the response of random fiber

composites has also been proposed by a number of investigators [15, 28, 65]. The numerical

analysis of RVEs based on the direct discretization of the microstructure is useful for analysis

of microstructures with dilute concentrations of inclusions [14, 26, 35, 67, 91, 112], but is

computationally not feasible in the presence of many, high aspect ratio fibers. The challenge

lies with the resolution of randomly generated high aspect ratio fibers using discretization

with small elements as well as ensuring mesh compatibility between the embedded fibers

and the matrix when large number of fibers are present. Modeling progressive failure along

interfaces between the fiber and the matrix also provides additional challenges. Resolving

some of these challenges can be achieved by using the XFEM.

XFEM provides an approach to eliminate the need to discretize the individual fibers and

the compatibility requirements of the underlying discretization. The primary idea of the

XFEM approach is to enrich the standard finite element basis with nodal enrichment func-

tions capable of representing inhomogeneities and discontinuities within the problem domain
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without explicitly representing them through meshing [9, 32, 69]. XFEM utilizes enrichment

functions to model the presence of inclusions and discontinuities in an otherwise uniform

domain. The foundation of XFEM is the partition of unity method (PUM), which incorpo-

rates the enrichment function into the finite element framework, formalized by Babuska and

Melenk [4]. In PUM, the nodal level enrichment is a product of the enrichment function and

the standard shape functions that satisfy the partition of unity property for the enrichment,

in addition to the standard basis. The enrichment functions are known a-priori to represent

the response well within the whole domain or a subdomain of the problem, around strong or

weak discontinuities. XFEM has been widely employed to model strong (e.g., cracks) and

weak discontinuities (e.g., inclusions) [19, 40, 60, 62, 101]. The XFEM approach has seen a

rapid development in the past decade, which is summarized in Refs. [11, 72].

The XFEM approach has been widely used recently to approximate solutions of domains

with discontinuities. Sukumar et al. [102] presented a methodology to model arbitrary holes

and inclusions without remeshing the internal boundaries. The method couples the level

set method with the XFEM method. Belytschko et al. [10] proposed a technique for mod-

eling arbitrary (including potentially intersecting) discontinuities in finite elements. The

approximation for discontinuous elements uses the XFEM form and the surfaces of the dis-

continuities by the signed distance function. Chen et al. [22] reviewed the treatment of tip,

fully and partial enrichment of the finite elements and corresponding numerical integration

techniques in the context of the XFEM approach. XFEM modeling work have addressed

inclusions that can be represented as a sub-domain of the problem domain (e.g., spherical

inclusions) or cracks, and are important contributions to the XFEM emergence. The high

aspect ratio short fiber modeling provides a different challenge, in which the fiber occupies

an insignificant volume in the domain, but is modeled as a weak discontinuity.

While the XFEM approach can be used to model the cracks and inclusions (e.g. [12, 31,

60, 101, 102]), it does not readily account for the progressive debonding along the inclusion

interfaces. The performance of short fiber reinforced composites are significantly affected by
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interface properties. Cohesive zone modeling has been the traditional approach to idealize

progressive debonding along inclusion interfaces. Zero-thickness elements between solid ele-

ments that discretize the neighboring domains describe the separation between two surfaces

and relate surface tractions to the displacement jumps through a softening constitutive equa-

tion (i.e., a cohesive law). Cohesive zone modeling applied to fiber reinforced composites

are available for pure mode and mixed mode cohesive laws in [44, 63, 75, 77, 80, 110, 116],

among many others.

Cohesive zone modeling has recently been incorporated into the XFEM framework. Moës

and Belytschko [68] and Unger et al. [106] have proposed methods to model cohesive crack

growth in concrete. Zi and Belytschko [120] presented a formulation of crack tip elements for

cohesive cracks. Work on partly cracked XFEM elements with cohesive cracks was performed

by Asferg et al. [3]. Bouhala et al. [18] focused on the interfacial debonding of cracks for long

fiber reinforced composites. Other applications include the regularization of the discontinuity

at cohesive interfaces for modeling delamination in composites [13] and in the context of a

multiscale framework for composites combining XFEM with cohesive zone laws [52]. Radtke

et al. [93] developed a method using a Heaviside enrichment function to account for the strong

discontinuity present due to tangential debonding at the fiber-matrix interface. The weak

discontinuity in the response field due to the presence of the fiber was not included in the

response field approximation. A non-linear cohesive law was employed to describe tangential

slip along the fiber-matrix interface and the normal fiber-matrix interface separation was

suppressed.

Capturing the mechanical behavior of high density, high aspect ratio fiber reinforced

composites in a computationally efficient way requires that the underlying XFEM formu-

lation accommodates the presence of many fibers that are close to each other. A way to

alleviate numerical problems that arise from the presence of multiple enrichment functions

within the same finite element is local mesh refinement. Within the XFEM framework, the

discretization around enrichments are made fine enough that multiple enrichments do not
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occur within the same element [42]. Other XFEM approaches have been proposed to cap-

ture the effect of multiple cracks in the same element, including intersecting cracks and crack

growth [20, 96]. The integration of elements with multiple cracks is achieved by splitting

up the element domain into sections and using higher order integration [30, 121]. Hiriyur

et al. [53], proposed a method to account for multiple inclusions in the same element domain

by introducing additional degrees of freedom for each inclusion enrichment, removing the

need to finely discretize the domain around neighboring inclusions. In contrast, literature on

accounting for multiple debonding processes within the same element is scarce, to the best

of the author’s knowledge.

The enrichment idea to eliminate the need to discretize individual fibers has been recently

proposed. Fiber composite modeling using the partition of unity method was proposed

by Radtke et al. [92, 93], where high aspect ratio fibers were modeled as zero measure

elastic inclusions for idealizing fiber reinforced composite behavior, eliminating the need to

discretize the fibers. Embedment methods for fibers in reinforced composites have also been

proposed to eliminate the need to discretize individual fibers. Two and three dimensional

models have been developed for embedded fibers that include the modeling of fiber slip in

the domain by adding additional degrees of freedom [6, 34, 51, 66]. Similar in principles

to the XFEM modeling, other methods to embed discontinuities have been proposed (e.g.,

[50, 57, 99]). Fish and coworkers proposed a mathematical homogenization based approach

to include weak discontinuities in a heterogeneous domain [38], and employed the s-version

finite element method to embed strong discontinuities in a finite element mesh [36].

1.3 Dissertation Goal and Objectives

The primary goal of this dissertation is to accurately model the response of short fiber

reinforced composites using the efficient computational methodology of the extended finite

element method. The research objectives are as follows:

1. Develop an XFEM approach to model composites with rigid short fibers in two di-
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mensions;

2. Model short deformable fiber composites using XFEM with material cohesive interfaces

and a continuum damage model in two dimensions;

3. Use the XFEM approach to capture the interactions between short fibers in fiber

reinforced composites;

4. Utilize the ideas and principles from the XFEM formulation in two dimensions to

model short fiber composites in a three dimensional domain.

1.4 Dissertation Organization

The first research objective is addressed by formulation of XFEM for random short fiber

reinforced composites in two dimensions in Chapter 2. The fibers are considered to be rigid

and the numerical analysis of the short fiber composites is validated with the direct finite ele-

ment method. In Chapter 3, the second objective is covered. Random short fiber composites

are modeled using XFEM, in which the fibers are deformable and have material cohesive in-

terfaces. Numerical examples are presented for various fiber configurations including the use

of continuum damage mechanics in two dimensions. Chapter 4 presents a two dimensional

XFEM approach to capture the interactions between short fibers in reinforced fiber com-

posites. Numerical assessment is validated with the direct finite element method including

the interaction response between the fibers. The final research objective for this dissertation

is addressed in Chapter 5. A three dimensional XFEM formulation for random short fiber

composites is developed for two dimensional high aspect ratio planar fibers. Fibers remain

elastic and debonding occurs on the fiber-matrix interface. The methodology is assessed

with reference to the direct finite element method with numerical examples. The work in

this dissertation is summarized in Chapter 6.
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CHAPTER 2

MODELING RIGID RANDOM SHORT FIBER REINFORCED COMPOSITES USING

XFEM

2.1 Introduction

This chapter provides formulation and implementation of XFEM for random rigid short fiber

reinforced composite materials (Fig 2.1). XFEM is utilized in this work to investigate the

behavior of short fiber reinforced composite materials. The work in this chapter is reflected

in Ref. [86], and presented with permission from ASCE.

In this chapter, XFEM for random short fiber reinforced composite materials is presented.

An enrichment function is derived to incorporate the effect of random fiber inclusions within

the XFEM framework to eliminate the need of using finite element meshes compliant with

fiber inclusions. A key contribution is to extend the XFEM for modeling weak discontinuities

for inclusions that does not occupy volume. To this effect, the fibers are approximated as

line discontinuities in a multi-dimensional domain. The fibers are assumed to behave as a

rigid body with no stretching or bending. The motion of the fiber inclusions are modeled

by constraining the deformation field along the domain of the fiber inclusions. Coupling the

XFEM method with the new enrichment function and constraint equations formulate the

elastic response of short fiber reinforced composites. Numerical integration procedures are

provided for accurate evaluation of the system response for fiber tips that lie on arbitrary

positions within the problem domain. The performance of the XFEM model is verified

against the direct finite element method.

The remainder of this chapter is organized as follows. In Section 2.2, the fundamental

concepts of the XFEM method are introduced and discussed. In Section 2.3, the application

of the XFEM method to short fiber reinforced composite materials. The fiber inclusion

enrichment function and constraints to define fiber motion is described. Section 2.4 provides
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x1

˜

(a) (b) (c)

Figure 2.1: (a) Short fiber reinforced composite (from [94], c© IOP Publishing. Repro-
duced by permission of IOP Publishing. All rights reserved); (b) domain of the short
fiber reinforced composite; (c) short fiber kinematics.

the governing equations, the numerical formulation of the XFEM method for short fiber

reinforced composites and the treatment of partially enriched elements. The assessment of

the performance of the approach is presented in Section 2.5.

2.2 The Extended Finite Element Method

Modeling the fiber geometry of short fiber reinforced composites with very high aspect ratios

can be infeasible within the finite element method (Fig. 2.2), particularly when a large

number of fibers is present. In this work, the extended finite element method (XFEM) is

employed to eliminate the need to conform the discretization to the individual fibers.

XFEM is based on the expression of the response field using the following approximation:

u(x, t) =
nn∑
a=1

Na(x)ûa +
nen∑
b=1

NIb(x)ψ(x)ĉb (2.1)

in which, u denotes the displacement field; x and t are the space and time coordinates,

respectively; nn the total number of mesh nodes in the finite element discretization; nαen

is the number of enriched nodes per fiber; Na, the standard finite element shape function

associated with node a; ûa and ĉb the nodal coefficients of the standard and fiber enrichment,

8



Figure 2.2: Standard finite element mesh for a short fiber inclusion composite.

respectively; I index set of enriched nodes; Ia ∈ I the index of an enriched node, a; andψ

the fiber enrichment function. The first right hand side term of Eq. 2.1 corresponds to the

standard finite element approximation of the response field, whereas the second part is the

enrichment to the approximation space based on a predefined enrichment function, ψ. The

enrichment function is known a-priori to represent the response well within the whole domain

or a subdomain of the problem, such as around strong or weak discontinuities. The index

set, I reflects the extent to which the domain of the problem is enriched.

2.3 Modeling Embedded Short Fibers

This section presents the XFEM enrichment functions that will be employed in modeling the

deformation response of short fibers embedded in a matrix. The short fibers are modeled as

one-dimensional rods in view of their very high aspect ratios. The displacement of the fibers

within the problem domain under loading is enforced through constraint equations described

in Section 2.3.2.
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Figure 2.3: Level set functions of the enrichment.

2.3.1 Enrichment function

Development of an enrichment function for short fiber inclusions is achieved through defining

level set functions for the fiber domain and the fiber tips separately. In a fiber reinforced

composite, there exists a multitude of fibers each of which much be represented using a

separate enrichment function. For the simplicity of the presentation, a single inclusion to

derive the enrichment function is considered. The application of the enrichment function to

address multiple fibers is straightforward provided that no overlapping occurs. The over-

lapping refers to the presence of multiple fibers within a single finite element as opposed to

overlapping of the fiber domains, which is nonphysical and avoided.

Let Ω ⊂ Rd be the open bounded domain of the composite body, where d = 2, 3 is the

number of space dimensions. The reinforcing fibers are entirely embedded in Ω, and are taken

to be straight with very high aspect ratio compared to the overall size of the composite body.

The domain of a single fiber is therefore approximated by a line segment, parameterized by

s, such that:

x = xc +
x2 − x1

2
s; −1 ≤ s ≤ 1; x ∈ Γ (2.2)
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where, x1 and x2 denote the positions of the fiber tips, and xc the position of the center of

the fiber (i.e., xc = (x1 + x2)/2). The level set functions associated with the fiber tips are

expressed as:

φλ (x) = (x− xλ) · tλ; λ = 1, 2 (2.3)

in which, tλ denotes the tangent at the corresponding fiber tip (i.e., t1 = (x1 − x2) /l and

t2 = (x2 − x1) /l = −t1). l = ‖x2 − x1‖ denotes the length of the fiber. Figure 2.3 illustrates

the level set functions associated with the fiber tips. φλ provides the zero level set along

the plane normal to the fiber passing through the fiber tip. φλ is positive on one side of

the domain cut by the zero level set, and negative elsewhere within the composite body as

shown in Fig. 2.3.

The level set associated with the domain of the fiber, φc (x), divides the domain of the

body along the plane of the fiber with positive values on each side and has zero value along

the fiber:

φc (x) = ‖x− P (x)‖ (2.4)

in which, P (x) is the projection of x onto the fiber:

P (x) = x1 + [(x− x1) · t2] t2 = x2 + [(x− x2) · t1] t1 (2.5)

Employing Eqs. 2.3 and 2.4, the enrichment function for the fiber is written as:

ψ(x) =

[
2∏

λ=1

H(−φλ)

]
φc(x) +

2∑
λ=1

H(φλ)dλ(x) (2.6)

where H denotes the Heaviside function,

H(f) =

 1 f ≥ 0

0 f < 0
(2.7)

and dλ(x) = ‖x − xλ‖ denotes the distance function to the fiber tip, λ. The enrichment
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Figure 2.4: Short fiber inclusion enrichment function: (a) three dimensional view; (b) pla-
nar view (fiber is illustrated by the white line).

function expressed in Eq. 2.6 has the form of the V-shaped enrichment functions employed

in inclusion problems [71], with caps defined at the tips of the fiber. Adding ψ(x) to the

approximation basis of the solution field introduces a strain discontinuity mode along the

position of the fiber. The displacements around the fiber can therefore be accurately captured

without explicitly discretizing the fiber domain. The particular form chosen for ψ(x) (Eq. 2.6)

ensures that approximation basis captures the strain discontinuity but stay smooth otherwise

around the tip and sides of the fiber. Three dimensional and planar views of the enrichment

function are illustrated in Fig. 2.4 a and b. The enrichment functions around a fiber tip

multiplied by the finite element shape functions of a quadrilateral element are illustrated in

Fig. 2.5.

The enrichment function in Eq. 2.6 is nonzero everywhere in the composite domain ex-

cept on the fiber. The direct application of this enrichment function therefore leads to the

enrichment of all nodes within the domain. This is undesirable since away from the fiber,

the enrichment does not enlarge the trial space spanned by the standard finite element shape

functions, yet increases the size of the linear system. This is circumvented by considering the

enrichment of a small subdomain around the fiber, while employing standard finite element
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xy

Figure 2.5: The nodal enrichments computed for a 2-D quadrilateral element. The fiber
tip is within the element domain.
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far-field elements

fully enriched fiber tip
element

fully enriched fiber
elements

partial enriched elements

Figure 2.6: The decomposition of the problem domain into subdomains of far-field ele-
ments approximated by standard basis, partially and fully enriched elements.

shape functions in the remainder of the problem domain. By this approach, the domain

of the composite is taken to consist of four regions as illustrated in Fig. 2.6: (1) Far field

elements with no enrichment; (2) elements with partial enrichment; (3) fully enriched el-

ements crossed by the fiber; and (4) fully enriched elements partially crossed by the fiber

that contain the fiber tip. The support of the enrichment region is provided by the sides

(or faces) of the partially enriched elements formed by their standard nodes. The numerical

treatment of the regions are different from each other and described in Section 2.4.3. As il-

lustrated in Fig. 2.6, the enrichment domain is chosen based on the discretization as opposed

to the geometry of the problem domain that is typically used in crack modeling with XFEM

(e.g., crack tip enrichment defined within a specified radius from the crack tip). Since the

fiber tip enrichment functions employed in this study are not defined based on geometry

and smoothly vary (similar to the Heaviside enrichments employed on the sides of the fibers

or crack faces), geometry based enrichment domain selection is not critical to the method

performance.
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2.3.2 Rigid fiber constraints

The enrichment function provides the necessary weak (i.e., strain) discontinuity within a

finite element to describe the effect of inclusion on the response of the matrix around it,

but does not incorporate the kinematics of the fiber itself. The deformation of the fiber

inclusion is typically a function of the stiffness contrast between the fiber and the matrix,

flexural rigidity and the length of the fiber. For relatively short fibers embedded in matrix

of significantly lower stiffness, the bending and stretching of the fiber are small. Early works

indicate a relative insensitivity of the overall composite stiffness to constituent stiffness ratio,

particularly at high values [97]. In this chapter, the fibers are idealized as rigid bodies going

through only translation and rotation but no bending and stretching. This condition may

be imposed by considering the following constraint:

g(x) := u(x)− uc − (R− δ) · (x− xc) = 0; x ∈ Γ (2.8)

in which, uc is a constant vector of translation, R the orthogonal tensor of rigid body rotation

about the center of the fiber; and δ the Kronecker Delta. The orthogonal transformation

imposed by the rigid body rotation constraint is valid for large rotations, but is a nonlinear

constraint. Assuming the rotation of the rigid fiber supported by the matrix remains small,

Eq. 2.8 is rewritten using a linear constraint equation as:

g(x) := u(x)− uc −
l

2
s (x) θRn = 0; x ∈ Γ (2.9)

where, θR is the angle of rotation, and n the normal to the fiber direction as illustrated in

Fig. 2.1c. Equation 2.9 implies that the rotational component of the fiber deformation is

normal to the original fiber orientation, which is valid for small θR.
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2.4 Governing Equations and Formulation

The governing equations for the deformation response of the short fiber reinforced composite

are:

∇ · σ(x, t) = 0; x ∈ Ω (2.10)

and;

σ = L : ε (x, t) = L : ∇su (x) ; x ∈ Ω (2.11)

where, σ is the stress tensor; ε the strain tensor given as the symmetric gradient of the

displacement field, u; and L is the tensor of elastic moduli of the matrix material. L is taken

to be symmetric and positive definite.

The exterior boundary conditions are expressed as:

u(x, t) = ũ (x, t) ; x ∈ Γu (2.12)

σ · n = t̃ (x, t) ; x ∈ Γt (2.13)

in which, ũ and t̃ are the prescribed boundary displacements and tractions defined on bound-

aries Γu and Γt, respectively, such that Γu ∩ Γt = ∅ and ∂Ω = Γu ∪ Γt.

The domain of the composite body includes n straight fibers with varying length and ori-

entations. Neglecting the bending and stretching of the fibers and assuming small rotations

of the fibers, the following constraint equations are imposed on the displacement response

of the composite:

u(x) = uαc +
l

2
sα (x) θαRn

α; x ∈ Γα; α = 1, 2, . . . , n (2.14)

Superscript α, indicates αth fiber.
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2.4.1 XFEM formulation

The extended finite element method is employed to discretize and evaluate the governing

equations (Eqs. 2.10-2.14). Using the standard Ritz-Galerkin procedure and employing the

penalty function formulation for imposing the constraints, given the boundary data and the

matrix elastic moduli matrix, find u ∈ Uũ such that for all δu ∈ U0, the problem can be

posed in the weak form as:

∫
Ω

δε : L : ε dΩ +
n∑

α=1

∫
Γα

γδu · gα dΓ =

∫
∂Ωt

δu · t̃ dΓ (2.15)

where δu denotes the test function; δε the gradient of the test function; gα is the displacement

constraint for fiber, α; γ the penalty parameter chosen sufficiently large to ensure enforcement

of the constraint equations. The appropriate spaces for the trial and test functions are:

Uδu :=
{
u ∈ [H1 (Ω)]d | u = δu on x ∈ ∂Ωu

}
(2.16)

where, H1 (Ω) is the Sobolev space of functions with square integrable values and derivatives

defined on the problem domain. The subscript δu is equal to ũ (i.e., the prescribed boundary

data) in the case of the trial function and equal to zero in the case of the test function.

