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felicidad que han tráıdo a mi vida.
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CHAPTER I

INTRODUCTION

HISTORY AND CURRENT STATUS OF NEUTRINO OSCILLATION

1.1 The Genesis of the Neutrino

Unlike the discovery of most of the elementary particles, neutrinos were postulated first

and years later discovered. In 1914 when Chadwick discovered the continuous energy spec-

trum of beta rays, he immediately notes discrepancies between the observation and the

theoretical interpretations. Was the continuous spectrum directly due to the primary elec-

trons emitted from the radioactive nucleus or was it to be attributed to secondary processes?

The first hypothesis, which proved to be the correct one, was advocated by C. D. Ellis [1],

the second one by L. Meitner [2]. Meitner appealed to the fact that nuclei possess discrete

energy states, as was known from alpha and gamma rays. She focused attention on the dis-

crete energies of electrons, which had also been observed for many beta-radioactive nuclei.

Ellis interpreted the observation to electrons being ejected from the outer shells by inner

conversion of monochromatic nuclear gamma rays and assigned them to the observed X-ray

lines. According to Meitner’s theory, however, at least one of the electrons of discrete en-

ergy should be a genuine primary electron from the nucleus, which, in a secondary process,

could then emit from the outer shells more electrons with smaller energies. However, this

postulated primary electron of discrete energy was never detected. Moreover, there are beta-

radioactive nuclei, that do not emit gamma rays and for which the electrons with discrete

energies were missing altogether.

To explain this missing energy there seemed to be two possibilities: either a non-conservation

of energy or an additional undetectable new particle was being emitted. On December 4 1930

in a famous letter, W. Pauli wrote:

Dear Radioactive Ladies and Gentlemen,

As the bearer of these lines, to whom I graciously ask you to listen, will explain to you in

1



more detail, how because of the wrong statistics of the N and 6Li nuclei and the continuous

beta spectrum, I have hit upon a desperate remedy to save the exchange theorem of statistics

and the law of conservation of energy. Namely, the possibility that there could exist in the

nuclei electrically neutral particles, that I wish to call neutrons , which have spin 1/2 and

obey the exclusion principle and which further differ from light quanta in that they do not

travel with the velocity of light. The mass of the neutrons should be of the same order of

magnitude as the electron mass and in any event not larger than 0.01 proton masses. The

continuous beta spectrum would then become understandable by the assumption that in

beta decay a neutron is emitted in addition to the electron such that the sum of the energies

of the neutron and the electron is constant... I agree that my remedy could seem incredible

because one should have seen those neutrons very earlier if they really exist. But only the

one who dare can win and the difficult situation, due to the continuous structure of the

beta spectrum, is lighted by a remark of my honored predecessor, Mr Debye, who told me

recently in Brussels: Oh, Its well better not to think to this at all, like new taxes. From now

on, every solution to the issue must be discussed. Thus, dear radioactive people, look and

judge. Unfortunately, I cannot appear in Tubingen personally since I am indispensable here

in Zurich because of a ball on the night of 6/7 December. With my best regards to you, and

also to Mr Back. Your humble servant. W. Pauli

In summary, his solution to the problem: a new spin 1/2 particle produced together with

the electrons and or positron but undetectable. This explains the continuous spectrum; the

positron and the neutrino share energy in a way that the sum of both corresponds to the

total transition energy. A few years later the neutron was discovered. This led E. Fermi

to develop a phenomenological theory of β decay [3], he would name Pauli’s particle the

NEUTRINO meaning little neutral object. About 20 years later, in 1953 the discovery of

this undetectable particle occurred, at the Hanford reactor. Cowan and Reines [4] using a

water tank surrounded by two liquid scintillators, detected a rather small signal. In 1956

the same experiment was repeated at the Savannah River reactor, finally providing sufficient

evidence to clearly demonstrate the existence of neutrinos.
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Years after the discovery of the electron neutrino, in 1959, Bruno Pontecorvo postulated the

existence of muon neutrinos (νµ) different from the neutrinos emitted in the β-decay of nuclei

(νe). Leon Lederman, Jack Steinberger and Melvin Schwartz [5] discovered muon neutrinos

in 1962 by detecting muons from:

νµ + N → µ− + X.

Their discovery was awarded the Nobel Prize in 1988. A third family of neutrinos was

predicted when the tau lepton (τ ) was discovered in 1975 [6]. This implied the existence

of the tau neutrino (ντ ). The discovery of the tau neutrino occurred at Fermi National

Accelerator Laboratory in 2000 [7]. The discovery of the neutrinos from outer space followed

the prediction of the three generations of neutrinos. In 1968, the neutrinos from the Sun were

observed by Ray Davis and his collaboration [8]. Neutrinos from the supernova explosion

SN1987a were observed by the Kamiokande [9, 10], IMB [11, 12] and Baksan [13] experiments

in 1987. Raymond Davis Jr. and Masatoshi Koshiba were awarded the Nobel Prize in 2002

for their discovery of extra terrestrial neutrinos.

1.1.1 Some Neutrino Properties

The neutrino is now known to be one of the fundamental particles belonging to the lepton

family. It has quantum spin number 1/2, negligible mass compared to the other elementary

particles, hence negligible gravitational interactions, no electromagnetic charge, hence no

Coulomb interactions, nor does it have any baryonic charge, hence no strong interactions.