The discretization of the displacement field follows Eq. 2.1, and using the Bubnov-

Galerkin approach, the discretization of the test function is similar to that of the trial

function. In contrast to the standard finite element approach, the mesh does not necessarily

conform to the fiber domains, i.e., the position of the fibers are independent of the mesh.

The first term in Eq. 2.15 is then expressed as:

∫
Ω

∇δε : L : ε dΩ =
ne∑
e=1

∫
Ωe

δε : L : ε dΩ (2.17)

in which, ne is the total number of elements; and Ωe the domain of the element, e. Substi-

tuting Eq. 2.1 into Eq. 2.17 and switching to the Voigt notation with contracted indices for
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simplicity, the element level integral is expressed as:

∫
Ωe

δε : L : ε dΩ = (Ve)T
∫

Ωe

(Be)TLBe dΩUe = (Ve)TKeUe (2.18)

in which, superscript T denotes the transpose operator; and Ue and Ve denote the vectors

of nodal coefficients of the trial and test functions in element, e:

Ue = {ûe; ĉe} ; Ve = {δûe; δĉe} (2.19)

in which, a semicolon implies that the construction forms a column vector. The components

in the nodal coefficient vectors correspond to the standard and fiber enrichment degrees of

freedom respectively:

ûe =
{
ûe1; ûe2; . . . ; ûenen

}
ĉe =

{
ĉe1; ĉe2; . . . ; ĉeneen

}
(2.20)

where, ûea and ĉea are the vectors of unknown coefficients for standard and extended degrees

of freedom at element, e and node a; and nen and neen the number of standard and enriched

nodes within element, e, respectively. The components of Ve are similarly defined. Be

corresponds to the gradient operation expressed as:

Be =
{
B̂e

1 B̂e
2 . . . B̂

e
nen

B̄e
1, B̄

e
2, . . . , B̄

e
neen

}
(2.21)

in which, the gradient terms are expressed as:

B̂e
a =


N e
a,x 0

0 N e
a,y

N e
a,y N e

a,x

 ; B̄e
a =


(N e

a ψ),x 0

0 (N e
a ψ),y

(N e
a ψ),y (N e

a ψ),x

 (2.22)

where, a subscript followed by a comma indicates differentiation. For the enrichment degrees
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of freedom, the gradient operation takes the form:

B̄e
a (x) = B̂e

a (x)ψ (x) + B̃e
a (x) (2.23)

The formulation of the third term in Eq. 2.15 proceeds similarly. Decomposing the

boundary integral into its elemental components yields:

∫
Γt

δu · t̃ dΓ =
∑
e∈It

∫
Γt

δu · t̃ dΓ (2.24)

in which, It denotes the index set of elements at the boundary Γt. Substituting Eq. 2.1 into

Eq. 2.24, the element level boundary integral is expressed as:

∫
Γt

δu · t̃ dΓ = (Ve)T
∫

Γt

f e (x) dΓ = (Ve)TFe (2.25)

where,

f e =
{
f̂ e1 ; f̂ e2 ; . . . ; f̂ enen ; f̄ e1 ; f̄ e2 ; . . . ; f̄ eneen

}
(2.26)

The components of the element force vector are:

f̂ ea (x) = N e
a (x) t̃ (x) ; f̄ ea (x) = f̂ ea (x)ψ (x) (2.27)

Defining the global vector of unknown nodal coefficients as:

U = {û1; û2; . . . ûnn ; ĉ1; ĉ2; . . . ĉnen} (2.28)

The global stiffness matrix, K̂ and the force vectors are obtained by assembling the corre-

sponding element matrices (i.e., Ke and Fe):

K̂ =
ne

A
e=1

Ke; F =
ne

A
e=1

Fe; (2.29)
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2.4.2 Constraint equations

The constraint equation for the αth fiber (gα) indicates that the motion of the fiber is fully

defined by a translation vector and a rotation angle. These unknowns are interpreted as the

translation of the fiber midpoint (i.e., uαc ) and the rotation angle of the fiber about the fiber

midpoint (i.e., θαR). The translation vector is obtained as a function of the displacement field

by integrating the constraint equation over the domain of the fiber and normalizing with the

fiber length:

1

lα

∫
Γα

gα (x) dΓ =
1

lα

∫
Γα

u (x) dΓ− uαc −
θαR
2

∫
Γα

s (x) dΓnα = 0 (2.30)

Observing that the rotation term vanishes, the translation vector reads:

uαc =
1

lα

∫
Γα

u (x) dΓ (2.31)

The rotation angle is obtained by taking the inner product of the constraint equation with

the fiber normal, nα and averaging over the domain of the fiber:

θαR =
2

(lα)2

∫
Γα

u (x) · nα

s (x)
dΓ (2.32)

The constraint equation for fiber, α becomes:

gα (x) = u (x)− 1

lα

∫
Γα

u (x) dΓ− 1

lα
s (x)

∫
Γα

u (x) · nα

s (x)
dΓnα (2.33)

The enrichment function ψ vanishes within the fiber domain due to the zero level set functions

as illustrated in Fig. 2.4. Therefore only the the standard shape functions are employed

in the discretization of the displacement field along the fiber domain and the enrichment

function does not affect the imposition of the constraint. Substituting Eq. 2.33 into Eq. 2.15

and decomposing the integral into element contributions, the first term of the constraint
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equation is written as:

∫
Γα
γδu (x) · u (x) dΓ =

∑
e∈Iα

∫
Γeα

γδu (x) · u (x) dΓ (2.34)

where, Iα is the index set of all fully enriched elements crossed by the fiber, α. The element

level integration is expressed in the vector form as follows:

∫
Γeα

γδu (x) · u (x) dΓ = (Ve)T
∫

Γeα

γ(N̂e)T N̂edΓUe = (Ve)TKeα
c1U

e (2.35)

where,

N̂e (x) =
{
N e

1δ N
e
2δ . . . N

e
nen
δ
}T

(2.36)

δ is the Kronecker delta. The contribution of the first term of the penalty function to the

global system of equations can be computed using the standard assembly operation:

K̂α
c1 =

ne

A
e=1

Keα
c1 (2.37)

The second and the third terms of the constraint equation take the following form when

expressed in terms of the element components, respectively:

γ

lα

∫
Γα

δu (x) dΓ ·
∫

Γα

u (x) dΓ =
γ

lα

∑
e∈Iα

∫
Γeα

δu (x) dΓ ·
∑
e∈Iα

∫
Γeα

u (x) dΓ (2.38)

γ

lα

∫
Γα

s (x) δu · nαdΓ

∫
Γα

u · nα

s (x)
dΓ =

γ

lα

∑
e∈Iα

∫
Γeα

s (x) δu · nαdΓ
∑
e∈Iα

∫
Γeα

u · nα

s (x)
dΓ (2.39)

The elemental components of the above equations are expressed in the vector form as:

∫
Γeα

δudΓ = (Ve)T
∫

Γeα

(N̂e)TdΓ = (Ve)T (Ñe)T ;

∫
Γeα

udΓ = ÑeUe (2.40)

∫
Γeα

sδu · nαdΓ = (Ve)T (M̃e
1)T ;

∫
Γeα

u · nα

s (x)
dΓ = M̃e

2U
e (2.41)
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where,

M̃e
1 =

∫
Γeα

s (x) N̂e (x)nαdΓ; M̃e
2 =

∫
Γeα

N̂e (x)nα

s (x)
dΓ (2.42)

The contributions of the second and third terms of the constraint equation to the global

equation system is computed by assembling Ñe, M̃e
1 and M̃e

2. The contribution to the

stiffness matrix is:

K̂α
c2 =

γ

lα

[
(Ñ)T Ñ + (M̃1)TM̃2

]
(2.43)

in which, Ñ, M̃1 and M̃2 are assembled from the element counterparts through the standard

assembly operations. The final system of equations to be evaluated for unknown nodal

coefficients is:

KU = F; K = K̂ +
n∑

α=1

[
K̂α
c1 − K̂α

c2

]
(2.44)

2.4.3 Numerical integration

To be able to compute the linear system of Eq. 2.44, it is necessary to numerically compute

the element level integrals for Ke, Fe, Keα
c1 , Kei

c2, Ñeα, M̃eα
1 and M̃eα

2 as defined in the previous

section. The integration rules employed in the standard finite element method is not sufficient

since the higher order functions (i.e., enrichment functions) need to be integrated.

The domain is discretized using four different element types as illustrated in Fig 2.7:

(1) Far field elements with no enrichment; (2) elements with partial enrichment; (3) fully

enriched elements crossed by the fiber; and (4) fully enriched elements partially crossed by

the fiber that contain the fiber tip. The treatment of the enrichment and the numerical

integration differ for different element types. The enrichment domain in XFEM is typically

chosen either based on the geometry or the discretization. The geometry-based approach

considers full enrichment in all elements within a specified radius of the interface. The

geometry based approach is particularly suitable for modeling of cracks, in which the stress

fields around the crack tip, varies as a function of the distance from the tip. In this study,

the enrichment domain is chosen based on the discretization since the enrichments functions

22



remain local.

1. Far field elements with no enrichment: Standard integration orders apply since no

additional functions are employed in these elements.

2. Partially enriched elements: Integration rules with elevated order are employed since

some of the nodes include enrichment functions.

3. Fully enriched elements entirely crossed by the fiber: The elements are split by the

fiber. Each part is further decomposed into triangular sub-elements using Delaunay

triangulation and higher order integration rules are used to capture high order enrich-

ment fields within each sub-element.

4. Fully enriched elements that contain fiber tips: The elements are split along the normal

direction at the fiber tip, as well as along the fiber direction. Each part formed by the

split is further decomposed into triangular sub-elements using Delaunay triangulation

and higher order integration rules are used to capture high order enrichment fields

within each sub-element. The splitting based on the fiber normal ensures that the

components of the enrichment function that pertain to the fiber tip and fiber level sets

are integrated separately.

Typical integration schemes employed in fully enriched elements are shown in Fig. 2.7.

In full enrichment cases, triangular sub-elements aligned with the fiber faces are used in the

integration of a 2-D quadrilateral. The triangular sub-elements contain three integration

points and use the standard Gauss quadrature rules. In the partially enriched elements and

the far-field elements, Gauss quadrature rule with four integration points is performed [22].

The partially enriched elements do not have sub elements since the fiber does not cross

through the element.

The line integration of the αth constraint equation is performed on the domain of the αth

fiber based on the Gauss quadrature. The rule employed in the integration of the constraint
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Figure 2.7: The schematic illustration of Delaunay triangulation and integration of fully
enriched elements based on fiber tip positioning.

equation has a significant influence on the accuracy characteristics of the model, similar

to the sensitivity of accuracy with respect to the integration of the enrichment functions,

reported previously (e.g., [16]). The number of integration points along the fiber (nαg ) is

determined using a heuristic formula, as a function of the fiber length (lα) and the mesh

density (h) given as:

nαg = bb1.3l
α

h
eee (2.45)

where, bb·eee indicates approximation to the nearest even integer. Only even number of

integration points are used to ensure that the no gauss point lies on the fiber center, since

this causes the rotation constraint (i.e., Eq. 2.39) to tend to infinity. When more than 12

integration points are needed in the constraint equation, the domain of integration is split

and the integration is performed separately for each split part such that the quadrature

formulas per split fiber part does not exceed 12 integration points. If a fiber crosses an

element for a very small fraction of the fiber length, it is possible to have no integration

points within the element despite the presence of the fiber within the element.

2.4.4 Treatment of partially enriched elements

It has been previously shown that the treatment of the partially enriched elements has

an effect on the accuracy and convergence of XFEM models [41]. This is because within
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partially enriched elements (a) the partition of unity property no longer holds and (b) the

affine transformations (e.g. constant strain modes) cannot be represented exactly. A number

of solution strategies exist to alleviate these problems (e.g. [23, 59]). One method involves

the modification of the enrichment using a ramp function that has a local support within

the partially enriched element and enriching all nodes of the partially enriched element using

the modified enrichment function [41]. In the current study a similar modification of the

enrichment function is considered. Let ψ̂(x) denote the modified enrichment function within

a partially enriched finite element:

ψ̂(x) =
∑
b∈Ie

Nb(x)ψ(x); x ∈ Ωe (2.46)

where, Ie are the nodes in the partially enriched element, Ωe, that are connected to fully

enriched elements. The modified enrichment function is active at all nodes of the partially

enriched element:

ue(x) =

nen∑
a=1

N e
a(x)ûea +

nen∑
b=1

N e
b (x)ψ̂(x)ĉeb (2.47)

in which, superscript e indicates that all pertinent variables are defined in the partially

enriched element, e. The modifications needed in the finite element implementation discussed

above is to use the modified enrichment functions (instead of the enrichment functions) and

considering enrichment of all nodes within the partially enriched elements.

2.5 Numerical Examples

In this section, two numerical examples demonstrate the performance of the XFEM model

in evaluating the response of short fiber reinforced composites in a two-dimensional setting.

The first example illustrates the accuracy characteristics of the method using a single fiber

inclusion embedded in a matrix, whereas the second example considers multiple random

short fibers embedded in a matrix.
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Figure 2.8: The geometry and boundary conditions of the single inclusion problem.

2.5.1 Single fiber inclusion

The XFEM formulation is verified against the standard finite element method using a com-

posite enriched with a single fiber. The schematic representation of the model problem is

shown in Fig. 2.8. The size of the domain is 5 mm by 5 mm and the fiber size is approx-

imately 1mm. The domain is subjected to uniform uniaxial tensile loading applied at the

right edge. The fiber is placed such that a non-uniform deformation and stress distribution is

achieved within the matrix. The Young’s Modulus and Poisson’s ratio of the matrix material

are 14 GPa and 0.3, respectively. The reference model consists of a very densely meshed

finite element model in which the fiber is enforced to undergo rigid body motion. The rigid

fiber motion in the reference model is prescribed by constraining nodal degrees of freedom

that lay along the fiber domain using the multi point constraint method. Similar to the

XFEM approach, the fiber is idealized as a line segment. Reference simulation discretiza-

tions ranging from 400 elements up to approximately 62,500 elements have been studied to

ensure mesh convergence. The simulations confirmed that the response is very accurately

captured at such high levels of discretization. All reported reference simulation results are
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Figure 2.9: Error as a function of normalized mesh density when fiber tips are at mesh
nodes.

based on approximately 625,000 element discretizations.

Figure 2.9 shows the accuracy of the XFEM model compared to the reference simulation.

The accuracy is assessed at four different locations as illustrated in Fig. 2.8. Points A, B,

C, D refer to the left fiber tip, right fiber tip, top right corner and bottom right corner

within the problem domain, respectively. In Fig. 2.9, the point-wise errors are computed

using the L2 norm and plotted against the normalized mesh density (h/l). The reference

simulation considers a very fine and nonuniform grid (to conform to the fiber domain). The

discretization of the XFEM model is a square and uniform grid. In these simulations, the fiber

tip locations for all element sizes always coincide with a node. The error for the corner nodes

reduces monotonically with increasing mesh density. Errors at the fiber tips displayed slight

variations in accuracy as a function of mesh density. While the trend is not monotonic for

fiber tips, the error for all four points probed remained within very reasonable accuracy (i.e.,

0.25%). The numerical studies indicated that the sensitivity to the numerical integration

of the constraint equation is the main factor leading to non-monotonic convergence. The

integration rule selection formula introduced in Section 2.4.3 leads to highly accurate results,
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Figure 2.10: Error as a function of normalized mesh density when fiber tips in elements.

yet with some variation from monotonic convergence in some cases. The demonstrated errors

are point-wise in contrast to the more traditional error characterization where the errors over

the entire problem domain is averaged. It should be noted that the highest errors within the

model typically occurs at the fiber tips, which are directly reported in Fig. 2.9.

The effect of fiber tip location on the local accuracy characteristics of the XFEM method

was also investigated. Figures 2.10 and 2.11 illustrate the accuracy characteristics of the

XFEM model for cases in which the fiber tips lay within the elements or on element edges,

respectively. In both cases it is observed that the XFEM models display reasonable accuracy

and follows the same trend as when fiber tips are on the nodes with a slightly higher errors.

The accuracy of the model is higher when the fiber tip resides on the edges rather than within

the element. The slight deviation from monotonic mesh convergence is attributed to the fact

that the relative positions of the fiber tip for each mesh density is different leading to slightly

different accuracy of the numerical integrations. For instance, if the fiber tip is too close

to a node location, the sub elements formed in the Delaunay triangulation for numerical

integration of the fully and partially enriched elements have very high aspect ratios. In
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Figure 2.11: Error as a function of normalized mesh density when fiber tips are on
element edges.

all cases the accuracy of the XFEM model is in reasonable agreement with the reference

finite element model. The point-wise comparison of the performance of XFEM models as a

function of fiber tip location is summarized in Table 2.1 for three normalized mesh densities.

The XFEM method is known to exhibit sensitivity to the position of the enrichment

functions with respect to the finite element mesh. The position sensitivity in the context

of the present problem is investigated by considering the response of a fiber with fixed

orientation and length that is swept across the problem domain. The accuracy of the model

Table 2.1: Point wise absolute error comparison.

Location Point A Point B
h/l 0.05 0.025 0.0125 0.05 0.025 0.0125

Tips at nodes 0.219% 0.085% 0.018% 0.079% 0.058% 0.015%
Tips at edges 1.099% 0.096% 0.140% 0.563% 0.165% 0.089%

Tips in element 1.459% 0.972% 0.358% 0.417% 0.463% 0.162%

Location Point C Point D
h/l 0.05 0.025 0.0125 0.05 0.025 0.0125

Tips at nodes 0.095% 0.090% 0.025% 0.034% 0.032% 0.009%
Tips at edges 0.011% 0.006% 0.002% 0.010% 0.018% 0.012%

Tips in element 0.447% 0.172% 0.029% 0.592% 0.164% 0.140%
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Figure 2.12: Error as a function of tip location across domain.

predictions is quantified as a function of the fiber relative position within the mesh. The

angle and length of the fiber is 61o to the horizontal and 1 mm, respectively. The sweep starts

with the left fiber tip starting at 0.5 mm from the left edge and ends at 3.25 mm from the

left edge of the domain. Simulations were conducted for each fiber position with a resolution

of 0.1 mm. The errors at points C and D corresponding the bottom left and right corners of

the domain remain consistently below 0.02%. The errors at the fiber tips tended to decrease

slightly as it moved across the domain but clearly demonstrate the position sensitivity of

the accuracy as illustrated in Fig. 2.12. The errors oscillate since the relative position of the

fiber with respect the elements in the regular grid repeats as the fiber is moved an amount

equal to the element size. The largest errors occur when the tips of the fibers are positioned

at the center of an element. Figure 2.12 shows the absolute errors at the four points studied

across the domain.

2.5.2 Random short fiber composite

In this section, the response of two-dimensional random short fiber composites is investigated.

The matrix is taken to be portland cement with the elastic modulus of 14 GPa, Poisson’s
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Figure 2.13: Random short fiber domain.

ratio of 0.3 and a domain of 100 mm by 100 mm. The cement matrix is reinforced in a planar

fashion using carbon microfibers. The elastic moduli, length and diameter of the microfibers

are 207 GPa, 7 mm (± 1 mm) and 7 µm, respectively.

A set of volume elements with specified weight fractions of up to 0.15% are generated

and subjected to uniform uniaxial stress to determine the effective properties of the com-

posite material as a function of fiber weight fraction. The microstructures are generated

to ensure that no element within the mesh is crossed by more than a single fiber. Fig-

ure 2.13 shows an example of the random short fibers in a domain. At each of the 6 different

weight fractions studied, 20 microstructures are generated to characterize the variability of

the effective modulus as a function of the fiber distribution properties. The variability of

the effective modulus is due to two distinct factors: (a) the natural variability due to the

random positioning of the fibers within the matrix in each realization; and (b) the effect of

overall volume element size (i.e., statistical representativeness of the volume element). The

effect of the second factor is minimized by choosing large enough representative volumes.
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Figure 2.14: Elastic modulus ratio of random short fibers.

This size of the volumes are determined as the smallest matrix volume beyond which the

modulus variability does not significantly change. For a given weight fraction, preliminary

simulations using different volume sizes were conducted. The modulus variability was found

to be higher when the volume size is smaller. Beyond a threshold size, the variability of the

modulus stabilizes. Similar simulations conducted at varying weight fractions showed that

the threshold size for large weight fractions is bigger compared to small weight fractions.

The representative volume size is therefore larger at higher fiber weight fractions.

Figure 2.14 illustrates the XFEM response of the random short fiber composite compared

to the direct finite element method simulations performed with the commercial software

package, Abaqus. The Young’s modulus of the random short fiber composite is plotted as

a ratio with the initial Young’s modulus. At each weight fraction, 20 randomly generated

microstructures are simulated using both the XFEM and the reference models. The results of

the XFEM and the reference simulations are plotted including the mean value and standard
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deviation for each method. The elastic modulus tended to initially increase almost linearly

and then started to level out with the increase of weight fraction. The XFEM results had

variation due to the randomness of the fibers in the domain but were within 2% of the mean

reference simulation results, which was slightly below the mean of the XFEM results for each

weight fraction.
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CHAPTER 3

XFEM MODELING OF SHORT FIBER REINFORCED COMPOSITES WITH

COHESIVE INTERFACES

3.1 Introduction

The previous chapter discussed random rigid short fiber reinforced composites with the use

of XFEM. Those ideas can be built upon to incorporate realistic ideas for XFEM with

short fibers. More realistic assumptions can be made for the analysis of the composites,

such as deformable fibers, damage in the domain of the matrix and fiber-matrix debonding

characteristics. The work in this chapter is reflected in Ref. [87], and presented with the

permission of Elsevier.

This chapter introduces a failure model for random short fiber reinforced composite

materials based on the XFEM in a 2-D setting. Elastic and deformable microfiber inclu-

sions modeled as objects with zero measure are incorporated into the XFEM framework. A

debonding enrichment function is developed to idealize the progressive debonding between

the fiber-matrix interfaces. The fiber deformation is approximated as axial and directly

incorporated into the Lagrangian. With extension to 3-D in mind, the progressive failure

within the matrix material is idealized using an integral-type nonlocal damage model [85].

The performance of the XFEM model is assessed by comparing model predictions to the

direct finite element method for various fiber configurations. The numerical verification

studies point to high accuracy characteristics of the approach. The computational efficiency

of the approach provides the capability to evaluate the failure response of microstructures

that include a large number of short fiber inclusions.

The remainder of this chapter is organized as follows. In Section 3.2, the enrichment

functions employed to model the presence of the inclusions and the debonding process are

introduced. Section 3.3 provides the governing equations and the model formulation. The
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Figure 3.1: Fiber representation in the domain with the white area representing the
debonding between the fiber and the matrix.

computational formulation is discussed in Section 3.4, including the formulation of fiber

deformation, formulation of cohesive tractions, numerical integration and the treatment of

partially enriched elements. Numerical verification studies to assess the performance of the

proposed approach are presented in Section 3.5.

3.2 XFEM for Short Fiber Reinforced Composites with Cohesive Interfaces

To model short fiber reinforced composites for fibers with very high aspect ratios (d/l << 1)

that are able to debond from the matrix, as illustrated in Fig. 3.1 is investigated. The XFEM

approach (Section 2.2) is employed not only to describe the presence of the fiber inclusions,

but also to idealize the fiber-matrix debonding process.

The following discretization (based on Eq. 2.1) of the displacement field for a domain

reinforced by short fiber inclusions which includes fiber inclusions and progressive debonding

between the fiber and the matrix is considered:

u(x, t) =
nn∑
a=1

Na(x)ûa +
nen∑
b=1

NIb(x)ψ(x)ĉb +
nen∑
c=1

NIc(x)Υ(x)d̂c (3.1)
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where, u denotes the displacement field; x and t are the space and time coordinates, re-

spectively, Na, the standard finite element shape function associated with node a; ûa, ĉb

and d̂c the nodal coefficients of the standard, fiber enrichment and debonding enrichments,

respectively; nn the total number of mesh nodes in the finite element discretization; nen the

number of enriched nodes; I index set of enriched nodes; Ia ∈ I the index of an enriched

node, a; ψ the fiber enrichment function; and Υ denotes the debonding enrichment function.

In Eq. 3.1, the first right hand side term corresponds to the standard finite element

approximation of the response field. The enrichment, ψ, that accounts for the presence of

the fiber within the domain, represents the strain discontinuity in the approximation space.

The fiber enrichment function, ψ, is the same as outlined in Section 2.3.1. The third term

on the right hand side is the enrichment to approximate the displacement jump due to the

progressive loss of the cohesive bond between the fiber and the matrix, and is a function of

the debonding enrichment function, Υ.

3.2.1 Debonding enrichment function

Similar to the fiber enrichment function, the debonding enrichment function Υ, is defined

using the fiber domain and tip level set functions as shown in Fig. 3.2. In contrast to

the fiber enrichment, the debonding enrichment function introduces a discontinuity in the

displacement field.

The shape of the debonding enrichment function is governed by the discontinuity function,

φp, which mimics the shape of the fiber-matrix debonding. φp is taken to be a fourth order

polynomial:

φp(x) =
4∑

k=0

aks(x)k (3.2)

The following constraints are considered in the determination of the constants of the poly-

nomial expression: (1) The ends of the fiber are taken to remain fully attached to the matrix

(i.e., φp (s = ±1) = 0); (2) Maximum debonding occurs at the center of the fiber (i.e.,

dφp/ds (s = 0) = 0); and (3) The function is normalized such that the maximum value is
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Figure 3.2: Functions of the fiber enrichment and debonding enrichment.

unity at the center of the fiber (i.e., φp (s = 0) = 1). Considering the constraints above, the

discontinuity function is expressed as a function of a single shape parameter, θd as:

φp(x) = 1 +
tan θd

2
s(x)2

(
1− s(x)2

)
− s(x)2

(
2− s(x)2

)
(3.3)

where, θd is the slope of the discontinuity at the tips of the fiber, controlling the shape of

the discontinuity function:

θd = tan−1

(
dφp
ds

∣∣∣∣
s=−1

)
(3.4)

Figure 3.3a illustrates the effect of θd on the shape of the discontinuity function φp. When

θd is less than a threshold value (i.e., θdth) the discontinuity curve displays inflection points,

which occur along the length of the fiber at positions that depend on the value of θd. Above

the threshold value, the discontinuity curve is convex. The threshold value for the chosen

function form (Eq. 3.3) is θdth = 58◦. In the numerical verification studies provided in this

manuscript, the shape parameter is set to θd = 81◦. The shape parameter is chosen based

on observations from numerous evaluations of direct finite element simulations of a short

fiber inclusion subjected to remote tensile stress. This enrichment is employed to capture
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Figure 3.3: (a) φp as a function of s, for θd above, at and below the θdth value; and (b)
short fiber inclusion debonding enrichment function.

debonding along both normal and tangential directions. Interfacial damage in directions

normal and tangential to fibers has been observed experimentally in fiber reinforced concrete

composites [80]. In the presence of multiple nearby fibers, which may lead to complex

traction patterns along the fiber-matrix interface. In case of a single fiber, the deviation

from symmetry is typically slight. The parabolic and symmetric enrichment function used

in the context of XFEM have the ability to capture asymmetric and complex debonding

patterns as demonstrated later on in this work. This is because of multiple enriched degrees

of freedom used in approximating the debonding of a single fiber (Eq. 3.1, third term on

right hand side).

The debonding enrichment function for the fiber is then expressed in terms of the dis-

continuity functions, φλ (x) and φc (x) as:

Υ(x) = φpH(r(φc))

(
2∏

λ=1

H(−φλ)

)
(3.5)

where r = ±φc is the signed distance function as schematically illustrated in Fig. 3.2. A

three dimensional visualization of the debonding enrichment function is shown in Fig. 3.3b.
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3.3 Governing Equations and Model Formulation

The mechanical equilibrium within the domain is expressed in Section 2.4 in Eq. 2.10 and

Eq. 2.11. The exterior boundary conditions are stated in Eq. 2.12 and Eq. 2.13. Since all

fibers are embedded in the matrix, the displacement and traction boundaries of the problem

domain, Ω, coincide with those of Ωm.

The traction continuity across the fiber-matrix interface is given as:

JT K = Jσ · nK = 0 x ∈ Γα ≡ ∂Ωm ∩ ∂Ωα ∀α (3.6)

in which, the traction T , is a function of the normal and tangential tractions (T = T (Tn, Tt);

n the outward unit vector to a boundary; and J·K the jump operator. The domains of fiber

α and the matrix are denoted as Ωα and Ωm, respectively. All fibers are taken to be fully

embedded in the matrix with no intersection with exterior boundaries or with each other

(i.e., Ω = Ωm ∪
⋃n
α=1 Ωα). The interface of the fiber α with the matrix is denoted as Γα.

Tensor notation is employed in the formulation of the governing equations.

The matrix is taken to progressively damage under applied mechanical loading, which is

idealized using the continuum damage mechanics approach:

σ = (1− w(x, t))L : ε (x, t) (3.7)

in which, ε denotes the strain tensor; and w ∈ [0, 1) a scalar damage variable. ω = 0 and

ω = 1 respectively denote the fully undamaged state and the complete loss of load carrying

capacity at the material point. The focus is on the quasi-brittle behavior and therefore

small strain theory is employed. The strain is taken to be the symmetric gradient of the

displacement field (ε = ∇su). All fibers are assumed to remain elastic under the applied

loading.

In a two dimensional domain, consider a matrix reinforced by n straight fibers, with
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length and the thickness of a fiber, α, denoted as lα and tα, respectively, at an angle, θα

from the horizontal (α = 1, 2, . . . , n), where the fibers are randomly distributed within the

domain. The fiber aspect ratios are vanishingly small (i.e., tα/lα � 1). Under this condition,

the fiber domain is represented as sets of zero measure (i.e., line segments) and XFEM is

employed to evaluate the governing equations. Using the standard procedure, the weak form

of Eqs. 2.10-2.13 and Eq. 3.6 is expressed as follows:

∫
Ωm

σ : δε dΩ +
n∑

α=1

∫
Ωα

σ : δε dΩ +
n∑

α=1

∫
Γα

T · δJuK dΓ−
∫

Γt

t̃ · δu dΓ = 0 (3.8)

The stress that develops in the fiber is axial, due to the assumption that high aspect

ratio fibers that are embedded in the domain are assumed to have uniform tractions along

the fiber. This assumption is verified using direct finite element simulations where the fiber

is resolved with highly resolved meshes. No significant shear stress or bending moment

develops within the domain of the fiber.

The axial stress that develops in the fiber is expressed as:

σ = σαf (s)tα ⊗ tα (3.9)

The second term in Eq. 3.8 then becomes:

∫
Ωα

σ : δε dΩ ' tα

∫
Ωα

σαf δε
α
f dΩ (3.10)

in which, δεαf = δε : tα ⊗ tα. The axial stress in fiber α, is taken to be proportional to the

axial strain (i.e., σαf = Efε
α
f ), where Ef is the elastic modulus of the fiber. Upon complete

debonding between the fiber and the matrix, bending of the fiber may also develop. This

deformation mode is not accounted for in the current chapter.

The traction continuity (i.e., Eq. 3.6) is weakly enforced, but the displacement field can

develop discontinuity allowing the incorporation of progressive debonding between the fiber
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and the matrix.

Consider the local parameterization of the fiber domain, Ωα, using the fiber normal and

tangent vectors, nα and tα, respectively. Since fibers are straight, the normal and tangent

vectors are constant for each fiber. Under the condition that aspect ratios of the fibers are

very high, assume that tractions along the two opposing faces in the thickness direction are

uniform:

T+(s) · n+

∣∣∣∣
Γ+
α

− T−(s) · n−
∣∣∣∣
Γ−α

= 0; T+(s) · t+
∣∣∣∣
Γ+
α

− T−(s) · t−
∣∣∣∣
Γ−α

= 0 (3.11)

The progressive debonding process between the fiber and the matrix is modeled through

the third term in Eq. 3.8. A simplification of the debonding process from the fiber to

facilitate expression of progressive debonding using the enrichment function given in Eq. 3.5

is employed. For a short fiber embedded in a matrix under the traction conditions considered

in Eq. 3.11, the debonding along the two faces of the fiber would occur simultaneously. In

reality, the debonding is likely to initiate at a weak spot on one side of the fiber. Upon

complete debonding at the weak side, the tractions along the opposing (unbonded) side

relax. Further assumptions include that the tips of the fiber remain attached to the matrix.

The internal boundary term then reduces to:

∫
Γα

T · δJuK dΓ =

∫
Γ+
α

T · δJuK dΓ (3.12)

In the limit, where fiber aspect ratios tend to infinity, the weak form of the governing

equations is expressed as:

∫
Ω

σ : δε dΩ +
n∑

α=1

tαEf

∫
Ωα

εαf δε
α
f dΩ +

n∑
α=1

∫
Γα

T · δJuK dΓ−
∫

Γt

t̃ · δu dΓ = 0 (3.13)

Since the domains of the fibers tend to a zero measure set, the domain of the matrix is taken

to occupy the entire domain and the limits of the integral of the first term in Eq. 3.8 is set
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to Ω.

3.3.1 Nonlocal damage model

The progressive damage and cracking within the matrix is modeled using continuum damage

mechanics. It is also possible to model crack propagation using XFEM, particularly in the

presence of pre-cracks. Other approaches that adaptively enrich the problem domain with

cracks based on prescribed failure criteria have also been proposed (e.g. [96, 102, 103, 107]).

One motivation in employing the continuum damage mechanics approach is that it can be

extended to 3-D in a straightforward manner.

The basis of the continuum damage mechanics model is the idea of progressively de-

grading material until fracture, where the material no longer can carry load. The damage

parameter w, characterizes the evolution of the secant moduli tensor of the material during

the degradation process. The continuum damage mechanics model employed in this chapter

is regularized to eliminate the well known issues of spurious strain localization and mesh

dependency. A number of approaches exist to eliminate the mesh dependency problem in-

cluding nonlocal modeling of gradient and integral type, viscous regularization, crack band

method, variational multiscale method and others (e.g. [7, 27, 29, 37, 45, 46, 56, 58, 105]).

In this study, the nonlocal regularization of integral type is employed.

At an arbitrary material point x̂, the state of damage follows a smooth function, g:

w(x̂, t) = g(k(x̂, t)) (3.14)

in which, g(k) is taken to follow an arctangent law [39] as a function of a history dependent

parameter, k as:

g(k) =
arctan(a k(x̂, t)− b) + arctan(b)

π

2
+ arctan(b)

(3.15)

where, a and b are parameters that characterize the evolution of damage and control ductility

and strength. k indicates the maximum past value of the nonlocal damage equivalent strain,
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v̂:

k(x̂, t) = max
τ∈[0,t]

(〈v̂(x̂, τ)− vini〉) (3.16)

in which, vini is the threshold value of v̂, below which damage does not progress; and 〈·〉 =

((·) + | · |)/2 the Macaulay brackets. The nonlocal damage equivalent strain is expressed as

a function of the local damage equivalent strain, v, using the following equation:

v̂(x̂) =

∫
Ω

λw(x, x̂)v(x, t)dx∫
Ω

λw(x, x̂)dx
(3.17)

The local equivalent strain is taken as a function of the principle strains as proposed by Prisco

and Mazars [90]:

v(x̂, t) =

√√√√ 2∑
I=1

〈εI(x̂, t)〉2 (3.18)

where εI are the principle strains. The Macaulay brackets incorporate the tension-compression

anisotropy. Under compressive strain, the damage is not allowed to grow. In this chapter,

the verification studies focus only on the tension failure. The nonlocal weighting of the

damage equivalent strain, λw is expressed using the Wendland Radial Basis Function [111]:

λ(x, x̂) =


(

1− ‖x−x̂‖
lc

)4 (
4‖x−x̂‖

lc
+ 1
)
‖x− x̂‖ ≤ lc

0 ‖x− x̂‖ > lc

(3.19)

in which, lc denotes the characteristic length defining the span of the radial basis.

In the context of fibrous composites, the domains of the fiber, whether modeled as zero

measure or not, potentially constitute a boundary in the application of the nonlocal weight-

ing. In the present study, the nonlocal averaging is applied without considering the fiber

domains as boundaries. In all verification studies considered below, similar strategy is em-

ployed in the reference simulations as well.
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3.3.2 Cohesive law

The progressive debonding between the fiber and the matrix is modeled by prescribing cohe-

sive zone laws. In the numerical verification and studies included in this chapter, exponential

and bilinear cohesive laws are considered. The cohesive law at the interface describes the

relationship between the surface traction and material separation between the surfaces, rep-

resenting the physical deterioration occurring at the interface. The proposed computational

approach differs considerably from traditional cohesive zone modeling, which entails incor-

poration of cohesive elements between standard finite elements. Since the positions of the

fibers do not necessarily comply with the underlying domain discretization, the proposed

approach does not include cohesive elements.

The debonding enrichment function is taken to have a parabolic shape along the fiber

as described in Eq. 3.3. The actual debonding may deviate from the parabolic shape since

multiple degrees of freedom are employed to discretize the fiber-matrix debonding (i.e.,

Eq. 3.1).

The exponential cohesive law employed in this chapter is derived from an interface po-

tential as proposed by Xu and Needleman [115]. The interface tractions are expressed as:

T =
∂Φ (JuK)

∂JuK
(3.20)

in which, the interface potential, Φ is a function of displacement jumps normal and tangential

to the fiber directions [114]:

Φ(JuK) = Φn + Φnexp(−JunK

dn
)

{[
1− y +

JunK

dn

]
1− q
y − 1

−
[
q +

y − q
y − 1

JunK

dn

]
exp

(
−JutK

2

d2
t

)}
(3.21)

in which, JunK and JutK are the components of the displacement jump vector along the nor-

mal and tangential directions, respectively; dn and dt the normal and tangential cohesive

characteristic separation lengths, respectively; y = JunK
′
/dn; JunK

′
the magnitude of normal
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Figure 3.4: The exponential traction-separation laws by Xu and Needleman [114].

displacement jump when complete shear failure has taken place; q = Φt/Φn; Φn the normal

surface potential energy; and Φt is the tangential surface potential energy. Φn and Φt repre-

sent the areas under the normal and tangential traction-separation curves, respectively. The

normalized exponential normal and tangential traction-separation behavior is illustrated in

Fig. 3.4. This dissertation focuses on cases, where the composite is subjected to tensile

loading. In cases of compression or shear loading, it is necessary to explicitly impose the

impenetrability condition (i.e., JunK ≥ 0) in the cohesive law as well.

Differentiating Eq. 3.21 with respect to the components of the displacement jump normal

and tangential to the fiber direction, the components of the traction vector are obtained:

Tn =
Φn

dn
exp

(
−JunK

dn

){
JunK

dn
exp

(
−JutK

2

d2
t

)
+

1− q
y − 1

[
1− exp

(
−JutK

2

d2
t

)][
y − JunK

dn

]}
(3.22)

Tt = 2

(
ΦnJutK

d2
t

){
q +

1− q
y − 1

JunK

dn

}
exp

(
−JunK

dn

)
exp

(
−JutK

2

d2
t

)
(3.23)

In some of the numerical verification studies below, a simpler bilinear cohesive law is
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considered. In this model, the uncoupled tangential and normal tractions are expressed as:

Tn(JunK) =



JunK

dn
σmax dn ≥ JunK ≥ 0

σmax

dcrit
n − dn

(
dcrit
n − JunK

)
dcrit
n ≥ JunK ≥ dn

0 JunK ≥ dcrit
n

(3.24)

Tt(JutK) =



JutK

dt
τmax dt ≥ JutK ≥ 0

τmax

dcrit
t − dt

(
dcrit
t − JutK

)
dcrit
t ≥ JutK ≥ dt

0 JutK ≥ dcrit
t

(3.25)

where; dn and dt are described identical to the exponential law; σmax and τmax denote the

ultimate normal and tangential tractions, respectively; dcrit
n and dcrit

t are the maximum normal

and tangential displacement jumps, respectively.