It couples with other particles only via the weak interaction. There are three known types,

or flavors, of neutrinos that are each associated with a corresponding member of the lep-

ton family: an electron neutrino, a muon neutrino, and a tau neutrino, each one having its

own antiparticle. As a lepton, it has a particular lepton number that is conserved in weak

interactions. Electrons (positrons) and electron (anti)neutrinos have electron flavor number

Le = +1(−1). For all other leptons Le = 0. Muons and taus and their neutrino counter-

parts have similar values for Lµ and Lτ . In addition to the lepton number conservation,

experiments also demonstrate flavor conservation, a property that is built into the standard

model of the electroweak interaction.
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A very important property of the neutrino that has only recently been discovered is their

mass. We now know neutrinos are massive particles. Of the three types of neutrinos, physi-

cists now believe that at least two have non-zero masses, though there are still open questions

to be answered regarding exactly what is the value of their mass. β-decay experiments that

observe the distortion of the energy spectrum due to having a non-zero neutrino mass limit

the electron neutrino mass to be less than 2.8 eV/c2 [14]. Other decay-type experiments

constrain the mass of a muon neutrino to less than 170 keV/c2 [15] and the mass of the tau

neutrino to be less than 15.5 MeV/c2 [16] . Cosmological results also put a limit on the sum

of the three neutrino masses. The effect of massive neutrinos on structure formation only

applies to the scales below the free-streaming length. For neutrinos with masses of several

eV the free-streaming scale is smaller than the scales which can be probed using present

CMB data and therefore there is no observable suppression. On the other hand, neutrinos

of sub-eV mass behave almost like a relativistic neutrino species for CMB considerations.

The main effect of a small neutrino mass on the CMB is that it leads to an enhanced early

ISW effect. The reason is that the ratio of radiation to matter at recombination becomes

larger because a sub-eV neutrino is still relativistic or semi-relativistic at recombination.

The Wilkinson Microwave Anisotropy Probe limits the sum of the masses at 95% CL. to

mν < 0.42 eV [17] .

1.1.2 Where do neutrinos come from?

On average, about ten trillion neutrinos per second pass through a cubic centimeter on

Earth, These come from a number of different sources [18]. Local sources include nuclear

accelerators that produce neutrinos for physics experiments. Nuclear reactors are another

terrestrial source of neutrinos which are a product of the fission process. Some reactors

produce over 1020 neutrinos per second. Nuclear bombs also produce neutrinos and were

once considered for a detector experiment (but were never used as a source). At the surface

of the Earth there is a flux of 6 × 106cm−2s−1 geological neutrinos from natural radioactive

sources, mainly 238U and 232Th decay chains [19]. Within the galaxy, a star (like the sun)

produces a large number ( 6.5 × 1014m−2s−1) of neutrinos in fusion processes. The universe

is believe to have relic neutrinos left over from the formation of the universe just after the
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Figure 1: Elementary particles in the Standard model.

Big Bang.

1.2 Neutrino Properties and the Standard Model

Elementary particles are classified in two groups: fermions and bosons. Among fermions,

we find quarks and leptons, which exist in different generations or flavors. Bosons act as

mediators for the strong, electromagnetic, and weak interactions. Figure 1 shows a schematic

view of the elementary particles in the Standard model. Neutrinos, as part of the fermion

family, come in three flavors : νe, νµ and ντ and are paired with their corresponding charged
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Figure 2: Feymam diagrams for weak interactions.

lepton, the electron, the muon, and the tau. Experiments measuring the decay of the Z

boson [20] indicated the existence of three light neutrino flavors. Neutrinos are electrically

neutral and colorless, no electric or magnetic dipole moments have yet been measured. This

is important in astrophysics because neutrinos then travel in straight lines from the point

of origin without bending by galactic magnetic fields. They interact only through the weak

force. The weak interaction can occur in two different ways: charged current (CC) and

neutral current (NC) interactions. The force mediators for CC and NC interactions are the

charged W± and neutral Z bosons, respectively. Figure 2 shows example Feynman diagrams

for the CC and NC interactions.

Neutrinos are spin half particles which may be described by a four component wave function

Ψ(x) which obeys the Dirac equation. The components of Ψ(x) correspond to the two pos-

sible spin projections or two different helicities. Experimentally only left-handed neutrinos

and right-handed anti neutrinos have been observed. In the theory of weak interactions,

the weak force only couples to negative helicity (left-handed) neutrinos and positive helicity

(right-handed) anti-neutrinos. The weak interaction was unified with the electromagnetic

interaction into the minimal standard model by Weinberg, Glashow [21] and Salam [22].

Analogous to QED’s exchange of photons, the weak interaction is mediated by the exchange

of massive vector bosons, W± and Z0. The large mass accounts for the short range of the
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force. The weak current takes the form of

αΨγµ(1 − γ5)Ψ . (1)

The (1−γ5)
2

serves as a projection operator for the left handed chirality states of Ψ. The

presence of the left handed projection in the weak Lagrangian means that right-handed neu-

trinos do not enter into the theory. This mirrors the state of the experimental reality in

which a right handed neutrino has never been observed. Lepton number conservation and

flavor conservation is assumed by the Standard Model as violations of these laws had not

been observed, for example the reaction µ → eγ has been searched for and not observed.