The two cohesive zone laws considered above are intrinsic, i.e., contains a linear ”hard-

ening” portion. For certain problems, the intrinsic laws were found to lead to spurious

softening [2] and numerical instability [21], compared to the extrinsic cohesive laws. Despite

numerical difficulties, the intrinsic laws have been much more popular due to the simplicity

of their implementation into standard finite element codes using cohesive zone elements. In

the current approach, since the cohesive behavior is introduced through enrichment func-

tions, the implementation of extrinsic laws do not significantly differ from intrinsic laws. The

intrinsic laws are considered here, due to the availability of commercial software that serves

as reference models in numerical verifications discussed below.

3.4 Computational Formulation and Implementation

The governing equations in Eqs. 2.10-2.13, Eq. 3.6 and Eqs. 3.8-3.13 are discretized and

evaluated based on the extended finite element method following the standard Ritz-Galerkin

procedure. Matrix notation is employed in the formulations for convenience. The weak form
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of the governing equation (Eq. 3.13) is re-written in the matrix form as:

∫
Ω

δεTσ dΩ−
∫

Γt

δuT t̃ dΓ +
n∑

α=1

tαEf

∫
Ωα

εαf δε
α
f dΩ +

n∑
α=1

∫
Γα

δJuKTT dΓ = 0 (3.26)

where, the superscript T indicates transpose.

The discretization of the displacement field follows Eq. 3.1, and using the Bubnov-

Galerkin approach, the discretization of the test function is similar to that of the trial

function. In contrast to the standard finite element approach, the mesh does not necessarily

conform to the fiber domains, i.e., the position of the fibers are independent of the mesh.

The first term in Eq. 3.26 becomes:

∫
Ω

δεTσ dΩ =
ne∑
e=1

∫
Ωe

δεTσ dΩ (3.27)

in which, ne is the total number of elements discretizing the domain; and Ωe the domain

of the element, e. Substituting the test and trial function discretizations into Eq. 3.27, the

element level integral is expressed as:

∫
Ωe

δεTσ dΩ = (Ve)T
∫

Ωe

(Be)Tσ (Ue) dΩ (3.28)

where, Ue and Ve are the nodal coefficient vectors of the trial and test functions in element,

e, respectively:

Ue =
{
ûe; ĉe; d̂e

}
; Ve =

{
δûe; δĉe; δd̂e

}
(3.29)

in which, a semicolon implies that the construction forms a column vector. The three

components in the nodal coefficient vectors correspond to the standard, fiber enrichment

and the jump enrichment degrees of freedom respectively:

ûe =
{
ûe1; ûe2; . . . ; ûenen

}
ĉe =

{
ĉe1; ĉe2; . . . ; ĉeneen

}
d̂e =

{
d̂e1; d̂e2; . . . ; d̂eneen

}
(3.30)
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where, ûea, ĉea and d̂ea are the vectors of unknown coefficients for standard and extended

degrees of freedom at element, e and node a; and nen and neen the number of standard and

enriched nodes within element, e, respectively.

Be =
{
B̂e

1, B̂
e
2, . . . , B̂

e
nen
, B̄e

1, B̄
e
2, . . . , B̄

e
neen
, B̃e

1, B̃
e
2, . . . , B̃

e
neen

}
(3.31)

in which, the gradient terms are expressed as:

B̂e
a =


N e
a,x 0

0 N e
a,y

N e
a,y N e

a,x

 ; B̄e
a =


(N e

a ψ),x 0

0 (N e
a ψ),y

(N e
a ψ),y (N e

a ψ),x

 ; B̃e
a =


(N e

a Υ),x 0

0 (N e
a Υ),y

(N e
a Υ),y (N e

a Υ),x


(3.32)

where, a subscript followed by a comma indicates differentiation. The first term in Eq. 3.26

is then written in the matrix form as:

VT fint,1(U) (3.33)

in which, the internal force component is obtained by assembling the corresponding element

matrices:

fint,1 (U) =
ne

A
e=1

∫
Ωe

(Be)Tσ (Ue) dΩ (3.34)

U and V are obtained by assembling the corresponding element vectors. Where σ at an

arbitrary position x̂ is defined in the discretized form as:

σ = (1− w)LBeUe (3.35)

Decomposing the boundary integral into its elemental components, the external force
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contribution in Eq. 3.26 is expressed as:

∫
Γt

δuT t̃ dΓ = VT fext (3.36)

in which, the external force vector is obtained through the assembly of the elemental contri-

butions:

f eext =

∫
Γet

f e (x) dΓ; e ∈ It (3.37)

where, It denotes the index set of elements along the traction boundary, Γt; Γet the part of

the traction boundary approximated by element e; and:

f e =
{
f̂ e1 ; f̂ e2 ; . . . ; f̂ enen ; f̄ e1 ; f̄ e2 ; . . . ; f̄ eneen ; f̃ e1 ; f̃ e2 ; . . . ; f̃ eneen

}
(3.38)

f̂ ea (x) = N e
a (x) t̃ (x) ; f̄ ea (x) = f̂ ea (x)ψ (x) ; f̃ ea (x) = f̂ ea (x) Υ (x) (3.39)

3.4.1 Fiber deformation

The third term in Eq. 3.26 accounts for the deformation of the fibers. The integral term is

expressed in terms of its components that lie in each enriched element as:

∫
Ωα

εαf δε
α
f dΩ =

nαe∑
e=1

∫
Ωeα

εαf δε
α
f dΩ (3.40)

in which, nαe denotes the number of fully enriched elements that contains a part of the

fiber, α. The assumption that the fiber will deform uniformly within each element is made.

Therefore, the axial strain of fiber, α, can be defined as:

εαf =
[u(xαe2 )− u(xαe1 )] · tα

lαe
; x ∈ Ωe

α (3.41)

where xαe1 and xαe2 are the entry and exit positions of the fiber on the enriched element; the

length of the fiber segment that lies within the element is denoted as lαe = ||xαe2 − xαe1 ||;
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and tα is the tangent vector on the fiber domain. When the fiber crosses the domain of the

element, the fiber entry and exit positions are on the element edges. If the domain of the

fiber ends within the element, the end position of the fiber segment coincides with the fiber

tip.

Substituting Eq. 3.41 in the third term in Eq. 3.26 leads to:

tαEf

∫
Ωeα

εαf δε
α
f dΩ =

tαEf
lαe

[(u(xαe2 )− u(xαe1 )) · tα] [(δu(xαe2 )− δu(xαe1 )) · tα]

= (δûe)T K̆αs
e ûe (3.42)

where,

K̆αs
e =

tαEf
lαe



K̆αs
e,11 K̆αs

e,12 . . . K̆αs
e,1nen

K̆αs
e,21 K̆αs

e,22

...

...
. . .

...

K̆αs
e,nen1 . . . . . . K̆αs

e,nenn
e
n


(3.43)

An individual component of the stiffness matrix is written as:

K̆αs
e,ab = [N e

b (xαe2 )−N e
b (xαe1 )] [N e

a(xαe2 )−N e
a(xαe1 )] (tα ⊗ tα) (3.44)

The internal contribution from the second term in Eq. 3.26 then becomes:

fαint,2 (U) = K̆αU (3.45)

where, the contribution can be computed using the standard assembly operation:

K̆α =

nαe

A
e=1

K̆α
e (3.46)

The stiffness matrix is nonzero only for the standard degrees of freedom, since the enrichment
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functions vanish on the domain of the fiber:

K̆α
e =

 K̆αs
e 0

0 0

 (3.47)

3.4.2 Cohesive interfaces

The fourth component of Eq. 3.26 that accounts for the progressive debonding between the

fibers and the matrix is expressed in terms of the jump enrichment degrees of freedom. For

an arbitrary fiber, α:

∫
Γα

(δJuK)T T (JuK) dΓ = (δd̂)T
∫

Γα

(Pα)T T (d̂) dΓ = (δd̂)T fdαint,3(d̂) (3.48)

in which, Pα includes the shape functions for the jump enrichments:

Pα =
{
Pα

1 , P
α
2 , . . . ,P

α
nαen

}
; Pα

a = NIαa (x) Υ (x)

 1 0

0 1

 (3.49)

where, nαen denotes the number of nodes enriched for fiber, α and Iα the corresponding nodal

index set. The debonding enrichment term is then assembled into a force vector contribution

(i.e., VT fαint,3(U)):

fαint,3 =
{
0; 0; fdαint,3

}
(3.50)

The null vectors indicate that the internal force contribution is only due to the jump degrees

of freedom. Including the three internal force contributions as well as the external force, the

resulting equilibrium is expressed in terms of a system of nonlinear equations of the form:

φ (U) = fint (U)− fext = 0 (3.51)
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where,

fint (U) = fint,1 +
n∑

α=1

(
fαint,2 + fαint,3

)
(3.52)

Equation 3.52 is evaluated incrementally using the Newton-Raphson method (e.g. [76]).

3.4.3 Numerical integration

The domain is discretized using four different element types (far field, partially enriched, fiber

cross enriched, fiber tip enriched) as illustrated in Fig. 2.7 and follow the same numerical

integration rules for each element as outlined in Section 2.4.3.

The integration of the cohesive interface (Eq. 3.48) is performed using Gauss quadrature,

but independent of the domain discretization. The fiber-matrix interface Γα is decomposed

into a small number of segments depending on the length of the fiber, lα. Within each fiber

segment, a 12-point quadrature rule is employed.

3.4.4 Treatment of partially enriched elements

The treatment of the partially enriched elements utilizes the same methodology from Sec-

tion 2.4.4 but is modified slightly for the debonding enrichment. Let ψ̂(x) and Υ̂(x) denote

the modified enrichment functions within a partially enriched finite element:

ψ̂(x) =
∑
b∈Ie

Nb(x)ψ(x); x ∈ Ωe (3.53)

Υ̂(x) =
∑
c∈Ie

Nc(x)Υ(x); x ∈ Ωe (3.54)

where, Ie are the nodes in the partially enriched element, Ωe, that are connected to fully

enriched elements. The modified enrichment function is active at all nodes of the partially

enriched element:

ue(x) =

nen∑
a=1

N e
a(x)ûea +

nen∑
b=1

N e
b (x)ψ̂(x)ĉeb +

nen∑
c=1

N e
c (x)Υ̂(x)d̂ec (3.55)
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in which, all pertinent variables are defined in the partially enriched element are indicated

by the superscript, e.

3.5 Numerical Examples

In this section, numerical examples are presented to demonstrate the performance of the

XFEM model in evaluating the response of short fiber reinforced composites in a two-

dimensional setting. The first example assesses the behavior of multiple random short de-

formable fibers embedded in an elastic matrix with perfect interfacial cohesion. The second

example illustrates the accuracy characteristics of the method using a single fiber inclusion

embedded in a matrix with progressive fiber-matrix debonding. The third example reviews

a domain with two fiber inclusions to demonstrate its capabilities in the presence of matrix

cracking modeled using nonlocal continuum damage mechanics. The fourth example evalu-

ates the performance of random short fiber composites with varying interface properties.

3.5.1 Elastic response of fibrous composite

This section investigates the response of two-dimensional random short fiber composites in

which the fibers are fully bonded to the matrix. No fiber-matrix debonding occurs and the

constituents are taken to deform elastically. The problem domain is taken to be 100 mm by

100 mm. The Young’s modulus and Poisson’s ratio of the matrix material are 14 GPa and

0.3, respectively. The Young’s modulus, Poisson’s ratio and the thickness of the fibers are

207 GPa, 0.3 and 7 µm, respectively. Fibers are assigned lengths randomly with a mean of

5 mm (± 1 mm). The domain was subjected to displacement controlled tensile loading at

the right edge. Symmetry boundary conditions are imposed on the left and bottom edges.

Volume element sets with specified weight fractions of between 0.025% and 0.15% were

generated and subjected to uniform uniaxial displacement. The overall composite stiffness

was computed as a function of fiber weight fraction. The fibers were positioned such that

no element within the domain is enriched by more than a single fiber. Six different weight

fractions were considered.
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Figure 3.5: Elastic modulus ratio of fibrous composite.

Table 3.1: Condition number ratio of the elastic stiffness matrix as a function
of number of fibers in the domain.

Fiber(s) in Domain 1 2 4 8 16 50 300

Condition Number Ratio 1.000 1.002 1.010 1.011 1.015 1.231 3.737

Figure 3.5 illustrates the normalized composite modulus as a function of weight fraction

computed by the proposed approach and with the analytical model for a two dimensional

randomly oriented fiber composite provided by Pan [81]. At each weight fraction, 20 ran-

domly generated microstructures are simulated with the XFEM model on a uniform grid

of 10,000 elements. The results of the XFEM formulation are plotted along with the mean

value at each weight fraction. The results of the proposed model display a variation from

configuration to configuration at a fixed weight fraction but the discrepancy between the

mean and the analytical model is within 0.1% (computed as the error of absolute moduli

rather than the normalized moduli). It is also noted that modeling the response of the elastic

composite with elastic deformable fibers results in a non prominent increase in strength with

an increase in weight fraction (for the weight fraction studied).
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Figure 3.6: Geometry and boundary conditions of the single fiber inclusion examples.

Table 3.1 compares the relative condition numbers of the elastic stiffness matrices of the

proposed model as a function of the number of fiber enrichments. The enrichment functions

slightly degrade the conditioning of the linear system but the degradation is mild, which

points to the stability of the model for high weight fraction composites.

3.5.2 Single fiber inclusion example

The XFEM formulation is verified against the finite element method using a series of simu-

lations of a matrix enriched with a single fiber. The schematic representation of the model

problem is shown in Fig. 3.6. The size of the domain is 5 mm by 5 mm and the fiber length,

varies between 1-2.5 mm. The domain is subjected to uniform uniaxial tensile loading ap-

plied at the right edge. The fiber is placed such that it results in a non-uniform deformation

and stress distribution within the matrix. The Young’s modulus and Poisson’s ratio of the

matrix material are 14 GPa and 0.3, respectively. The Young’s modulus, Poisson’s ratio and

thickness of the fiber material are 207 GPa, 0.3 and 7 µm, respectively.

55



A bi-linear cohesive zone law (defined in Eq. 3.24 and Eq. 3.25) is employed for both

the XFEM and the reference simulations. The peak normal traction and normal cohesive

characteristic separation length are set to 8 MPa and 0.01591 mm, respectively. The peak

shear traction and shear cohesive characteristic separation length are 1.8 MPa and 0.01141

mm, respectively. The maximum cohesive separation length is taken as 0.08 mm under pure

normal and pure shear loading [109, 115].

In the XFEM approach, the fiber is idealized as a 1-D line segment with cross sectional

area and length properties. The discretization of the domain uses uniform grids ranging

from 1,600 elements up to approximately 62,500 elements with corresponding element sizes

of h=0.0625 mm and 0.02 mm, respectively. The reference model consists of a very fine and

nonuniform (to conform to the fiber domain) discretization, in which the fiber is explicitly

modeled as a two dimensional solid. The fiber domain is modeled using a very fine grid

with approximately element size of 1 µm. The reference model utilizes 1 µm wide cohesive

zone elements that lay along the interface between the fiber and the matrix. The reference

model discretization results in approximately 200,000 - 630,000 elements. The simulations

confirmed that the response is very accurately captured at such high levels of discretization.

Figure 3.7 shows the point-wise displacement errors of the XFEM model with respect

to the reference simulations at peak cohesive tractions (Figs. 3.7a, 3.7c, 3.7e) and at the

point of full separation (Figs. 3.7b, 3.7d, 3.7f), respectively. At the point of full separation,

the fiber and the matrix are completely debonded from each other at one side of the fiber

and the interfacial tractions vanish. The accuracy is assessed at five different locations as

illustrated in Fig. 3.6. Points A, B, C, D refer to the left fiber tip, right fiber tip, top right

corner and bottom right corner of the problem domain, respectively. The center jump is the

displacement jump across the surfaces of the fiber and the matrix, at the center of the fiber.

The point-wise errors are computed using the L2 norm and plotted as a function of the mesh

size (h). In Figs. 3.7a and 3.7b, the fiber tip locations for all element sizes always coincide

with a node. The length of the fiber is 1.44 mm, the angle of fiber is set at 68 degrees,
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Figure 3.7: Point-wise error as function of mesh density. Fiber tips on element nodes
(θ=68 degrees): (a) peak traction and (b) post separation; fiber tips in the elements
(θ=45 degrees): (c) peak traction and (d) post separation; fiber tips on edges of elements
(θ=17 degrees): (e) peak traction and (f) post separation.

57



and the left fiber tip location is at (2,1) mm from the origin (bottom left corner of mesh).

The error for the corner nodes, right fiber tip and center jump reduces monotonically with

increasing mesh density. Errors at the left fiber tips did not show convergence as a function

of mesh density. The lack of improvement in the accuracy at point A, is attributed to much

smaller absolute magnitude of deformation at point A compared to the other mesh points

(i.e., B, C, D) and truncation. The error for the corner nodes, right fiber tip and center

jump remained within very reasonable accuracy (i.e., less than 0.5% at the densest mesh).

The effect of fiber tip location on the accuracy characteristics of the XFEM model is

further investigated. Figures 3.7c and 3.7d illustrate the accuracy characteristics of the

XFEM model when the fiber tips lay within the elements, at peak cohesive tractions and at

the point of full separation, respectively. In these simulations, the length of the fiber is set

to 2.5 mm, the angle of fiber as 45 degrees, and the left fiber tip location is positioned at

(1.61, 1.62) mm from the origin. Figures 3.7e and 3.7f illustrate the accuracy characteristics

of the XFEM model when the fiber tips lay on element edges. In these cases, the length of

the fiber is 1.08 mm, the angle of fiber is set at 17 degrees, and the left fiber tip location is at

(1.5, 3.1) mm from the origin. The XFEM model displays reasonable accuracy and follows

the same monotonic trends at the corner nodes, right fiber tip and center jump irrespective

of the positioning of the fibers within the matrix.

Figure 3.8 displays the displacement jump along the length of the fiber. At peak cohesive

tractions (Figs. 3.8a, 3.8c, 3.8e) and at the point of full separation (Figs. 3.8b, 3.8d, 3.8f),

respectively. Figures 3.8a and 3.8b, correspond to the case when the fiber tip locations for all

element sizes always coincide with a node. The XFEM model displays monotonic convergence

to the reference simulations in terms of magnitude and shape of the displacement jump.

Figures 3.8c and 3.8d show the variation of the displacement jump along the length of the

fiber when fiber tips are positioned within elements, whereas Figs. 3.8e and 3.8f correspond

to the case when the fiber tips lay on element edges, respectively. A clear convergence is

observed as a function of the mesh density regardless of fiber positioning within the domain.
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Figure 3.8: Displacement jump across the interface along the fiber length (h is the mesh
size). Fiber tips on element nodes: (a) peak traction and (b) post separation; fiber tips in
the elements: (c) peak traction and (d) post separation; fiber tips on edges of elements:
(e) peak traction and (f) post separation.
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The parabolic debonding enrichment function is plotted for the smallest mesh size (h=0.02

mm) for comparison in Fig. 3.8. The simulation results summarized in Fig. 3.8 shows a

slight asymmetry in the variation of the displacement jump along the length of the fiber.

The deviation from symmetry as measured from the center of the fiber is less than 5% in

all cases. The slight deviation is attributed to the non-uniform stress along the length of

the fiber, formed due the random positioning of the fiber. The slight variation in errors

observed in Figs. 3.7 and 3.8, as a function of fiber positioning, is attributed to the accuracy

of the numerical integration. In cases where the fiber tip is too close to a node, the sub

elements formed in the Delaunay triangulation for numerical integration of the fully and

partially enriched elements have very high aspect ratios. Nevertheless the accuracy of the

XFEM model is in reasonable agreement with the reference finite element model in all cases

considered.

3.5.3 Two fiber case

In this section, the XFEM model is verified by considering the response of a two fiber com-

posite in the presence of matrix cracking and interface debonding at fiber-matrix interfaces.

The model domain is taken as a 5 mm by 5 mm, reinforced with two fibers approximately

1 mm and 1.5 mm in length. The domain is subjected to a uniform uniaxial displacement

controlled tensile loading applied at the right edge.

The matrix and fiber properties are the same as in Section 3.5.2. A bi-linear cohesive zone

law defined by Eq. 3.24 and Eq. 3.25 is used in both the XFEM model and the reference sim-

ulation. The cohesive zone law parameters for this example are based on work from Nicholas

et al. [74]. The peak normal traction and normal cohesive characteristic separation length

are set as 10 MPa and 1 nm respectively. The peak shear traction and shear cohesive charac-

teristic separation lengths are set to the same as their normal counterparts. The maximum

cohesive separation length is taken as 8 nm both for normal and shear directions. The nonlo-

cal damage model described by Eqs. 3.14-3.19 is used for both the XFEM and the reference
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simulations. The characteristic length of 0.07 mm and parameters a and b of 49,000 and 19.5,

respectively, were employed. A mesh localization analysis is performed using three different

mesh sizes identified as coarse, intermediate and fine. The coarse, intermediate and fine

reference models include approximately 31,500, 120,000, and 220,000 elements, respectively.

The corresponding XFEM models consist of 6,400, 25,600, and 62,500 elements, respectively.

In the XFEM models, 266, 504, and 749 elements within the meshes are either enriched or

partially enriched for the coarse, intermediate and fine cases, respectively.

Figure 3.9 shows the damage paths computed using the XFEM and reference simulations

for the three discretizations with increasing resolution. In this example, the fiber-matrix

interfaces have progressive debonding, but complete debonding does not occur. The darker

(red) areas indicate that the element is fully damaged and the thin white line displays the

initial fiber positions. Damage progressively extends from the left fiber tips to the top

and bottom edges of the domain for the top and bottom fibers, respectively. Damage also

progressively propagates between the right tips of the top and bottom fibers to create a

continuous damage path between the two fibers. Both the reference and XFEM simulations

display very similar thickness and location of the damage paths consistent with their specified

characteristic length. The damage paths are slightly refined as the mesh density increases

in both simulations, but are convergent.

The nonlocal damage paths generated using the reference finite element simulation em-

ploy a significantly larger time step size (reference simulations time step size is an order of

magnitude larger than XFEM) since the computational cost of the reference simulations is

very high. This leads to a slight deviation of uniformity suggested by the nonlocal integral in

Eq. 3.19. In contrast, the damage paths generated using the XFEM approach has a uniform

thickness.

The load displacement curves for the two fiber simulations computed using the XFEM

and reference simulations are displayed in Figure 3.10. For both the reference and XFEM

simulations, the peak load and the stress-strain relationship are convergent as a function
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Figure 3.9: Damage paths of two fiber case with a nonlocal damage model. a) XFEM
coarse mesh; b) reference simulation coarse mesh; c) XFEM intermediate mesh; d) ref-
erence simulation intermediate mesh; e) XFEM fine mesh; f) reference simulation fine
mesh.
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Figure 3.10: Load-displacement curves for XFEM and reference simulations of
a two fiber case with different mesh sizes.
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of mesh density. The XFEM model displayed a slightly more progressive failure pattern

that indicates at approximately 17 N. The absolute error between the respective load peaks

of the XFEM and reference simulations is less than 5%. The discrepancy between the

converged XFEM and reference simulation results stem from the approximations made in

the kinematics of the fiber deformation as well as the fiber-matrix debonding process. The

finite element analysis that is considered to be the reference solution resolves the fibers

with 2-D finite elements, whereas zero measure inclusions approximate their response in the

XFEM approach. The difference between the converged peak loads as well as the post peak

response is primarily due to model approximations made in the current approach.

3.5.4 Random short fiber composites

The effect of interfacial properties on the performance of random short fiber reinforced

composites is numerically investigated with the proposed XFEM model. A 100 mm by

100 mm domain with randomly oriented short fibers at 0.025% weight fraction is considered.

The length of the fibers is also random with the mean length and standard deviation of 5 mm

and 2 mm, respectively. The fibers are positioned such that no element within the domain is

enriched by more than a single fiber. The domain was subjected to displacement controlled

tensile loading at the right edge. Symmetry boundary conditions are imposed on the left

and bottom edges. The elastic parameters of the fiber and matrix are taken to be identical

to those discussed in Section 3.5.2. The nonlocal damage parameters of a=49,000, b=19.5

and lc=1 mm are employed to describe the failure progression within the matrix phrase.

The effect of interface properties on the failure response is investigated based on four

cases. The first case is when the fibers are considered to be perfectly bonded to the matrix.

In this case, the failure initiates and propagates within the matrix phase without interface

interactions. The second case consists of the state of complete separation between the fibers

and the matrix. All fibers are considered to be fully debonded from the matrix prior to

loading at one side of the fiber as described in Section 3.3. The next two cases consider pro-
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gressive debonding, idealized using the exponential traction-separation relationships detailed

in Eq. 3.22 and Eq. 3.23. The peak traction, characteristic separation length and maximum

separation length for the third case are 10 MPa, 1.2 nm, and 6 nm, respectively. The cor-

responding parameters for the fourth case are 8 MPa, 0.01591 mm, and 0.08 mm for the

normal components and 1.8 MPa, 0.01141 mm, and 0.08 mm in the tangential components,

respectively.

Figure 3.11 shows the damage contours within the composite domain as a function of

interface properties. The contours show the damage state at the end of the loading, where

all cases resulted in complete loss of strength of the composite. The path of the final crack is

clearly significantly affected by the properties of the interfaces and is different for each of the

four simulated cases. In the case of full debonding at the outset, the crack path follows the

region of the highest fiber densities since the fiber locations act as pre-cracks in the absence of

interface cohesion. Figure 3.12 shows the load-displacement curves of the composite for the

four cases investigated. The strength is significantly affected by the interface characteristics.

The composite strengths are 4.36 MPa, 1.95 MPa, 3.41 MPa, and 4.08 MPa for cases 1

through 4, respectively. While the strength of the composite is expected in the case of

the perfect bonding, the two cases for progressive debonding show significant reduction in

strength (22% and 6% for cases 3 and 4, respectively). These results point to the possible

gain in composite strength if near optimal interface strength, could be achieved within the

constituents. Figure 3.12 also demonstrates a slight reduction in composite ductility as a

function of interface strength. This behavior was also experimentally observed by Yoo et al.

[118].
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Figure 3.11: Damage prediction for random short fiber composites: (a) case 1: no
debonding; (b) case 2: full debonding at the outset; (c) case 3: weak cohesive interface;
and (d) case 4: strong cohesive interface.
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Figure 3.12: Load-displacement curves for the 4 cases of interface properties considered.
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CHAPTER 4

INTERACTIONS BETWEEN MULTIPLE ENRICHMENTS IN XFEM OF SHORT

FIBER REINFORCED COMPOSITES

4.1 Introduction

This chapter presents an XFEM approach to capture the interactions between fibers in

short fiber reinforced composites. The interactions due to fiber inclusion and fiber-matrix

debonding enrichments of multiple fibers are investigated. This approach enables problems

with significant concentration of fiber enrichment by placing multiple fibers within the same

element. This approach improves the computational tractability of the XFEM framework

compared to implementations in which an element is restricted to contain enrichments from

a single fiber. The work in this chapter is reflected in Ref. [88], and is presented with the

permission of Begell House Inc.

In this chapter, an XFEM based enrichment coupling model to capture the interactions

between short fibers in composites is presented. In a 2-D setting, elements in the domain are

permitted to contain multiple fiber inclusions, where the inclusions are modeled as elastic

objects of zero measure. Inclusion and debonding enrichment functions are introduced to

model the elastic fiber inclusions and the progressive normal and tangential debonding of

the fiber in the matrix. Using this process, the debonding relationship is modeled using

cohesive laws. Numerical integration procedures are provided for accurate evaluation of

the system response for randomly positioned fibers, including multiple fibers that occupy

the same element. Fiber configurations where multiple fibers occupy the same element

are numerically investigated using the proposed XFEM model and are assessed against the

direct finite element method. With the ability to account for multiple zero measure inclusions

within the same element in the domain, the fiber volume fraction percentage in a RVE can

be increased without a proportional increase in number of elements in the XFEM domain.
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(a) (b)

Figure 4.1: (a) Domain and XFEM discretization of the short fiber reinforced composite
medium; and (b) short fiber reinforced cement composite (reproduced from [98] with the
permission of Elsevier).

The remainder of this chapter is organized as follows. In Section 4.2, the XFEM method

is discussed for multiple fibers that lie in the same element. Section 4.3 provides the govern-

ing equations and computational formulation, including the model formulation, numerical

integration and the treatment of partially enriched elements. Numerical verification stud-

ies to assess the performance of this approach and enrichment interactions are presented in

Section 4.4.

4.2 XFEM for Multiple Fibers in an Element

In an XFEM domain with random short fibers (Fig. 4.1a), the fibers often lie in the same

elements in a uniform grid domain. The random dispersion of numerous fibers is typical for

a short fiber reinforced composite (Fig. 4.1b). A domain with multiple fibers in elements

can be eliminated by sufficiently refining the mesh to ensure no two fibers are in the same

element. To avoid remeshing of the domain, development to account the interaction behavior

of multiple fibers in the same element in XFEM is presented.

Eq. 3.1 is modified for the discretization of the displacement field for a domain reinforced
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by one or multiple short fiber inclusions:

u(x, t) =
nn∑
a=1

Na(x)ûa +
n∑

α=1

[
nαen∑
b=1

NIαb (x)ψα(x)ĉbα

]
+

n∑
α=1

[
nαen∑
c=1

NIαc (x)Υα(x)d̂cα

]
(4.1)

where, u denotes the displacement field; x and t are the space and time coordinates, re-

spectively; nn the total number of mesh nodes in the finite element discretization; n is the

number of fibers, nαen is the number of enriched nodes for fiber α; Na, the standard finite

element shape function associated with node a; ûa, ĉbα and d̂cα the nodal coefficients of the

standard, fiber enrichment and debonding enrichments for each fiber α, respectively; Iα is

the index set of enriched nodes for fiber α; Iαa ∈ Iα the index of an enriched node, a; the

fiber enrichment function and the debonding enrichment function are different for each fiber,

α, denoted as ψα and Υα, respectively.

The standard finite element approximation of the response field corresponds to the first

right hand side term in Eq. 4.1. The second term represents the presence of the fiber within

the domain, accounting for the strain discontinuity in the approximation space and is a

function of the fiber enrichment, ψα, which is outlined in Section 2.3.1 for each fiber α. The

displacement jump due to the progressive loss of the cohesive bond between the fiber and

the matrix is represented in the third term and is a function of the debonding enrichment

function, Υα and is outlined in Section 3.2.1 for each fiber α. In elements with multiple

fibers, approximation of both the fiber strain and debonding discontinuities are captured for

each fiber individually. Therefore, there is a separate set of nodal coefficients for each fiber

enrichment.

4.3 Governing Equations and Computational Formulation

The governing equations and model formulation follow the mechanical equilibrium, exterior

boundary conditions and weak formulation outlined in the previous chapter (Section 3.3) in

Eqs. 2.10-2.13 and Eqs. 3.6-3.13. In this chapter, the matrix is not taken to progressively

damage under applied loading, therefore continuum damage mechanics are not utilized.
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The physical deterioration occurring at the interface is represented by the bilinear co-

hesive zone law expressed in Eq. 3.24 and Eq. 3.25. The bilinear cohesive law is applied in

order to verify the numerical analysis later in this chapter.

XFEM is employed to discretize and evaluate the governing equations. The weak form of

the governing equation (Eq. 3.13), is outlined in Eq. 3.26. The computational formulation

follows the same approach as in Section 3.4, but it reviewed and presented again for with

slight modifications for elements with multiple fibers in them.

The Bubnov-Galerkin approach is utilized following Eq. 4.1. The first term in Eq. 3.26

is has the same form as in Section 3.4 and is expressed in Eq. 3.33.

The nodal coefficient vectors of the trial and test functions in element e with multiple

fiber inclusions, are Ue and Ve, respectively, are the same as in Section 3.4. They are

expressed below for convenience:

Ue =
{
ûe; ĉe; d̂e

}
; Ve =

{
δûe; δĉe; δd̂e

}
(4.2)

The size of the fiber enrichment ĉe, and jump enrichment d̂e, degrees of freedom vectors

may differ for each element, and depends on the number of fiber enrichments included in the

element as well as whether the enrichment for each fiber is full or partial as described below.

The gradient vector Be, remains the same as in Eq. 3.31. Since the gradient terms are

based on the standard elements and each individual fiber α, they are slightly modified to

reflect multiple fibers that lie in the same element. They are expressed as:

B̂e
a =


N e
a,x 0

0 N e
a,y

N e
a,y N e

a,x

 ; B̄e
a =


(N e

a ψα),x 0

0 (N e
a ψα),y

(N e
a ψα),y (N e

a ψα),x

 ; B̃e
a =


(N e

a Υα),x 0

0 (N e
a Υα),y

(N e
a Υα),y (N e

a Υα),x


(4.3)

The external force contribution from Eq. 3.26 is outlined in Section 3.4 and is presented

in Eqs. 3.36-3.39.
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Figure 4.2: Decomposition of the problem domain into subdomains of far-field elements
approximated by standard basis, partially and fully enriched elements for two fibers
occupying the same elements in a domain.

The deformation of the fibers are accounted for independently and are directly incorpo-

rated into the Lagrangian are accounted for in the third term in Eq. 3.26. Section 3.4.1

outlines this process in Eqs. 3.40-3.47.

The progressive debonding between the fiber and the matrix is accounted for in the fourth

component of Eq. 3.26 and each interface is applied independently to capture the behavior.

Eqs. 3.48-3.52 in Section 3.4.2 outlines this procedure.

The Newton-Raphson method is used to incrementally evaluate the nonlinear system

4.3.1 Numerical integration

The numerical integration of enriched elements differs for various element types depending

on the configuration of the inclusions that lie within them.

The domain consists of four different element types as illustrated in Fig. 4.2: (1) Far field

elements with no enrichment; (2) elements with partial enrichment from one or multiple

fibers; (3) fully enriched elements crossed by one or multiple fibers; and (4) fully enriched

elements crossed by fibers and partially enriched by additional fibers.
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The integration rules are updated from Section 2.4.3 to include multiple fiber inclusions

in each element. The rules for various element types are as follows:

1. Far field elements: Elements have no enrichment. Since no additional functions are

employed, the element integration is performed using the standard quadrature rules.

2. Partially enriched elements: Some nodes include enrichment from one or multiple fiber

inclusions but no intra-element strain or displacement discontinuity exists. Standard

integration is employed. Higher order integration rules could increase the accuracy,

but are not employed for efficiency.

3. Fully enriched elements that contain one or multiple fiber inclusions: The elements

take into consideration the amount and location of the fiber inclusions rather than

integrating the elements for each inclusion separately. The elements are either split by

the fibers or contain fiber tips (see Fig. 4.3). For the split fiber, Delaunay triangula-

tion is used to decompose each split part into triangular sub-elements. For fiber tip

elements, the elements are split along the normal direction at the fiber tip and along

the fiber direction and Delaunay triangulation is used to decompose each split part

into triangular sub-elements. The element splitting at the fiber normal ensures that

the components of the enrichment function that pertain to the fiber tip and fiber level

sets are integrated separately. For both cases, high order integration rules are used in

each sub-element.

4. Fully enriched elements that contain a fiber inclusion and are partially enriched by

additional fibers: The elements use the same element splitting rules as in the full en-

riched element type, and use higher order integration rules for each sub element. The

element is treated for the full enrichment of the inclusions in the element as well as for

the partial enrichments of the element.
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Figure 4.3: Integration of elements with multiple fibers.

4.3.2 Effect of mesh refinement on numerical integration

When modeling multiple fibers in close proximity, mesh refinement has a significant effect

on numerical integration. The change in numerical integration in turn effects the mesh

convergence studies as described below and lead to non-monotone convergence.

Figure 4.4 illustrates two neighboring fibers in a domain discretized using three meshes

with increasing mesh density. In Fig. 4.4a, a single element encompasses both fibers. When

the element size is reduced as in Fig. 4.4b, two elements are intersected by both fibers,

whereas the two other elements are intersected by a single fiber. Figure 4.4c displays the

same fibers when the element size is further decreased. In this case, there are no elements

intersected by more than a single fiber. The integration rules for the three cases are quite

different from each other and potentially leads to non-monotone convergence.

4.3.3 Treatment of partially enriched elements

In elements that are partially enriched (i.e. elements that have some nodes that are enriched

but not all of the nodes), the approach in Section 3.4.4 is revised to account for multiple

fiber inclusions that lie in the same element.

For each fiber, α, the modified enrichment functions, ψ̂α(x) and Υ̂α(x), in the partially

enriched finite element are denoted as:
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(a) (b) (c)

Figure 4.4: Change in the integration rules as a function of mesh density: (a) coarse
discretization; (b) medium discretization; and (c) fine discretization.

ψ̂α(x) =
∑
b∈Iαe

Nb(x)ψα(x); x ∈ Ωe (4.4)

Υ̂α(x) =
∑
c∈Iαe

Nc(x)Υα(x); x ∈ Ωe (4.5)

where, Ie are the nodes in the partially enriched element, Ωe, that are connected to fully

enriched elements. The modified enrichment function is active at all nodes of the partially

enriched element:

ue(x) =

nen∑
a=1

N e
a(x)ûea +

n∑
α=1

[
nenα∑
b=1

N e
b (x)ψ̂α(x)ĉebα

]
+

n∑
α=1

[
nenα∑
c=1

N e
c (x)Υ̂α(x)d̂ecα

]
(4.6)

4.4 Numerical Examples

In this section, the performance of the XFEM model in evaluating the response of short

fiber reinforced composites with emphasis on the interactions between fibers that lie in

the same element is presented with numerical examples. The first example assesses the

accuracy characteristics of two fiber inclusion domains embedded in an elastic matrix with

perfect interfacial cohesion. The second example illustrates the accuracy characteristics
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Figure 4.5: (a) Geometry and boundary conditions of a two fiber inclusion example; and
(b) fiber configurations of the four cases studied in the numerical verification: (i) case 1;
(ii) case 2; (iii) case 3; and (iiii) case 4.

when progressive fiber-matrix debonding is incorporated, including capturing the debonding

interaction behavior. The third example investigates the debonding interaction behavior

when four fibers are in close proximity of each other and have fibers that lie in the same

element. The fourth example displays the case of a domain with a dense population of fibers.

4.4.1 Elastic response of multiple fiber inclusions

The XFEM formulation is verified against the finite element method for an elastic response

using a series of simulations of a matrix enriched with two fibers. Four fiber configuration

cases were investigated. Each case consists of a domain with two fiber inclusions that have

portions of each fiber in close proximity to each other, but they do not touch or overlap. In

all cases, the fibers were placed such that there were elements that contained both fibers,

for all mesh sizes studied.

The schematic representation of the model problem is shown in Fig. 4.5a. The size of the

domain is 5 mm by 5 mm and the fiber length varies between 0.83-2.65 mm. The domain is

subjected to uniform displacement controlled tensile loading at the right edge and symmetry
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boundary conditions are imposed on the left and bottom edges. The matrix material is taken

to be concrete with the Young’s modulus and Poisson’s ratio of the matrix being 14 GPa and

0.3, respectively. The fibers are taken to be high strength carbon fibers with the Young’s

modulus and thickness of 207 GPa and 7 µm, respectively. This example investigates the

response of two-dimensional short fiber composites in which the fibers are fully bonded to

the matrix. No fiber-matrix debonding occurs and the constituents are taken to deform

elastically.