This conservation law was a near article of faith for most physicists. This faith was mis-

placed. Lepton flavor number conservation is not demanded by a fundamental symmetry in

the same way that, for example, electron charge conservation is. Many grand unified theories

and extensions to the standard model naturally allow violation of lepton or flavor number.

The assumption of lepton flavor conservation along with the lack of right handed neutrinos

in the minimal standard model leads to a massless neutrino.

There is now, however, substantial experimental evidence to believe that neutrinos are not

massless particles. This comes from the neutrino oscillation experiments. Oscillation is the

changing of a neutrino type as it travels through space or matter. This can occur only if the

neutrino possesses mass. This will be examined in the next section.

1.3 Neutrino Oscillations

In the case of non-zero neutrino mass and neutrino oscillation, the flavor eigenstates and

the mass eigenstates are not the same. Actually, it is well known that in the quark sector both

type of states are connected by a unitary matrix (the CKM matrix). Having the neutrinos

produced in a state that is not a mass eigenstate leads to the phenomenon of neutrino

oscillation. This oscillatory behavior is not present in any other group of particles. Neutrino

oscillations are described by quantum mechanics; the oscillations occur among the different

neutrino flavors and do not conserve individual lepton number. The flavor eigenstates να are
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related to the mass eigenstates νi via a unitary matrix U :

|να〉 = Uαj|νj〉 . (2)

The mass eigenstates show a time dependence according to

|νj(x, t)〉 = e−iEjt|νj(x, 0)〉 . (3)

and assuming neutrinos emitted with momentum p at position x = 0

|νj(x, 0)〉 = eipx|νj〉 . (4)

In the ultra-relativistic limit, v ∼ c we may use

Ej = (p2 + m2
j)

1

2 ≃ p +
m2

j

2p
. (5)

Therefore, a neutrino with flavor |να〉, emitted at t = 0, develops with time into a state

|να(x, t)〉 =
∑

j=1

Uαje
−iEjt|νj(x, 0)〉 =

∑

j=1

UαjU
∗

βje
ipxe−iEjt|νβ〉 . (6)

The transition amplitude for flavor conversion is given by

A(να 7→ νβ) = 〈να|νβ(x, t)〉 =
∑

j=1

UαjU
∗

βje
ipxe−iEjt . (7)

Given the smallness of the mass of the neutrino x = L = t in Eq. 6, which gives

A(να 7→ νβ) = 〈να|νβ(x, t)〉 =
∑

j=1

UαjU
∗

βj exp

(

−i
m2

jL

2E

)

. (8)

The transition probability can be obtained from the transition amplitude:

P (να 7→ νβ) = |A(να 7→ νβ)|2 (9)

=
∑

j=1

|UαjU
∗

βj|2 + 2
∑

i>j=1

ℜ
(

UαiU
∗

αjUβiU
∗

βj exp

(

−i
∆m2

ijL

2E

))

. (10)

with ∆m2 = m2
i − m2

j . If CP invariance is assumed (Uβj real) then Eq. 10 becomes

P (να 7→ νβ) = δα,β − 4
∑

i>j

UαiUαjUβiUβj sin2

(

∆m2
ijL

4E

)

. (11)

As can be seen from this equation, oscillatory behavior exists as long as at least one neutrino

mass eigenstate is different from the others. In addition, the observation of oscillations

implies nothing about the absolute value of the masses; oscillations are only sensitive to

∆m2
ij. Note that the dependence of the oscillation probability is on L/E.
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1.3.1 Two flavor neutrino oscillation

To simplify the algebra, we will restrict our description to 2 flavors. In this case the

transformation between mass eigenstates and flavor eigenstates is given by (taking the two

flavor states to be νe and νµ)





νe

νµ



 =





cos θ sin θ

− sin θ cos θ









ν1

ν2



 . (12)

Using Eq. 11, the corresponding transition probability becomes

P (νe 7→ νµ) = sin2 2θ sin2

(

∆m2L

4E

)

. (13)

This formula again explicitly shows that oscillations only occur if both θ and ∆m2 are non

zero. The phase factor in Eq. 11 can be written as

∆m2
ijL

2~cE
= 2.534

∆m2
ij(eV

2)L(km)

E(GeV )
. (14)

Then the oscillatory term can be expressed as

sin2

(

∆m2L

4E

)

= sin2 π
L

Lo

, (15)

with

Lo = 4π~
E

∆m2
. (16)

In the last equation, Lo represents the oscillation length corresponding to a full cycle. The

mass square difference ∆m2 influences the oscillatory length while the mixing angle deter-

mines the amplitude of the oscillation. Both unknown parameters have to be determined

experimentally.

1.3.2 Three flavor neutrino oscillation

The three flavor oscillation formulas corresponding to Eq. 13 are quite long and com-

plicated. It is customary to approximate them, as we shall describe later. An important

feature of this work is that we do not approximate these. Eq. 11 is exact and computation-

ally simple, where now the sum on i and j runs from 1 to 3. For no CP violation, Uαi is real

and given by,
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U =











1 0 0

0 c23 s23

0 −s23 c23





















c13 0 s13e
−iδ

0 1 0

−s13e
iδ 0 c13





















c12 s12 0

−s12 c12 0

0 0 1











(17)

=











c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13











(18)

where cij ≡ cos θij, sij ≡ sin θij. Notice there are now three mixing angles, θ12, θ23 and θ13.