Figure 4.5b illustrates the configurations considered in the verification study. Case 1

consists of two fibers that are parallel to each other with both fibers having a length of

2.65 mm and angles of 70 degrees measured counterclockwise from the horizontal. They are

placed so that fiber 1 is horizontally offset slightly to the right of fiber 2, and the majority

of the enriched elements contain enrichments from both fibers. Case 2 contains fibers with

lengths of 1.65 mm and 1.4 mm, with position angles of -20 degrees and -60 degrees, for

fiber 1 and fiber 2, respectively. Fiber 2 is placed such that its center is approximately at

the left tip of fiber 1. For case 3, fiber 1 has a length of 1.37 mm and a position angle of -45

degrees. Fiber 2 is positioned directly above fiber 1 with a length of 1 mm and a position

angle of 15 degrees. Cases 2 and 3 fiber orientations are placed accordingly to investigate the

response of fibers that are randomly oriented but contain elements that have enrichments

from multiple fibers. In case 4, the right tip of fiber 1 and left tip of fiber 2 are placed close

to each other. The fibers lengths are 1 mm and 0.83 mm and position angles are -23 degrees

and 79 degrees for fiber 1 and fiber 2, respectively. The fibers in case 4 are placed so that

the fiber tips from each fiber lie in the same element. All fibers are placed such that there

are always elements that contain multiple fiber enrichments at each mesh discretization.

Uniform grids of 1,600 elements up to approximately 62,500 elements with corresponding

element sizes of h=0.125 mm and 0.02 mm, respectively, were used in the discretization of the

domain. The reference model consists of a very fine and non-uniform (to conform to the fiber

domains) discretization, in which the fibers are explicitly modeled as two-dimensional solids.
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The fiber domains are modeled using a very fine grid with an element size of approximately

1 µm. The reference model discretizations result in approximately 150,000 - 700,000 elements.

Figure 4.6 shows the absolute point-wise displacement errors of this model with respect

to the reference simulation. Point-wise error was computed using the L2-norm for each case

and plotted with respect to element size in the domain. Points A1 and A2 correspond to

the left tips of fiber 1 and fiber 2, respectively. Points B1 and B2 are the right fiber tips

of fiber 1 and fiber 2. Point C is the upper right corner of the matrix, and point D is the

bottom right corner of the matrix. The six different point locations of interest are illustrated

in Fig. 4.5a.

Figure 4.6a corresponds to case 1, when two fibers are parallel to each other. The errors

showed monotonic convergence from the largest mesh size to the smallest mesh size. The

largest error occurred in the left tip of fiber 2, while the lowest errors were in points C and

D on the domain edge. All errors converged to less than 1% at the smallest mesh size of 0.02

mm. Case 2 errors are shown in Fig. 4.6b. Similar to case 1, there is monotonic convergence,

with the largest error of the left fiber tip of fiber 2 and the smallest errors at points C and

D. Case 3, shown in Fig. 4.6c, shows the same trend as in case 1 and case 2 errors. Point

A2 however, has a larger error at the largest mesh size than the other cases, but converged

to an error of approximately 1.5% at the smallest mesh size. Fig. 4.6d, displays monotonic

convergence as well, with a slight variation in point B2 at the smallest mesh size. In all cases,

the XFEM model for cases when elements are enriched by multiple fibers is in reasonable

agreement with the reference simulation models which used the direct finite element method.

As shown in Fig. 4.6, in all cases observed, the slope indicates approximately an order of

magnitude decrease in error with order of magnitude reduction in element size.

4.4.2 Response of multiple fiber inclusions with progressive debonding

In this section, the four cases discussed in Section 4.4.1 for the elastic response are modeled

with progressive debonding to capture the effect of the fiber-matrix interfacial separations.
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Figure 4.6: Point-wise error as function of mesh size for an elastic matrix; (a) case 1; (b)
case 2; (c) case 3; and (d) case 4. A typical slope of order of magnitude error reduction
with order of magnitude decrease of mesh size for the finite element method, is displayed
by the legend for comparison.
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The XFEM model is verified against the direct finite element method. The model domain,

boundary conditions, matrix properties and fiber properties are taken to be the same as in

Section 4.4.1.

To model the progressive debonding at the fiber-matrix interfaces, a bilinear cohesive

zone law (defined in Eq. 3.24 and Eq. 3.25) is employed for both the XFEM and the refer-

ence simulations. The peak normal traction and normal cohesive characteristic separation

length are set to 8 MPa and 0.01591 mm, respectively. The peak shear traction and shear

cohesive characteristic separation length are 1.8 MPa and 0.01141 mm, respectively. The

maximum cohesive separation length is taken as 0.08 mm under pure normal and pure shear

loading [109, 115]. The reference model utilizes 1 µm wide cohesive zone elements that lay

along the interface between the fiber and the matrix.

The absolute point-wise displacement error of this model with respect to the reference

simulations is shown in Fig. 4.7. The displacement errors are computed for the same loca-

tions of interest in the previous section (points A1, A2, B1, B2, C and D), as well as the

displacement jump between the matrix and fiber at each fiber center point.

In Figure 4.7a, case 1 is shown when the fiber-matrix interfaces have initiated the pro-

gressive debonding process but have not reached peak cohesive traction. There is a general

trend toward convergence but with some variation at the smallest mesh sizes. The largest

error occurred at the right tip of the first fiber, but was approximately 2.5% at the smallest

mesh size. Points C and D have the lowest error, with both being under 0.1% for all mesh

sizes. The errors of the displacement jumps at the center of both fibers were under 0.5%

for all mesh sizes. Case 2 is shown in Fig. 4.7b, at the point of full fiber-matrix separation.

At the point of full separation, the fiber and the matrix are completely debonded from each

other at one side of the fiber and the interfacial tractions vanish. Similar to case 1, there is

a trend of towards convergence with a slight variation at the smallest mesh sizes. All errors

were at or below 2%. The center jump of fiber 1 produced the highest error at all mesh sizes,

but monotonically converged.
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Figure 4.7: Point-wise error as function of mesh size for a matrix with progressive
debonding; (a) case 1; (b) case 2; (c) case 3; and (d) case 4.
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Figure 4.8: Displacement jump across the interface along the fiber length (h is the mesh
size) for case 1: (a) fiber 1; and (b) fiber 2 .

The absolute point-wise errors are shown for case 3 and 4 in Fig. 4.7c and Fig. 4.7d,

respectively. In case 3, the progressive debonding process has been initiated but has not

reached peak cohesive traction. The left fiber tip and center jump of fiber 1 have larger

errors than the rest of the points studied, but both have reasonable errors at the smallest

mesh size. In case 4, the progressive debonding is past the point of peak cohesive traction

but has not fully separated. In this case, there is variation in the monotonic convergence,

but the point-wise error remained below 6% at each point for all mesh sizes, except for the

right tip of fiber 1. The largest errors occurred in the right tips of fiber 1 and fiber 2, which

both lie in the same doubly-enriched element. In all four cases studied with multiple fibers,

there was not smooth monotonic convergence as observed in the purely elastic models, but

general convergence with variation and mesh stability were observed for many of the cases.

For all cases, reasonable errors were obtained at the smallest element size.

The magnitude of the displacement jumps associated with the fiber-matrix interfacial

debonding along each fiber length for each case is plotted in Figs. 4.8-4.12. The XFEM

model results are plotted for the four mesh sizes studied, ranging from 0.125 mm to 0.02

mm, along with the reference simulation. For each case, the XFEM model accurately capture

the shape and magnitude of the reference curve, generally showing improved convergence as

the element size decreases. While the general form of the debonding enrichment function
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Figure 4.9: Displacement jump across the interface along the fiber length (h is the mesh
size) for case 2: (a) fiber 1; and (b) fiber 2 .

is parabolic, asymmetry in the curve as inclusions in close proximity to each other begin

to interact is well captured. In all cases, the normal displacement jump is larger than the

tangential displacement jump and therefore governs the magnitude of the jump. Fiber tips

are assumed to have no debonding in the XFEM and the reference simulations

In case 1 (Fig. 4.8), fiber 1 and fiber 2 exhibit approximately the same displacement

jump curve in both shape and magnitude. All mesh sizes for case 1 show a reasonably

accurate displacement jump profile with mesh stability. A slight kink is observed in the

fiber 2 curve near the right end of the fiber, which becomes smoother and converges to the

reference simulation as the mesh is refined. The deviation may be attributed to fiber 1 being

located between fiber 2 and the applied load. When one fiber ”blocks” another fiber from the

applied load, the fiber may exhibit an irregular pattern of debonding. This phenomenon is

more prominent in case 2 and case 3, in which each fiber is of different length and has a unique

embedment angle. Figure 4.9 displays the displacement jumps for case 2. Fiber 1, which is

above fiber 2, shows a parabolic displacement jump profile, with all four XFEM mesh sizes

displaying high accuracy. Fiber 2, which is below fiber 1, shows an irregular displacement

jump profile, which is due to having part of fiber 1 directly in front of it. The XFEM

model accurately captures the irregular displacement jump profile along the fiber length for
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Figure 4.10: Displacement jump across the interface along the fiber length (h is the mesh
size) for case 3: (a) fiber 1; and (b) fiber 2 .

all mesh sizes, with the smallest mesh most accurately representing the displacement jump.

Figure 4.10 displays the displacement jumps for case 3. Similar to case 2, fiber 1 shows

a parabolic displacement jump profile and fiber 2 shows an irregular displacement jump

profile, which the XFEM model accurately represents. There is a reduction of the maximum

displacement jump and convergence with the increase of mesh density observed in this case.

Fig. 4.11 shows the deformed shape of the cohesive zone elements in the respective reference

simulation for case 3, from which the displacement jump profile was obtained (deformation

is significantly amplified for visualization purposes). Case 4 is shown in Fig. 4.12, with both

fiber 1 and fiber 2 having roughly parabolic curves, with a slight asymmetry at the right end

of each fiber, where the tips meet. Both displacement jump profile curves converged to the

shape of the reference simulation as the mesh size was refined.

The lack of monotonic error convergence observed in Fig. 4.7 merits further discussion.

Convergence issues in XFEM can be attributed to a variety of reasons including, but not

limited to, the choice of enrichment functions, numerical integration, and partially enriched

blending elements [48]. In this chapter, the lack of monotonic error convergence can be

attributed to the limitation of the fiber-matrix debonding enrichment function in representing
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Figure 4.11: Case 3 reference simulation for progressive debonding between
fibers and matrix. Shaded area denotes the displacement jump measured from
the cohesive elements, plotted in Fig. 4.10. Deformation is amplified for visu-
alization purposes.
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Figure 4.12: Displacement jump across the interface along the fiber length (h is the mesh
size) for case 4: (a) fiber 1; and (b) fiber 2 .
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true debonding profile, as well as the way the enriched element domains (and hence the

integration accuracy as discussed above) change as the mesh is refined. In case 1, the right

tips of fiber 1 and fiber 2 are in the same element at element lengths of h=0.125 and 0.0625

mm, but in different elements at meshes of higher resolution. Thus with a coarse mesh,

fiber tip error is computed from a doubly enriched fiber tip element, whereas at fine meshes,

the fiber tip error is computed from a tip-enriched element that is partially enriched by

the other fiber. In each case, as the mesh is refined, the location of the inclusion with

respect to the element edges changes. The spatial alignment of inclusions within an element

influences the Delaunay triangulation of the element, which can introduce inconsistencies

in the element integration as the size of the element domain changes. 3 Gauss points were

used for the integration of each triangular sub domain for the results shown here for the

proposed XFEM models. Several simulations were conducted using 6 Gauss points per sub

domain but computational cost increased significantly while the measured errors did not

improve significantly. Overall, the XFEM model with progressive fiber-matrix interfacial

debonding provided an accurate representation of the displacement jump curves obtained

from the reference simulations and was capable of predicting the displacement jumps for a

variety of scenarios in which fibers were arbitrarily placed in close proximity to each other

and contained elements with multiple enrichments. Absolute point-wise error was higher

than the purely elastic case, but reasonable mesh stability was observed and errors remain

within an acceptable range for each case at a sufficiently fine mesh.

Table 4.1 compares the model size of the reference simulation of progressive debonding

of case 1 ( Fig. 4.5b (i)) with the XFEM simulations for the same case. The number of

elements, standard nodes, total nodes and total degree of freedoms (DOFs) associated with

each model are displayed. The largest number of elements and DOFs are 62,500 and 130,194,

respectively for the finest mesh. The total DOFs of the finest XFEM mesh are smaller by

approximately an order of magnitude compared to the reference simulation.
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XFEM
Reference Model h=0.125 h=0.0625 h=0.03125 h=0.02

Number of Elements 601,236 400 6,400 25,600 62,500

Number of Standard Nodes 601,427 1,681 6,561 25,921 63,001

Number of Total Nodes 601,427 2,051 7,255 27,269 65,097

Number of Total DOFs 1,202,854 4,102 14,510 54,538 130,194

Table 4.1: Problem size comparison for debonding case 1.

4.4.3 Progressive debonding interactions of four fiber inclusions

The performance of the XFEM model for the progressive debonding response is investigated

for a four fiber inclusion case when the inclusions are in close proximity of each other, but

not touch or overlap. The fibers are placed, such that various elements in the domain may

contain up to three fiber inclusions, for all mesh sizes studied. The model domain, boundary

conditions, matrix properties and fiber properties are taken to be the same as in Section 4.4.1.

The cohesive law used for the progressive debonding at the fiber-matrix interfaces is the same

used in Section 4.4.2.

The case consisting of four fiber inclusions, contains fibers which are in close proximity

to each other as illustrated in Fig. 4.13. Fiber 1 is located in the center of the domain

between three other fibers, with a length of 2.34 mm and an angle of 38 degrees measured

counterclockwise from the horizontal. Fiber 2 is measured at a length of 0.9 mm and an

angle of -54 degrees. Fiber 3 is placed so that the right tip of fiber 3 lies in the same element

at the left tip of fiber 2 and the domain of fiber 1. The lengths and angles of fibers 3 and 4

are 1.25mm, -27 degrees and 1.62 mm, 58 degrees, respectively.

The fiber-matrix interfacial progressive debonding displacement jumps are illustrated in

Fig. 4.14. The interaction responses between the fibers are captured with the displacement

jump of each fiber, along the fiber length. Mesh sizes ranging from 0.125 mm to 0.02 mm

are considered. For fiber 1 and fiber 4, the progressive debonding is past the point of peak

cohesive traction but has not fully separated. In fiber 2 and fiber 3, the progressive debonding

process has been initiated but has not reached peak cohesive traction. Figure 4.14 displays
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Figure 4.13: Fiber configuration of four fiber inclusions interaction case.
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Figure 4.14: Displacement jump across the interface along the fiber length (h is the mesh
size) for the four fiber configuration case: (a) fiber 1; (b) fiber 2; (c) fiber 3; and (d) fiber
4.

88



the shape and magnitude of the displacement jumps for each of the four fibers, showing

convergence as the element size decreases. Each of the fiber displacement jumps do not

exhibit a perfect parabola, but show an asymmetric displacement jump profile due to the

interactions from the close proximity of each of the fibers.

The displacement jump profile for fiber 1, illustrated in Fig. 4.14a, exhibits an irregular

jump profile. The irregular displacement jump profile is due to the having part of fiber 2

in front of it, as well as the tips from fibers 3 and 4 on the left side of the fiber domain.

The peak displacement jump occurs at the midpoint of the fiber. Figure 4.14b displays

an asymmetric displacement jump profile jump of fiber 2, with the peak occurring left of

the fiber midpoint. Fibers 3 and 4 display a parabolic shaped displacement jump profile

represented in Fig. 4.14c and Fig. 4.14d, respectively. Each of the fiber displacement jump

profiles exhibited mesh convergence with the decrease in mesh size.

4.4.4 Progressive debonding of a dense fiber domain

In this section, investigation of a dense fiber domain is performed with the proposed XFEM

model for the progressive debonding response. 50 fibers are randomly placed in a 10 mm by

10 mm domain with the fibers having a mean length of 1.3 mm (± 0.2 mm), as displayed

in Fig. 4.15. With the random dispersion of fibers, multiple elements have multiple fiber

enrichments in them. The mesh size is h=1 mm in this example. The boundary conditions,

matrix properties and fiber properties are taken to be the same as in Section 4.4.1. The

cohesive law used for the progressive debonding at the fiber-matrix interfaces is the same

used in Section 4.4.2.

The displacement jumps between the fiber and the matrix for each of the fibers are sum-

marized in Fig. 4.16. Fig. 4.16a displays the number of fibers for their respective maximum

magnitude of separation of the displacement jumps. 2 fibers resulted in a maximum inter-

face separation of less than 0.01 mm while there were 19 fibers for a maximum separation

between 0.01-0.25 mm as well as 0.025-.05 mm. 9 fibers showed maximum separation be-
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Finite Element Mesh

Figure 4.15: Dense fiber domain case.

tween 0.05-.075 mm, and a single fiber showed an interface separation greater than 0.075

mm with complete loss of interfacial cohesion. For the 50 total fibers in the domain, 5 did

not separate (i.e. maximum separation less than the characteristic separation length), 44

fiber matrix interfaces were partially debonded and only 1 fiber matrix interface had a max-

imum separation that resulted in complete separation. Fig. 4.16b displays the severity of

debonding.
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Figure 4.16: Summary of displacement jumps for the fibers in the dense fiber domain:
(a) total number of fibers with their respective maximum separation of each displacement
jump; (b) total number of fibers with no separation, partial separation and full separation.

91



CHAPTER 5

3D XFEM MODELING OF SHORT FIBER REINFORCED COMPOSITES

5.1 Introduction

This chapter presents an XFEM approach to model short fiber composites in three dimen-

sions. The ideas and formulations from the XFEM approach in the previous chapters for two

dimensions, are built upon to address short fiber composites in three dimensions. Fibers are

represented as two dimensional elastic deformable planar rectangles with progressive debond-

ing on the fiber matrix interface and investigated for single and multiple fiber domains. The

work in this chapter will be reflected in a paper currently in preparation.

The approach in three dimensions for XFEM creates additional challenges and difficulty

as compared to two dimensions. The work in three dimensions is not as prevalent as work in

two dimensions, but a brief review of literature for XFEM in three dimensions is provided

for reference.

XFEM modeling in three dimensions has been used to model crack propagation in the

domain. Sukumar et al. [102] presented a methodology using discontinuous functions to add a

two dimensional asymptotic crack-tip displacement field in the finite element approximation,

and built upon their work in [103] for a fast marching method for fatigue crack propagation.

Work on three dimensional dynamic crack propagation in a GFEM setting was proposed by

Duarte et al. [33]. Additional work for three dimensional cracks within the GFEM/XFEM

method has been presented, [49, 55, 70, 73, 119], amongst others. XFEM application using

commercial software in 3-D for damage modeling of fiber reinforced composites has also been

investigated [108].

To account for internal geometries in a three dimensional domain, Duarte et al. [32], de-

veloped an approach using the GFEM method for modeling complex geometries. Additional

approaches for modeling internal geometries in three dimensions have also been presented.
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Modeling of three dimensional woven fibers using the XFEM method was developed by Moës

et al. [71]. The modeling of cylindrical fibers using the GFEM method has been proposed

by Soghrati and Geubelle [100]. Oswald et al. [79] developed an approach to model carbon

nanotube and thin films based on the XFEM method.

In this chapter, a three dimensional XFEM model is presented for short fibers in compos-

ites. In a three dimensional setting, high aspect ratio fibers are modeled as two dimensional

planar rectangular inclusions. The fibers are taken to be elastic and deformable in the ax-

ial direction which is the dominant deformation mechanism for short fibers embedded in a

matrix domain. Fiber and debonding enrichment functions are presented to account for the

presence of the fibers within the composite domain and to idealize the progressive debonding

on the fiber-matrix interfaces The capabilities of the XFEM model is verified against the

direct finite element method and the performance of the model predictions is assessed. The

computational strategy investigates the influence of the rotation of the fiber interface and

evaluation of a problem with a significant amount of fiber inclusions.