In general, for N neutrino flavors the number of mixing angles is determined by the number

of different plane rotations that exist in N dimensions which is given by N(N −1)/2. For the

mass square differences, ∆m2
ij only the magnitude enters in vacuum and there are only two

independent differences. In matter the sign of ∆m2
ij makes a difference, as we will explain

later.

1.3.3 Some experimental aspects

Neutrino oscillation experiments can be performed in two different ways; appearance or

disappearance mode. In the first case, one searches for possible new flavors which do not

exist in the original beam. In the latter case, one explores whether less than the expected

number of neutrinos produced with a given flavor arrive at the detector.

1.3.4 Neutrino Oscillations in Matter

Neutrinos can experience interactions when they propagate through matter. This effect

was first proposed by S. P. Mikheyev, A. Yu. Smirnov [23]and L.Wolfenstein [24]; it is often

called the MSW effect. Electron neutrinos propagating through matter receive a potential

energy of Ve through the charged current interaction with electrons in matter:

Ve =
√

2GF Ne (19)

, where GF is the Fermi coupling constant, Ne is the electron density in matter. Here, some

of the most important aspects of the propagation of neutrinos in matter, will be shown. For
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simplicity only two flavor oscillations will be discussed. The mass eigenstates in vacuum are

no longer eigenstates in matter. This brings the necessity of defining a new set of oscillation

parameters in matter, for example θm, ∆m2
m and Lm. These new parameters are related to

those in vacuum by the following expressions.

sin2 2θm =
sin2 2θv

sin2 2θv + ( A
∆m2 − cos 2θv)2

. (20)

∆m2
m = ∆m2

√

sin2 2θv + (
A

∆m2
− cos 2θv)2 . (21)

We can write the oscillation probability in matter analogously to the vacuum case

Pm(νe 7→ νµ) = sin2 2θm sin2

(

∆m2
mL

4E

)

. (22)

and the corresponding oscillation length in matter

Lm =
Lo

√

sin2 2θv + ( A
∆m2 − cos 2θv)2

. (23)

where θv is the mixing angle in vacuum and A = 2
√

2GF ENe. In Eqs 20, 21 and 23 we can

observe that for A → 0, it follows that θm → θv, ∆m2
m → ∆m2 and Lm → Lo. It is important

to mention that the sing of the parameter A is different for neutrinos and anti-neutrinos,

this difference could have more implications if we account for the sign of ∆m2, which is the

term sensitive to the mass hierarchy. From these expressions we observe that the probability

of flavor transitions may be either enhanced or suppressed in a way which depends on the

density of matter traversed (and on the vacuum oscillation parameters). This will be of high

relevance when studying neutrinos propagating through the Sun. Moreover this effect will

be relevant in very long baseline neutrino experiments on Earth.

1.4 Neutrino Experiments

Neutrino oscillations experiments can be performed with various neutrino sources which

can include man made sources or natural sources:

• Man made sources:

1. Neutrinos from nuclear reactors
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ν source Eν(MeV ) L (m) ∆m2(eV 2)
Reactor 1 102 10−5

Meson Factory 40 102 10−1-1
Accelerator 103 102 10−2

Solar 0.1 - 10 1011 10−10 − 10−4

Atmospheric 103 − 106 104 − 107 10−4 - 1

Table 1: Sensitivity of various neutrino experiments to neutrino oscillations

2. Low energy neutrinos from accelerators at meson factories

3. High energy neutrinos from accelerators

• Natural sources:

1. Neutrinos generated inside the sun by nuclear fusion.

2. Neutrinos generated from interactions of cosmic-rays with the atmosphere.

These neutrino sources are summarized qualitatively in Table 1, where the range of en-

ergy and the typical observation distances L are given along with the typical mass squared

difference ∆m2 to which they are sensitive.

1.4.1 Reactor Experiments

Nuclear reactors produce electron anti-neutrinos by nuclear fission of 235U, 238U, 239Pu

and 241Pu with an average energy of 3 MeV. Reactor neutrino experiments measure electron

anti-neutrinos produced in the core of nuclear reactors. The signal for νe is the reaction

νe + p → e+ + n. Experiments that have produced results are Gosgen [25], Bugey [26],

CHOOZ [27] and Kamland [28]. The positron spectrum from the reaction νe + p → e+ + n

has been measured at L = 37.9m from the core of the Gosgen power reactor to search for

neutrino oscillations of the type νe → νx in the low ∆m2 parameter range. The results were

consistent with the no oscillation hypothesis. Upper limits of ∆m2 < 0.016 eV 2 (90% CL)

for full mixing, and sin2 2θ < 0.17 (90% CL) in the limit of large ∆m2 were obtained. The

ratio of the integrated experimental yield to that predicted for the case of no oscillations was
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1.05 ± 0.02(stat) ± 0.05(syst) (68% CL) in the Gosgen experiment.

Bugey, using detection modules filled with 6Li-loaded liquid scintillator reported high statis-

tics measurement of the neutrino energy spectra carried out at 15, 40 and 95 meters distance

from a 2800 Megawatt reactor. No oscillations were observed. Exclusion zones for oscillation

parameters are deduced from the observed consistency of the spectra at the three distances.

The minimum excluded values of ∆m2 and sin2 2θ parameters are 1×10−2 eV 2 and 2×10−2

(at 90% CL),respectively.

The CHOOZ experiment is a long-baseline reactor experiment, the electron anti neutrinos

from the two reactors were detected by a liquid scintillation calorimeter located at a distance

of about 1 km. The detector was constructed in a tunnel protected from cosmic-rays. From

the statistical agreement between detected and expected neutrino event rates, the CHOOZ

experiment finds (at 90% CL) no evidence for neutrino oscillations in the disappearance

mode for the parameter region given approximately by ∆m2 > 0.9× 10−3eV 2 for maximum

mixing and sin2 2θ > 0.18 for large ∆m2.

The Kamland experiment consist of an ultra pure liquid scintillator, and is sensitive to the

power reactors throughout Japan. Most of the νe flux incident at Kamland is produced

by power plants located at an average distance of 180 km from the detector. This distance

provides the experiment with the sensitivity to probe the ∆m2 associated with MSW induced

oscillations in the sun. A two flavor analysis is reported giving the best fit values of ∆m2 =

7.59+0.21
−0.21 × 10−5eV 2 and tan2 θ = 0.47

1.4.2 Meson Factory Experiments

The meson factory experiments use low energy neutrinos (several tens of MeV) which

are generated by the decay of stopped π mesons. The existing experiments of this type are

KARMEN [29], and LSND[30].

KARMEN is situated at the beam stop neutrino source at ISIS. It provides neutrinos from

π+ → µ+ decay at rest. The oscillation channels νµ → νe and νµ → νe are investigated
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with a 56 t liquid scintillation calorimeter at a mean distance of 17.6 m from the source. No

evidence for oscillations was found with KARMEN, resulting in 90% CL exclusion limits of

sin2 2θ < 8.5 × 10−3 (νµ → νe) and sin2 2θ < 4 × 10−2 ( νµ → νe) for ∆m2 > 1.0 eV 2.

LSND carried out at the Los Alamos Meson Factory searched for νµ → νe oscillations by

using νµ from µ decay. The distance from the LSND detector to the neutrino source is

30 m. The νe are detected via the reaction νe + p → e+ + n. The use of tight cuts to

identify e events with correlated γ rays yielded 87.9 events with e+ energies between 36 and

60 MeV. If attributed to νµ → νe oscillations, this corresponds to an oscillation probability

of 0.26 ± 0.067 ± 0.045% indicating that neutrino oscillations occur in the ∆m2 range of

0.2-10 eV2. A combined likelihood analysis of KARMEN+LSND [31] demonstrates that

the different L values allow the two results - KARMEN and LSND - to be consistent with

neutrino oscillations for ∆m2 < 2.0MeV2.

1.4.3 High Energy Accelerator Experiments

High energy accelerator experiments use high energy neutrinos (several GeV) which are

generated by high energy π K mesons in flight decays. These high energy mesons are pro-

duced by high energy proton beams focused on a fixed target. The energy range of these

neutrinos is between 0.1 GeV and 100 GeV, and the flight length varies from 0.1 km to 735

km. FNAL [32], CHORUS [33], NOMAD [34] searched for ντ appearance, while CDHSW [35]

searched for νµ disappearance. No oscillation signal was observed from these experiments.

The K2K [36] long baseline neutrino oscillation experiment searched for νµ disappearance in

the same region of ∆m2 as explored by atmospheric neutrinos. The beam consists of 98%

muon neutrinos with a mean energy of 1.3 GeV. The neutrino beam is monitored by a near

detector before propagating to a distant far detector. Information on neutrino oscillations

is obtained by comparing the near detector data with the neutrino beam observed by the

far detector which is the Super Kamiokande detector located at a distance of 250 km. The

K2K collaboration reported that 108 events have been observed, whereas 150 were expected

assuming no oscillations. The oscillation analysis based on the energy spectrum gives the

best fit point in the allowed region as (sin2 2θ, ∆m2) = (1.0, 2.8×10−3eV 2). The MINOS ex-
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periment is another long baseline experiment, very similar to K2K. The MINOS experiment

[37]uses a neutrino beam created at the Fermi Laboratory and two detectors separated by a

distance of 735 km. The experimental data reported by this experiment is consistent with

those results obtained by SK atmospheric and K2K, with a best fit point for the oscillation

parameters located at (∆m2, sin2 2θ) = (2.42 × 10−3eV 2, 1.0).

1.4.4 Solar Neutrino Experiments

Electron neutrinos are produced in nuclear reactions in the core of the Sun; the energy of

these neutrinos goes from 0.1 Mev up to 15 Mev. Observations of solar neutrinos reported

a number of neutrino events significantly smaller than expected. This is often call the solar

neutrino problem. The Homestake [38] experiment was the first experiment which observed

neutrinos from the sun using the interaction νe + Cl13 → e− + Ar37. Kamiokande [39]

was the second experiment to detect solar neutrinos, it used a water Cherenkov detector.

SAGE [40] and GALLEX [41] experiments also detected neutrinos using νe + Ga71 → e− +

Ge71. Since 1996 Super-Kamiokande [42] has observed solar neutrinos detected by elastic

scattering interactions. In 1999 the SNO [43] experiment, a Cherenkov detector using heavy

water started observations. It detects charge current interaction νe + d → p + p + e−, elastic

scattering interaction νx +e− → νx +e− and neutral current interactions νx +d → p+n+νx.

SNO reported that the “solar neutrino problem ”was definitely a disappearance of electron

neutrinos. A combination of the charge current , neutral current and elastic scattering gives

the total number of neutrinos which is consistent with the solar model, while the relevant

combination gives the number of νe neutrinos arriving at the Earth to be about a third of

the total emitted by the Sun.