The remainder of this chapter is organized as follows. In Section 5.2, the XFEM method

for a three dimensional domain is presented. Section 5.3 provides the governing equations

and model formulation. Section 5.4 reviews the computational formulation and numerical

integration. Numerical verification studies to assess the performance of this approach are

presented in Section 5.5.

5.2 Three Dimensional XFEM

Short fibers in a three dimensional XFEM domain are modeled as two dimensional objects

in this chapter. Fibers are taken to have high aspect ratios with l >> w >> t, where l, w,

and t denote length, width and thickness of the fiber respectively (Fig. 5.1). Fibers of such

geometry are employed in [5, 83, 84]. Other work utilizing rectangular short fibers has also

been performed in Refs. [1, 47, 61, 78, 117]. Considering no twisting, the fibers are defined

by four corner points and edges of the thin rectangle, which forms the plane of the fiber.

93



w

l

t

1

3

2

4

e1

e3

e2

e4

n
t1

t2

Figure 5.1: Two dimensional fiber domain represented in a three dimensional domain.

Fibers are modeled as two dimensional inclusions due to the fibers having a high aspect

ratio and the need to have an interface for progressive debonding to occur on, rather than

modeling the fibers with a high computational cost as 3-D inclusions.

The three dimensional XFEM discretization is modified from a two dimensional dis-

cretization (Eq. 4.1), to account for two dimensional fibers for the displacement field for a

domain reinforced by one or multiple short fiber inclusions:

u(x, t) =
nn∑
a=1

Na(x)ûa +
n∑

α=1

[
nαen∑
b=1

NIαb (x)ψpα(x)ĉbα

]
+

n∑
α=1

[
nαen∑
c=1

NIαc (x)Υp
α(x)d̂cα

]
(5.1)

similarly as in 2-D, the displacement field is denoted as u; the space and time coordinates are

x and t, respectively; nn the total number of mesh nodes in the finite element discretization;

n is the number of fibers, nαen is the number of enriched nodes for fiber α; Na, the standard

finite element shape function associated with node a; ûa, ĉbα and d̂cα the nodal coefficients

of the standard, fiber enrichment and debonding enrichments for each fiber α, respectively;

Iα is the index set of enriched nodes for fiber α; Iαa ∈ Iα the index of an enriched node, a;

the fiber enrichment function and the debonding enrichment function are different for each
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2-D fiber, α, denoted as ψpα and Υp
α, respectively.

The first right hand side term in Eq. 5.1 represents the standard finite element approx-

imation of the response field. The second term represents the presence of the 2-D planar

fiber within the domain, in which the strain discontinuity in the approximation space is a

function of the fiber enrichment function, ψpα. The third term corresponds to the separation

between the fiber face and the matrix due to the progressive loss of the cohesive bond, which

is a function of the debonding enrichment function,Υp
α

5.2.1 Fiber enrichment function

The enrichment function in two dimensions for short fiber inclusions was developed to rep-

resent fibers as 1-D line segments, and was previously discussed in early chapters. In this

chapter, the high aspect ratio fibers are modeled as 2-D planar rectangles. The enrichment

function to approximate this type of fiber is addressed in this section, which is expressed in

terms of level set functions associated with fibers edges and body.

The reinforcing fiber is taken to be entirely embedded in the open bounded domain of

the three dimensional composite body, Ω, where Ω ⊂ R3. The level set associated with the

plane of the fiber α, φf (x), is expressed as:

φf (x) = n̂α · (x− xc) (5.2)

where n̂α is the normal vector to the fiber and xc is a reference point on the plane of the

fiber, set to the center of the fiber. φf divides the domain along the plane of the fiber and

is defined as the signed distance function, with zero value on the fiber plane. The level set

functions for the fiber edges, e, are expressed as:

φe(x) = (x− xpe1) · te; e = e1, e1, e2, e3, e4 (5.3)

in which, e represents the fiber edge, te denotes the tangent at the fiber edge, xpe1 is a end
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point on the fiber edge, e (i.e. fiber corner point). φe provides the zero level set along the

plane normal to the fiber edge, e, with positive values on one side of the domain cut by φe

and negative elsewhere in the domain.

The level set functions from Eqs. 5.2 and 5.3 are used to expressed the enrichment function

for the fiber:

ψpα(x) =

[
4∏
e=1

H(−φe)

]
|φf |(x) +

4∑
λ=1

[
4∑
e=1

H(φe)H(φe+1)

]
dλ(x)

+
4∑
e=1

[
H(φe)

3∏
es=1

H(−φes)

]
de(x) (5.4)

where, dλ(x) = ‖x − xλ‖ denotes the distance to the fiber corner, λ; e+1 is the subsequent

adjacent fiber edge to edge e (i.e. e+1 = e2, e3, e4, e1); es denotes edges that are not edge e

(es = et|et 6= e and et = {e1 : e4} is the set of all edges). The level set function associated

with edges e+1 and es are described with the same fiber edge level set function φe , where

for associated edge i the function is taken as: φi(x) = (x− xpe1) · ti

The distance to the fiber edge is expressed as:

de =
‖(xpe2 − xpe1)× (xpe1 − x)‖

‖xpe2 − xpe1‖
(5.5)

in which, xpe1 and xpe2 are the end points on fiber edge, e.

The enrichment function is displayed in Fig. 5.2a for a randomly placed short fiber in a

three dimensional domain, where the value of the enrichment function increases from blue

(zero) to red (highest). Cross sectional contours of the enrichment function are shown in

Figs. 5.2b-c. Similarly to the fiber enrichment function, ψα, the 3-D enrichment function,

ψpα, incorporates a strain discontinuity mode along the fiber position and the displacements

around the fiber can therefore be accurately captured without explicitly discretizing the fiber

domain. The form of Eq. 5.4 for the enrichment function ensures that the approximation

basis captures the strain discontinuity but stays smooth otherwise around the sides and
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Figure 5.2: Short fiber inclusion enrichment function for three dimensions. Blue repre-
sents values close to 0 and red represented the highest value: (a) three dimensional view
with the black line representing the fiber; (b) fiber enrichment values in the X-Y plane;
(c) fiber enrichment values in the Y-Z plane.

face of the fiber. Except for the domain of the fiber, the enrichment function is nonzero

everywhere in the composite domain.

5.2.2 Debonding enrichment function

The level set functions for the fiber body and edges described in the previous section are used

to define the debonding enrichment function, Υp
α. The debonding enrichment function de-

scribes the debonding between the fiber and the matrix and introduces a strong discontinuity

in the displacement field.

To model the shape of the debonding at the fiber and matrix interface in three dimensions,

a Heaviside function is used to represent the physical separation in the normal direction and

both tangential directions. Unlike, the previously developed debonding enrichment function

(3.5) for two dimensions, the ends of the fibers allow debond in all directions. Progressive
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deonding occurs on the interface between the fiber and matrix, which is represented as a

2-D thin rectangular. The debonding enrichment function for the fiber is then expressed in

terms of discontinuity functions as:

Υp
α(x) = H(φf )

(
4∏
e=1

H(−φe)

)
(5.6)

5.3 Governing Equations and Computational Formulation

The governing equations and model formulation in 3-D follows similarly to the governing

equations and model formulation outlined in the previous chapters for a 2-D domain, with

minor differences. In this section, governing equations and model formulation are presented

for three dimensional domain for short fiber composites.

The mechanical equilibrium and exterior boundary conditions within the 3-D domain are

the same as in 2-D and are expressed in Section 2.4 in Eq. 2.10-2.13, respectively. All fibers,

as well as the matrix, are assumed to remain elastic under the applied loading and only

quasi-static response is considered. The matrix is not taken to progressively damage under

applied loading and therefore continuum damage mechanics are not utilized in this chapter.

The fiber-matrix interface traction continuity for the two dimensional interface can be

expressed in Eq. 3.6. The continuity follows the same form, but it is a function of the

normal and both tangential tractions (T = T (Tn, Tt1 , Tt2)). A cohesive law describing the

relationship between surface traction and separation represents the physical deterioration

occurring at the fiber-matrix interface. A bilinear cohesive law is considered in all three

directions(n, t1, t2) and follow the same form in three dimensions in two dimensional the

equations expressed in Eq. 3.24 and Eq. 3.25.

Within a three dimensional domain, a matrix is reinforced by n, two dimensional planar

fibers, with length, width and thickness of a fiber, α, denoted as lα, wα and tα, respectively,

where the fibers are randomly distributed within the domain. The aspect ratios are taken
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to be small (i.e., tα/lα � 1 and tα/wα � 1). To develop the weak form of the model from

Eqs. 2.10-2.13 and Eq. 3.6, standard procedures are used and the weak form can be found

in Eq. 3.8.

Due to the assumption that the fibers are embedded in the domain, have high aspect

ratios and are assumed to have uniform tractions along the fiber, the stress that develops in

the fiber is axial. This assumption is verified using direct finite element simulations where the

fiber is resolved with highly resolved meshes. No significant shear stress or bending moment

develops within the domain of the fiber. Assuming that the fiber aspect ratio between the

width and the length is high, the axial stress is uniform across the width of the fiber and

can be approximated at the center of the fiber. The axial stress is expressed as:

σ = σαf (s)tαc ⊗ tαc (5.7)

where tαc is the tangent vector along the length of the fiber at the two center points of the

width. The second term in Eq. 3.8 becomes:

∫
Ωα

σ : δε dΩ ' Afα

∫
Ωα

σαf δε
α
f dΩ (5.8)

where, δεαf = δε : tαc ⊗ tαc and Afα is the cross sectional area of the fiber. The axial stress

in fiber α, is taken to be proportional to the axial strain (i.e., σαf = Efε
α
f ), where Ef is

the elastic modulus of the fiber. Bending deformation is not accounted for in this chapter,

due to numerous simulations using the standard finite element for randomly oriented high

aspect ratio short fibers in a three dimensional domain, subject tensile loading resulting in

insignificant bending deformation along its length.

Under the condition that aspect ratios of the fibers are very high, we assume that tractions
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along the two opposing faces of a fiber in the thickness direction are uniform:

T+(s) · n+

∣∣∣∣
Γ+
α

− T−(s) · n−
∣∣∣∣
Γ−α

= 0; T+(s) · t+1
∣∣∣∣
Γ+
α

− T−(s) · t−1
∣∣∣∣
Γ−α

= 0;

T+(s) · t+2
∣∣∣∣
Γ+
α

− T−(s) · t−2
∣∣∣∣
Γ−α

= 0 (5.9)

The fiber domain is Ωα, s is a position along the fiber face, fiber normal nα, and fiber tangent

vectors, t1α and t2α, respectively. Similarly in two dimensions, debonding along the two faces

of a fiber would typically occur concurrently for a short fiber embedded in a matrix under

the traction conditions. However, the fiber-matrix debonding is likely to initiate at a weak

spot at one face of the fiber. Upon complete debonding at the weak face, the tractions along

the opposing (unbonded) face relax. The third term in the weak form (Eq. 3.8) models the

progressive debonding process between the fiber and the matrix.

The weak form of the governing equation for high aspect ratio fiber composites can be

express as:

∫
Ω

σ : δε dΩ +
n∑

α=1

AfαEf

∫
Ωα

εαf δε
α
f dΩ +

n∑
α=1

∫
Γα

T · δJuK dΓ−
∫

Γt

t̃ · δu dΓ = 0 (5.10)

The domain of the matrix is taken to occupy the entire domain, since the domains of the

fibers are computed are vanishingly small. Therefore, the limits of the integral of the first

term in the weak form is set to Ω.

5.4 Computational Formulation and Implementation

To discretize and evaluate the governing equations, XFEM is employed. The computational

formulation is updated from previous chapters for a 3-D formulation. Much of the formula-

tion is unmodified from 2-D to 3-D, but it is referenced for completeness. The weak form of
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the governing equation (Eq. 5.10) is written in the matrix form as:

∫
Ω

δεTσ dΩ−
∫

Γt

δuT t̃ dΓ +
n∑

α=1

AfαEf

∫
Ωα

εαf δε
α
f dΩ +

n∑
α=1

∫
Γα

δJuKTT dΓ = 0 (5.11)

The Bubnov-Galerkin approach is used to discretize displacement field of Eq. 5.1 and

the discretization of the test function uses the same shape functions as the trial function.

The first term in Eq. 5.11 follows the same approach in two dimensions and is outlined

Section 3.4.

The gradient terms for the gradient vector Be, outlined Section 3.4 are expressed in 3-D

as:

B̂e
a =



N e
a,x 0 0

0 N e
a,y 0

0 0 N e
a,z

N e
a,y N e

a,x 0

0 N e
a,z N e

a,y

N e
a,z 0 N e

a,x


; B̄e

a =



(N e
a ψ

p
α),x 0 0

0 (N e
a ψ

p
α),y 0

0 0 (N e
a ψ

p
α),z

(N e
a ψ

p
α),y (N e

a ψ
p
α),x 0

0 (N e
a ψ

p
α),z (N e

a ψ
p
α),y

(N e
a ψ

p
α),z 0 (N e

a ψ
p
α),x


; (5.12)

B̃e
a =



(N e
a Υp

α),x 0 0

0 (N e
a Υp

α),y 0

0 0 (N e
a Υp

α),z

(N e
a Υp

α),y (N e
a Υp

α),x 0

0 (N e
a Υp

α),z (N e
a Υp

α),y

(N e
a Υp

α),z 0 (N e
a Υp

α),x


(5.13)

The three dimensional external force contribution follows the same procedure as the two

dimensional case, therefore the formulation from Eq. 5.11 is outlined in Section 3.4 and is

presented in Eqs. 3.36-3.39.

The elastic deformation of the fibers are accounted for in the third term in Eq. 5.11. The
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elastic deformation of the two dimensional fiber can be approximated at the center of the

fiber due to the uniform stress across the width of the fiber.

The fiber components that lie in enriched elements are expressed in the integral term as:

∫
Ωα

εαf δε
α
f dΩ =

nαe∑
e=1

∫
Ωeα

εαf δε
α
f dΩ (5.14)

in which, nαe denotes the number of fully enriched elements that contains a part of the fiber,

α. The fiber is assumed to deform uniformly within each element. The axial strain of fiber,

α, can be defined as:

εαf =
[u(xαe2c )− u(xαe1c )] · tαc

lαce
; x ∈ Ωe

α (5.15)

where, the entry and exit positions of the center of the fiber on the enrichment element

are xαe1c and xαe2c ; the length of the fiber segment that lies within the element is denoted as

lαce = ||xαe2c − xαe1c ||; and tαc is the tangent vector on the fiber domain between x1c and x2c.

When the fiber crosses the domain of the element, the fiber entry and exit positions are on

the element faces. If the domain of the fiber ends within the element, the end position of

the fiber segment coincides with the fiber end edge center.

Substituting Eq. 5.15 in the third term in Eq. 5.11 leads to:

AfαEf

∫
Ωeα

εαf δε
α
f dΩ =

AfαEf
lαce

[(u(xαe2c )− u(xαe1c )) · tcα] [(δu(xαe2c )− δu(xαe1c )) · tcα]

= (δûe)T K̆αs
e ûe

(5.16)

The enrichment functions vanish on the domain of the fiber and therefore the stiffness

matrix is nonzero only for the standard degrees of freedom:

K̆α
e =

 K̆αs
e 0

0 0

 (5.17)
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where,

K̆αs
e =

AfαEf
lαce



K̆αs
e,11 K̆αs

e,12 . . . K̆αs
e,1nen

K̆αs
e,21 K̆αs

e,22

...

...
. . .

...

K̆αs
e,nen1 . . . . . . K̆αs

e,nenn
e
n


(5.18)

The individual component of the stiffness matrix is written as:

K̆αs
e,ab = [N e

b (xαe2c )−N e
b (xαe1c )] [N e

a(xαe2c )−N e
a(xαe1c )] (tαc ⊗ tαc) (5.19)

The contribution can be computed using the standard assembly operation:

K̆α =

nαe

A
e=1

K̆α
e (5.20)

The internal contribution from the second term in Eq. 5.11 then becomes:

fαint,2 (U) = K̆αU (5.21)

The progressive debonding between the fiber and the matrix is accounted for in the

fourth component of Eq. 5.11. The progressive debonding is expressed in terms of the jump

enrichment degrees of freedom. For an arbitrary fiber, α:

∫
Γα

(δJuK)T T (JuK) dΓ = (δd̂)T
∫

Γα

(Pα)T T (d̂) dΓ = (δd̂)T fdαint,3(d̂) (5.22)

in which, shape functions for the jump enrichments are included in Pα.:

Pα =
{
Pα

1 , P
α
2 , . . . ,P

α
nαen

}
; Pα

a = NIαa (x) Υp
α (x)


1 0 0

0 1 0

0 0 1

 (5.23)
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A force vector contribution is assembled from the debonding enrichment terms (i.e., VT fαint,3(U)):

fαint,3 =
{
0; 0; fdαint,3

}
(5.24)

where the internal force contribution is only due to the jump degrees of freedom. A sys-

tem of nonlinear equations from equilibrium of the three internal force and external force

contributions is expressed in the form of:

φ (U) = fint (U)− fext = 0 (5.25)

where,

fint (U) = fint,1 +
n∑

α=1

(
fαint,2 + fαint,3

)
(5.26)

The Newton-Raphson method is used to incrementally evaluate the nonlinear system in

Eq. 5.26.

5.4.1 Numerical integration and partially enriched elements

The 3-D numerical integration for elements vary for each type of element. Methods to

integrate enrichment functions in 3-D were investigated in Refs. [8, 59, 82]. In this chapter,

the domain is comprised of hexagonal elements with four different element types: (1) far field

elements; (2) partial enriched elements; (3) fully enriched elements; and (4) fully enriched

elements that also have partial enrichment.

The integration rules for the element types are as follows:

1. Far field elements: Elements that have no enrichment and use standard quadrature

rules with eight integration points in the hexagonal element.

2. Partially enriched elements: Element that includes some nodal enrichment from one or

multiple fiber inclusions but is not fully enriched (i.e. fiber lies in adjacent element).

Since no displacement discontinuity exists, standard integration is employed with eight
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integration points in the hexagonal element. The modified enrichment functions in

Eq. 4.4 and Eq. 4.5 are updated for the new enrichment functions and are used in the

partially enriched elements.

3. Fully enriched elements: Elements that are crossed by one or multiple fibers. The

element takes into consideration position of each of the fibers and the hexagonal domain

is split up into tetrahedral sub domains (see Fig. 5.3) using Delaunay triangulation.

The tetrahedral sub domains are placed such that no sub domain cross the domain of

the fiber and line up with the fiber interface, to ensure that the components of the

enrichment function for the fiber edges and domain level sets, are integrated separately.

For both cases, the tetrahedral sub elements contains 11 integration points and use the

standard Gauss quadrature rules.

4. Fully enriched elements that also have partial enrichment: The elements use the same

element splitting rules as in the full enriched element type, and use higher order inte-

gration rules for each sub element. The element is treated for the full enrichment of

the inclusions in the element as well as for the partial enrichments of the element.

The cohesive interface integration (Eq. 5.22) is performed using two dimensional Gauss

quadrature, independent of the domain discretization. The fiber-matrix interface Γα is split

into smaller planar rectangles along the length lα. Each rectangular segment uses a 4-point

quadrature rule.

5.5 Numerical Examples

In this section, the performance of the XFEM model in evaluating the response of short fiber

reinforced composites in three dimensions is presented with numerical examples. The first

example assesses the accuracy characteristics of a randomly oriented single fiber embedded

for both an elastic matrix with perfect interface cohesion and for a matrix with progressive
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Figure 5.3: Three dimensional visualization of tetrahedral sub elements in an enrichment
element. Thick black line represents the fiber inclusion. Integration points are not shown
for clarity.

debonding on the fiber-matrix interface. The second example investigates the fiber-matrix

debonding and composite stress for a case with two randomly oriented fibers neighboring

each other. The third example illustrates the effect of the rotation of the fiber interface

within the domain in relation to the applied loading. The fourth example evaluates a dense

population of fibers within a domain.