1.4.5 Atmospheric Neutrinos

Atmospheric Neutrinos are produced in the decay of mesons and muons created by the

interaction of cosmic rays with the atmosphere. The study of these neutrinos revealed

evidence for neutrino oscillations. Underground neutrino experiments have been able to

detect atmospheric neutrinos. With these experiments one can measure µ and e neutrino
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events produced by νµ and νe charge current interactions. Among all these experiments

NUSEX [44], FREJUS [45] observed data that was consistent with the expectations; however

Kamiokande [46], SOUDAN [47] and IMB [11] reported a signal which was significantly

smaller than the expected. This is know as the “Atmospheric Neutrino Anomaly ”. In 1996

the Super Kamiokande [48] experiment started; they reported a deficit in the νµ channel, a

result consistent with νµ → ντ oscillations. Years later the Super Kamiokande collaboration

confirmed that the atmospheric neutrino data showed an L/E dependence consistent with

neutrino oscillation. Among all the experiments studying neutrino from the atmosphere, the

Super Kamiokande experiment is the one that contributes the most to the determination

of the neutrino oscillation parameters. The properties of this experiment make possible

the study of neutrinos coming from different distances as well as studying neutrinos with

different energies. It also detects neutrinos of different flavors, electron neutrinos and muon

neutrinos.

1.5 Current Status

The current experimental picture for the three neutrino oscillation signal indications can

be summarized:

• For the atmospheric neutrino parameter space: evidence from Super Kamiokande is

very strong for νµ → νx with small νe oscillations. The oscillation parameters have

been independently confirmed using the K2K and MINOS beam of ∼1 GeV νµ’s. The

present best fit values (∆m2, sin2 2θ) are (2.5 × 10−3eV 2, 1.0)

• For the solar neutrino parameter space (νe → νx), the solar neutrino problem is now

solved. While Super-K data favored large mixing via day/night and spectral measure-

ments, SNO’s D2O-based NC and CC measurements have definitively confirmed that

solar neutrinos are oscillating, and have reduced the allowed parameter space to the

large mixing angle region using day/night and spectral measurements. More impor-

tantly, the KamLAND experiment has confirmed the solar solution using reactor ν̄e’s.

The best fit parameters for solar neutrinos are (∆m2, sin2 θ) are (7.9 × 10−5eV 2, 0.30)
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• The LSND indication of ν̄µ → ν̄e still stands; KARMEN does not rule out all of LSND’s

allowed parameters. The next experiment to investigate the LSND parameter space is

MiniBooNE (Booster Neutrino Experiment.) This looks at ∼ 1 GeV neutrinos from

the 8 GeV booster at Fermilab, at a baseline of about 500 m (with a second experiment

planned at longer baseline if an oscillation signal is seen.) This experiment is primarily

designed to test νµ → νe at about the same L/E as LSND. Since the neutrino energy

is higher, and the backgrounds are different, systematic will presumably be different

from those at LSND. MiniBooNE expects to cover all of LSND parameter space. The

MiniBooNE Collaboration [49] reported the results of a search for νe appearance and

found no excess of events for neutrinos with energy higher than 475 MeV. This is

consistent with no neutrino oscillation in the framework of two neutrino oscillations

model, a result that does not confirm the LSND mass prediction.

1.5.1 Non-Oscillation Neutrino Experiments

So far this review has focused on neutrino oscillation studies. However, oscillation physics

hardly comprises all of neutrino physics. Perhaps the two most compelling experimental

questions that cannot be answered by oscillation experiments are:

• What is the absolute mass scale? This question is fundamental, and additionally has

profound consequences for cosmology.

• Are neutrinos Majorana or Dirac? In other words, are they their own antiparticles, de-

scribed by a two-component spinor, or described by a 4-component Dirac spinor? The

answer to this question has tremendous implications for the construction of the theory

describing neutrino masses. For instance, the “see-saw” mechanisms for neutrino mass

generation [50] require the neutrino to be Majorana.

In the following I will very briefly review experiments which aim to answer some, or both,

of these questions.

• Kinematic Neutrino Mass Experiments.

17



As noted above, neutrino oscillation measurements say nothing about the absolute

masses of the mass states or the average masses of the flavor states. The idea behind

kinematic neutrino mass searches is simple: look for missing energy. The traditional

tritium beta decay spectrum endpoint experiments now have limits for absolute the

ν̄e mass from the Mainz and Troitsk experiments of ≤ 3 eV [51], and there are some

prospects for improvement down to the sub-eV level by the Katrin[52] experiment.

Some new techniques are also under consideration [53]. The νµ and ντ mass limits are

currently 190 keV [54] and 15.5 MeV [55] respectively; however improving these direct

νµ and ντ mass measurements seems less compelling if information about differences

between the mass states is available from oscillation experiments.

• Double Beta Decay

Another way of getting at absolute neutrino mass and determine that the neutrino is

Majorana, is to discover neutrino less double beta decay, (N,Z) → (N − 2, Z + 2) +

e− + e−. Such a decay is only possible if the neutrino has mass, and is Majorana.

The current 90% confidence level lowest mass limits from non-observation of double

beta decay are 〈mν〉 = |ΣU2
1jmνj| < 0.35 eV [51, 56] The current best limits are from

76Ge experiments. Many new double beta decay search experiments are planned and

under construction, some employing novel techniques. It appears challenging but not

impossible to push the limits down to ∼0.02 eV [57].
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CHAPTER II

ATMOSPHERIC NEUTRINOS

2.1 Cosmic Rays

In 1912, Victor Hess [58] used a device to measure the rate of ion production inside

a hermetically sealed container to an altitude of 5300 meters in a free balloon flight. He

found the ionization rate increased approximately four fold over the rate at ground level.

He concluded “The results of my observation are best explained by the assumption that a

radiation of very great penetrating power enters our atmosphere from above ”. In 1913-14,

Werner Kolhörster confirmed Victor Hess’ results by measuring the increased ionization rate

at an altitude of 9 km. Hess received the Nobel Prize in Physics in 1936 for his discovery

of what came to be called “cosmic rays”. Cosmic rays are very energetic particles coming

from the outer space and colliding with the Earth’s atmosphere. They come from different

sources such as the Sun, neutron stars, supernovae, black holes, etc. There exist two types

of cosmic rays, primary and secondary. The primary cosmic rays are the ones that arise

from astrophysical sources. The primary cosmic rays generally do not make it through

the earth’s atmosphere, and hence constitute only a small fraction of what is measured by

particle detectors at the earth’s surface. What is measured, however, are the results of

interactions of the primary cosmic rays with the upper atmosphere. These remnants are

termed “secondary”cosmic rays.

Approximately 90% of all cosmic rays are protons, about 9% are helium nuclei (alpha parti-

cles) and about 1% are electrons. The remaining small fraction is made up of heavier nuclei

which are abundant end products of nuclear synthesis in stars.

Cosmic rays [60] can have energies of over 1020 eV, far higher than the 1012 to 1013 eV

that man-made particle accelerators can produce. Figure 3 pictures the energy spectrum of

cosmic rays. The flux of cosmic rays hitting the Earth’s atmosphere is affected by different

processes; the Earth’s magnetic field and the solar wind.

• The Earth’s magnetic field deflects some of the cosmic rays, which is confirmed by
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Figure 3: Cosmic Ray Spectrum from [59]
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the fact that the intensity of cosmic radiation is dependent on latitude, longitude and

azimuthal angle. The cosmic flux depends on the eastern or western directions due

to the polarity of the Earths geomagnetic field and the positive charge dominance in

primary cosmic rays; this is termed the east-west effect. The cosmic ray intensity at

the equator is lower than at the poles as the geomagnetic cutoff value is greatest at the

equator. This can be understood by the fact that charged particles tend to move in

the direction of field lines and not across them. This is the reason the Aurorae occurs

at the poles, since the field lines curve down towards the Earths surface there. Finally,

the longitude dependence arises from the fact that the geomagnetic dipole axis is not

parallel to the Earths rotation axis.

• Cosmic rays are affected by the variations in the solar magnetic field, which is mod-

ulated by the solar wind, given that the amount of solar wind is not constant due to

changes in solar activity over its regular eleven-year cycle. Therefore the cosmic ray

flux varies in auto correlation with solar activity.

When cosmic ray particles enter the Earth’s atmosphere they collide with molecules, mainly

oxygen and nitrogen, to produce a cascade of lighter particles, a so called air shower. The

general idea is shown in figure 4 which shows a cosmic ray shower produced by a high energy

proton striking an atmospheric molecule.

2.2 Neutrino Fluxes

Atmospheric neutrinos are produced [61] in the collision of primary cosmic rays with

the air in the upper atmosphere. The atmosphere acts as a shield against cosmic rays, and

therefore most of the incoming cosmic rays never reach the surface of the Earth. When

primary cosmic rays collide in the atmosphere they produce secondary particles, pions and

some kaons which later will decay and produce neutrinos.

21



Figure 4: Interaction with the Earth’s atmosphere

The main decay chain for neutrino production is

π+ −→ µ+ + νµ

−→ e+ + νe + νµ

π− −→ µ− + νµ

−→ e+ + νe + νµ.

Note two muon and one electron neutrinos are produced by the above decay chain. Thus

the neutrino flux ratio (νµ + νµ)/(νe + νe) is expected to be TWO for low energies. For

high energies, this ratio increases because the high energy muons reach the ground without

decaying and therefore the relative number of electron neutrinos decreases. The distance

traveled by atmospheric neutrinos to an underground detector varies from 15 km to 13,000

km depending on their production location as shown in Figure 5. The neutrino zenith angle

is defined to be the angle between the neutrino direction and a line perpendicular to the

ground, with the cos θ of the zenith angle chosen such that, cos θ = −1 corresponds to

the upward-going direction, cos θ = 0 to the horizontal direction, and cos θ = +1 to the

downward-going direction.
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Figure 5: Schematic view of the distrance traveled by atmospheric neutrinos.

2.3 Atmospheric Neutrino Experiments

The first atmospheric neutrino experiments employed water Cherenkov detectors, Irvine-

Michigan-Brookhaven (IMB) [11, 12] and Kamiokande [46]. Although their primary scientific

goals were to search for proton decay, atmospheric neutrinos were found to be their main

backgrounds. These backgrounds quickly became a topic of interest for study. Both experi-

ments found that the measured ratio was different from two. In practice, they constructed

the double ratio R,

R(µ
e
) =

(

Nµ

Ne

)

DATA
(

Nµ

Ne

)

MC

Where Nµ (Ne) is the muon (electron) number of events and the double ration takes the ratio

of data to that of a Monte Carlo prediction. The double ratio is used in order to to cancel

the detector systematic and the uncertainties in the flux calculations, where the uncertainty

in the absolute atmospheric neutrino flux is about 20 % while the error in the flavor ratio is

expected to be about 5 %.