5.5.1 Single fiber inclusion example

The XFEM formulation is verified against the finite element method for a single fiber compos-

ite in this section. The schematic representation of the model problem is shown in Fig. 5.4.

The size of the domain is 4 mm by 4 mm by 4 mm and the length of the fiber is 1mm. The

domain is subjected to uniform displacement controlled tensile loading at the right Y-Z face

and symmetry boundary conditions are imposed on the left, bottom and back faces. The

matrix material is taken to be concrete with the Young’s modulus and Poisson’s ratio of the

matrix being 14 GPa and 0.3, respectively. The fiber is taken to be a high strength carbon

fiber with the Young’s modulus of 207 GPa and width and thickness of 20 µm and 1 µm,

respectively. In this example, the fiber face is placed parallel to the direction of the loading
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Figure 5.4: Geometry and boundary conditions of the single fiber inclusion example.
Tensile loading occurs at the right Y-Z face (shaded area).

in the x direction with the fiber body positioned with angles of 63◦, 106◦ and 32◦, with

respect to the x, y and z axes. In the elastic example, the fiber is fully bonded to the matrix.

No fiber-matrix debonding occurs and the constituents are taken to deform elastically. In

the progressive debonding example, the fiber-matrix debonding can occur.

The progressive debonding at the fiber-matrix interfaces is modeled with a bilinear co-

hesive zone law (outlined in Section 5.3) is employed for both the XFEM and the refer-

ence simulations. The cohesive zone law parameters for this example are based on work

from Nicholas et al. [74]. The peak normal traction and normal cohesive characteristic sep-

aration length are set as 10 MPa and 1 nm respectively. The peak shear traction and shear

cohesive characteristic separation lengths are set to the same as their normal counterparts

for both shear directions. The maximum cohesive separation length is taken as 8 nm both

for normal and shear directions.

The domain is discretized with uniform grids (hexagonal cubes) consisting of 64 elements

up to 32,768 elements with corresponding element sizes of h=1 mm and h=0.125 mm, respec-

tively. The reference model consists of a explicitly modeled fully resolved 3-D solid fiber and

a very fine non-uniform discretization. The fiber domain is modeled using a very fine grid

with the thickness using 3 elements per 1 µm. The reference model discretization resulted
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Figure 5.5: Pointwise error as a function of mesh density for a single fiber inclusion
example: (a) elastic domain; and (b) domain with progressive debonding on the fiber-
matrix interface.

in approximately 550,000 elements.

Figure 5.5 shows the point-wise displacement errors of the XFEM model with respect to

the reference simulation. The point-wise error was computed using the L2-norm for each

case and plotted with respect to element size in the domain. Points A1 and B1 correspond

to the center of the fiber at the left and right edges, respectively. Point C is the upper right

corner on the X-Y plane when Z=0 mm, Point D is the bottom right corner on the X-Y

plane when Z=0 mm, Point E is the upper right corner on the X-Y plane when Z=4 mm,

and Point F is the upper right corner on the X-Y plane when Z=4 mm. The six different

point locations of interest are illustrated in Fig. 5.4.

The errors from the elastic example are shown in Fig. 5.5a. The errors showed monotonic

convergence from the largest mesh size to the smallest mesh size. The left fiber end (A1)

resulted in the largest error in all cases, but was below 1% for the smallest mesh size. Points

C, D, E, and F all had minimal error for all mesh sizes. Figure 5.5b illustrates the point wise

errors corresponding to the single fiber progressive debonding case. Similar to the errors

in the elastic case, the errors showed monotonic convergence from the largest mesh size to

the smallest mesh size, with all errors below 0.25% at the smallest mesh. The largest error

occurred at point A1 for all mesh sizes and the errors at the edge of the domain (C, D, E,
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Figure 5.6: Geometry and boundary conditions of the two fiber inclusion example. Ten-
sile loading occurs at the right Y-Z face (shaded area).

F) were negligible.

5.5.2 Two fiber inclusion example

In this section, a two fiber inclusion example is studied and compared against the direct

finite element method for interfacial debonding and composite stress. Two fibers are placed

neighboring each other in a composite domain subjected to uniform displacement controlled

tensile loading. Fig. 5.6 displays the schematic representation of the two fiber domain. The

domain is modeled as a 4 mm by 4 mm by 4 mm and subject to same loading and boundary

conditions as in the single fiber example in Section 5.5.1. Both of the fibers in the domain

are 1 mm in length and placed at angles of 55◦, 35◦ and 89◦, with respect to the x, y and

z axes for fiber 1 and at angles of 70◦, 140◦ and 123◦, with respect to the x, y and z axes

for fiber 2. In this example, the fibers are modeled with progressive debonding along the

fiber-matrix interfaces. The matrix material properties, fiber material properties and the

cohesive zone law are taken to be the same as in Section 5.5.1. The faces of both of the

fibers lie parallel to the direction of the load.

The two fiber composite domain with the XFEM model is discretized using a mesh size

of h=0.125 mm, resulting in 32,768 elements. The reference simulation, using the direct
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finite element method, consists of approximately 740,000 elements. Similar to the example

Section 5.5.1, the fiber domains are completely resolved with a fine grid of solid elements,

with a thickness using 3 elements per 1 µm and the matrix uses a fine and non-uniform

mesh.

Figure 5.7 displays the magnitude of the displacement jump of the length of both of

the fibers as compared with the reference simulation. For both fibers, the XFEM models

the general shape and magnitude of the displacement jump. The displacement jump for

fiber 1 (Fig. 5.7a), displays approximately the same maximum magnitude over the length

of fiber for the XFEM model as compared to the reference simulation. In both simulations,

the ends of the fiber display a displacement jump. This value is due to the ability for the

debonding at all edges of the fiber. The debonding at each of the fiber tips was slightly

greater than that of the reference simulation. Fig. 5.7b shows the displacement jump across

the fiber length with respect to fiber 2. The shape of the debonding in the XFEM model

does not match exactly to the reference simulation, but does display similar magnitude and

shape. As in the debonding in fiber 1, the ends of the fiber display debonding, in which the

XFEM model was greater than that of the reference simulation. In both cases of fiber 1 and

fiber 2, the magnitude of the displacement jump is controlled by the normal displacement

jump, since in these examples, the face of the fiber is parallel with the direction of loading.

The displacement jump in both fiber 1 and fiber 2 displays partial separation across their

respective lengths. A three dimensional representation of the progressive debonding in the

x, y, and z directions is illustrated in Fig. 5.8, for (a) a planar view in the X-Y plane, (b) a

three dimensional view of the debonding in the domain and (c) a magnified view of the three

dimensional debonding. The debonding is amplified significantly to show the magnitude and

shape of displacement jumps.

An occurrence of error between the XFEM model and the reference simulation observed

in Fig. 5.7 may be attributed to various reasons. In particular, the choice of the debonding

enrichment function was taken as a Heaviside function, which does not represent the value
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Figure 5.7: Magnitude of displacement jump along the fiber length for the two fiber case:
(a) fiber 1; and (b) fiber 2 .
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Figure 5.8: Debonding plots in a 3-D domain for the two fiber case: (a) perspective view;
(b) 3-D view for debonding (magnitude is amplified for visualization purposes); and (c)
magnified view of the 3-D debonding. (Solid straight black line represents each fiber,
solid red line displays the reference model displacement jump and the blue dotted line is
the XFEM model displacement jump.
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of the displacement jump with precision, since as shown in the reference simulations, the

magnitude of the displacement jump drops significantly at the fiber ends. The numerical

integration of the sub domain may also be a contributing issue. Since the fiber face is

significantly smaller than the elements that it lies in, the numerical integration may not be

able to approximate the response accordingly.

The stress in the composite domain is investigated for the two fiber case. Since the fibers

are modeled with high aspect ratios, they do not occupy a significant portion of the domain

and the stress response will be local around the fibers. The stress plots below are taken as

two dimensional view of a plane in the composite domain. The stress shown in all plots are

the normal stresses in the x direction. The color in the plots represents the magnitude of

the stress, with 6 MPa corresponding to red and 0 MPa corresponding to blue.

Fig. 5.9a displays the reference model simulation with a magnified view of the stress

around the fiber. Fig. 5.9b displays the same view for the XFEM model including the

magnified view of the stress around the fiber. The plot is taken at plane when Z=1.75 mm

and depicts the X-Y plane of the composite body. It can be seen in both the reference model

and XFEM model that the majority of the domain does not have much stress deviation and

is approximately 4.2 MPa throughout. When looking at the magnified view of the stress

around the fiber, the XFEM model similarly represents the reference simulation. Higher

stress concentration is depicted in both models at each of the fiber edges (red marks at each

end of the fiber width. Lower stress is shown for both models, near the center of the fiber

(approximately 3 MPa). Stress slightly under 4 MPa is displayed on either side of the fiber

face between the locations of higher stress concentration. There is some difference between

the reference model and the XFEM model for the representation of the stress, but the XFEM

model’s stress approximation is in an acceptable range of deviation.

Fig. 5.10a and Fig. 5.10b display the normal stress in x direction on the X-Y plane when

Z=1.55 mm, for the reference model and XFEM model, respectively. The figure is shown

for a plane across the length of fiber 2. The fiber is depicted as the long black line. As in
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Figure 5.9: Cross sectional plot of the normal stress in the x direction in the composites
over the width of fiber 1. Plot taken in the X-Y plane.: (a) reference simulation with
magnified view of the stress around fiber 1; and (b) XFEM model with magnified view
of the stress around fiber 1.
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Figure 5.10: Cross sectional plot of the normal stress in the x direction in the composites
over the length of fiber 2. Plot taken in the X-Y plane.: (a) reference simulation with
magnified view of the stress around fiber 2; and (b) XFEM model with magnified view
of the stress around fiber 2.
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the stress shown for fiber 1 in Fig. 5.9, the stress deviation around the fiber is local. The

magnified view of both the reference model and XFEM model show slightly lower stress

(yellow in the figure, approximately 4 Mpa) than the remain domain (approximately 4.2

MPa). In both models, the stress is not uniformly distributed around the fiber with perfect

stress contours, but both show the same magnitude of stress and radius of lower stress away

from the fiber body.

The normal stress in the x direction was illustrated in Fig. 5.9 and Fig. 5.10 for two

different cross sections in the composite domain accounting for the response from fiber 1 and

fiber 2. There is some discrepancy between the reference model and the XFEM model. The

error can be attributed to the plotting of the stress in the XFEM model. The stresses are

calculated at each integration point within the domain and plotted. Since the XFEM model

consists of much fewer integration points, particularly around the domain of the fiber, the

stresses may not be able to have as uniform contours as the reference simulations. However,

the stresses are still represented with accuracy around the high aspect ratio fibers within the

domain.

5.5.3 Fiber rotation

In the single fiber example in section 5.5.1, the face of the fiber is parallel to the direction

of the load. The rotation of the fiber face will alter the response of the composite. In this

example, the rotation of the fiber face with respect to the direction of the load is investigated.

The single fiber case discussed in section 5.5.1 is modeled with progressive debonding for

a variety of fiber face angles to evaluate the effect of fiber face angle in the composite. The

same materials parameters, cohesive law and boundary conditions are used in this example

as in the single fiber example. For this example, the XFEM mesh size is set at h=0.125 mm

for all simulations. The fiber is rotated about its center axis for 13 different angles. The

angle is measured at θf=0◦ for fiber face completely parallel to the direction of the load in

the X direction (Fig. 5.11b). θf is rotated every 15◦ until the fiber face is perpendicular to

115



θf

(a) (b)
θfFiber Face Rotation [ °]

-100 -50 0 50 100M
ax

 N
or

m
al

 S
ep

ar
at

io
n 

[m
m

] x 10-6

0

2

4

6

8

Figure 5.11: Fiber rotation response: (a) maximum normal separation as a function of
the fiber face rotation; and (b) fiber face rotation with respect to the center of the fiber.

the direction of the load in both directions.

The maximum normal separation across the fiber interface is reported in Fig. 5.11a, for

angles ranging from -90◦ to 90◦. The maximum normal displacement jump occurred when

the fiber face is parallel to the direction of the load. When the fiber is rotated 15◦ in either

direction, there is a steep drop in maximum normal separation. The maximum normal

separation decreases when the fiber face continues to rotate toward being perpendicular to

the load. When the fiber face is completely perpendicular to the load, there is negligible

normal separation. It can be seen that the direction of the fiber face influences the response

of the fiber-matrix debonding.

5.5.4 Dense fiber domain

This section investigates a three dimensional dense fiber domain with the XFEM approach

for the progressive debonding response. A domain of 4mm by 4mm by 4mm is taken to have

50 randomly oriented fibers in its domain with a mean length of 1 mm (± 0.1 mm), with

a fixed width, as displayed in Fig. 5.12. All 50 fibers are randomly oriented in the domain

as well as their faces being randomly oriented. The random dispersion of fibers results in

multiple elements having mutliple fiber enrichments in them. Fibers do not touch and do

not intersect each other. The mesh size used in this example is h=0.25 mm. It should be
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Figure 5.12: Three dimensional dense fiber domain.

noted that Fig. 5.12 does not display the mesh size used in this example, but uses a much

larger element size for visualization purposes. The boundary conditions, matrix properties,

fiber properties and cohesive law are taken to be the same as in Section 5.5.1

Fig. 5.13 summarizes the maximum separation at the fiber-matrix interface for each of

the fibers. The magnitude range of the maximum separation are categorized in Fig. 5.13a.

There were three fibers that resulted in in a maximum interface separation of less than 2.5e-6

mm. 33 fibers had a maximum separation between 2.5e-6 mm and 5e-6 mm, nine fibers had

a maximum separation between 5e-6 mm and 7.5e-6 mm and 5 fibers resulted in a maximum

separation over 7.5e-6 mm. Fig. 5.13b displays the severity of debonding. The majority of

the fibers in the domain displayed partial separation at their fiber-matrix interface (44 of the

50 fibers). Only two fibers showed no separation and four fibers had complete separation at

the fiber matrix interface.
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Figure 5.13: Summary of displacement jumps for the fibers in the dense fiber domain:
(a) total number of fibers with their respective maximum separation of each displacement
jump; (b) total number of fibers with no separation, partial separation and full separation.
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CHAPTER 6

SUMMARY AND FUTURE WORK

6.1 Conclusions

This dissertation provided a computational framework for the formulation and implemen-

tation of an extended finite element method for random short fiber reinforced composites.

Numerical testing verified and assessed the performance characteristics of the proposed model

against the direct finite element method. The principal achievements of this dissertation are

summarized below.

Chapter 2 provided the formulation and implementation of XFEM for random rigid short

fiber reinforced composite materials. An enrichment function was developed to incorporate

the effect of random fiber inclusions within the XFEM framework and eliminated the need

of using finite element meshes compliant with fiber inclusions. The motion of the fiber

inclusions were modeled by constraining the deformation field along the domain of the fiber

inclusions. Numerical integration procedures were provided for accurate evaluation of the

system response for fiber tips that lay on arbitrary positions within the problem domain and

for the rigid constraint of the fibers. The coupling of the XFEM method along with the

enrichment function and constraint equations formulated the elastic response of short fiber

reinforced composites. The numerical examples verified the performance characteristics of

the XFEM model against the direct finite element method. The XFEM approach accurately

characterizes the elastic response of short fiber reinforced composites without the need for

mesh compliance.

Chapter 3 presented the formulation and implementation of XFEM modeling of progres-

sive failure for random short fiber reinforced composites with material cohesive interfaces.

The fiber inclusions were modeled as elastic objects of zero measure using the XFEM ap-

proach. A debonding enrichment function was developed to idealize the progressive debond-
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ing between the fiber-matrix interfaces with the XFEM framework, to eliminate the need

of using finite element meshes compliant with fiber inclusions. The axial fiber deformation

was modeled through inclusion of stretching strain energy explicitly into the Lagrangian.

With the extension to 3-D in mind, an integral-type nonlocal damage model was used to

describe the progressive cracking in the matrix. Numerical integration procedures were pro-

vided for accurate evaluation of the system response for fibers at random positions within

the problem domain. The performance of the XFEM model was assessed against the direct

finite element method for various fiber configurations in two dimensions. The numerical as-

sessment indicated that the XFEM approach accurately demonstrated the response of short

fiber reinforced composites and the interfacial properties significantly effect the response of

the composite.

Chapter 4 introduced the formulation and implementation of an XFEM model to capture

the interactions between fibers in short fiber reinforced composites. The fiber inclusions were

modeled as elastic objects of zero measure. Inclusion and debonding enrichment functions

were included to model the fibers and the progressive fiber-matrix debonding within the

XFEM framework. Numerical integration procedures were provided for accurate evaluation

of the system response for randomly positioned nearby fibers. The performance of the XFEM

model was assessed against the direct finite element method for various multiple fiber domain

configurations in two dimensions. The approach accurately captures the elastic and progres-

sive debonding interaction behavior between multiple short fibers in reinforced composites.

The ability to include multiple enrichments in the same element provides the capability to

increase fiber density in the composite microstructure without significantly increasing the

base finite element grid density, allowing the capability to simulate microstructures with a

large number of fibers.

Chapter 5 introduced a three dimensional XFEM formulation and implementation for

short fiber reinforced composites. Short fibers were modeled as elastic deformable two di-

mensional planar rectangular inclusions in the XFEM framework. Fiber and debonding
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enrichment functions were presented to approximate the presence of the 2-D fibers in the

3-D domain and to account for the progressive debonding on the fiber-matrix interface. This

chapter provided a modeling approach for high aspect ratio inclusions. The performance of

the XFEM approach was assessed against the direct finite element method for single and two

fibers domain configurations. The XFEM model investigated the influence of the direction

of the fiber face as well as a domain with a dense fiber population.

The present XFEM approach is significantly more computational efficient compared to

a finite element analysis, in which the microstructure is fully resolved as demonstrated in

the numerical examples. The computational efficiency of the present approach remains too

high to be included in a concurrently coupled multiscale simulation, yet presents an efficient

approach for sequential multiscale algorithms, as well as investigations of failure mechanisms

within composite microstructures.

6.2 Future Work

While the XFEM models used in this dissertation work well for the problems analyzed,

several challenges remain in more realistic and complicated applications. As seen in chapter

3 of this dissertation, the interfacial properties between the fibers and the matrix significantly

affects the behavior of the composite. The interfacial properties can alter various mechanical

properties of the composites, including flexural strength and ductility. In this work, the

interface properties were considered along the entire length of the fiber-matrix interface,

in reality there the bond may differ at different locations along the length. Therefore,

spatial variability should be considered to accurately access the interfacial response. These

interfacial properties will be investigated to gain a better understanding on how they can be

optimized for various applications and how they can enhance the behavior of the composite.

The development of problems when fibers come in contact with each other also needs to

be addressed. However, this is a computationally demanding process, since there will be a

significant amount of fibers present in the domain.
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A key feature that needs to be addressed is the modeling of realistic fiber volume fractions

(e.g. 0.5%, 1%, 2%, etc.) of high aspect ratio fibers in a domain in three dimensions in order

to compare and reproduce with experiments. Using high aspect ratio fibers to achieve the

realistic fiber volume fractions produces a significant amount of fibers in the RVE that results

in numerous fibers in close proximity of each other, which may affect the approximation of

the composite. Various approximations and assumptions will need to be addressed in order

to model realistic volume fractions using high aspect ratio fibers with XFEM.

In this work, the material properties were taken as high strength carbon fibers with a

cement matrix and the mechanical response were investigated. The XFEM method and

approach does not have to be limited to this type of material. The approach can be applied

to a variety of different types of composites over a wide range of materials. The response

using different type of composites may have different behavior and should be investigated.
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[69] N. Moës, J. Dolbow, and T. Belytschko. A finite element method for crack growth
without remeshing. Int. J. Numer. Meth. Engng., 46:131–150, 1999.

[70] N. Moes, A. Gravouil, and T. Belytschko. Non-planar 3D crack growth by the extended
finite element and level sets Part I: Mechanical model. Int. J. Numer. Meth. Engng.,
53:2549–2568, 2002.
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