Both, the IMB and Kamiokande experiments measured R that was much less than unity. This

became the atmospheric neutrino anomaly in the 1980s and was interpreted as a possible in-
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dication for neutrino oscillations [62]. Later experiments, NUSEX [44] and Frejus [45], using

iron calorimeters, reported no deviation from unity but used smaller data samples. However,

Soudan 2, also an iron tracking calorimeter, later measured a smaller flavor ratio with higher

statistics [47]. In addition to the flavor ratio, Kamiokande measured a zenith angle depen-

dence of R. Using upward-going muons induced by atmospheric neutrinos, Kamiokande [46],

Soudan 2 [47], and MACRO (composed of liquid scintillation counters) [63] found a zenith

angle dependent deficit of muon neutrinos. Recently, the atmospheric neutrino results from

K2K [36] and the MINOS experiment have also found the consistent results with atmospheric

measurements [64]. All observations indicated that neutrinos oscillate, and that the expected

∆m2 and sin2 2θ by Kamiokande [46, 65], MACRO [63, 66], Soudan 2 [47, 67], K2K [36] and

MINOS [64] in a νµ → ντ analyzes are consistent with each other.

Since starting operations in 1996, Super-K also observed a ratio much smaller than unity,

with much larger statistics, [48, 68]. In 1998, Super-K announced its first evidence for

neutrino oscillations by reporting a strong zenith angle dependent deficit of muon neutri-

nos [48]. Precise extraction of the oscillation parameters from the atmospheric neutrino data

have been made [48, 68], and the evidence for an oscillatory signature in the atmospheric

neutrino oscillations have been observed. The Super-K atmospheric neutrino data favor

νµ → ντ oscillations and have excluded νµ → νe[69] and pure νµ → νsterile oscillations [70] as

a dominant source of the deficit of muon neutrinos.

2.4 Super Kamiokande Experiment

The Kamioka Observatory, Institute for Cosmic Ray Research is a neutrino physics lab-

oratory located underground in the Mozumi Mine near the city of Hida (in an area formerly

known as Kamioka) in Gifu Prefecture, Japan. The precursor to the Super Kamiokande ex-

periment was the Kamioka experiment, where the name KamiokaNDE came from Kamioka

Nucleon Decay Experiment. It was a large water Cherenkov detector designed to search for

proton decay. To observe the decay of a particle with a lifetime as long as a proton, the

experiment must run for a long time and observe an enormous number of protons. This

can be done most cost effectively if the target (the source of the protons) and the detector

itself are made of the same material. Water is an ideal candidate because it is inexpensive,
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Figure 6: Schematic view of the Super Kamiokande Detector taken from [72]

easy to purify, stable, and can detect relativistic charged particles through the production

of Cherenkov radiation. A proton decay [71] detector must be buried deep underground be-

cause the background from cosmic ray muons in such a large detector located on the surface

of the Earth would be far too large. The muon rate in the Kamiokande experiment was

about 0.4 Hz, roughly five orders of magnitude smaller than what it would have been if the

detector had been located at the surface.

The Kamioka detector was a cylindrical tank which contained 4.5 ktons of pure water and

had about one thousand photomultiplier tubes (PMTs) attached to the inner surface. The

size of the outer detector was 16.0 m in height and 15.6 m in diameter. The detector failed

to observe proton decay, but set what was then the world’s best limit on the lifetime of the

proton.

The Kamiokande experiment happened to be running at a particularly fortuitous time, as
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a supernova occurred while the detector was online and taking data. With the upgrades

that had taken place the detector was sensitive enough to observe the thermal neutrinos

produced by Supernova 1987A [73], which took place roughly 160,000 light years away in

the Large Magellanic Cloud. The neutrinos arrived at the Earth in February of 1987, and

the Kamiokande detector observed 11 events. The Kamiokande experiment was replaced

by a much larger experiment with much improved resolution, The Super Kamiokande (SK)

experiment. We provide a more detailed discusion because the data from this detector

provide the central result for this dissertation. Super-Kamiokande is a large, underground,

water Cherenkov detector located in an active zinc mine in the Japanese Alps (see Figure 6)

. The experiment began data taking in April 1996. It supersedes previous detectors (IMB

and Kamiokande) both in size and resolution. The container consists of a stainless steel

tank, 40 meters tall by 40 meters in diameter. It is filled with 50 ktons of ultra-pure water:

the optical attenuation length is in excess of 70 meters. The volume is separated into a large

inner region, optically isolated from a 2 meter wide outer region. The inner region is viewed

with 11,200 photomultiplier tubes, each 50 centimeters in diameter. These tubes record the

Cherenkov light from relativistic charged particles created in or passing through the water.

The outer region of water acts as a passive shield against low energy particles entering

from outside the detector. In addition, it is instrumented with 1800 photomultiplier tubes

that are used to veto or reconstruct muons that enter or exit the detector. Large volume

water detectors were invented to discover proton decay, but so far have only set limits.

As Super-K is approximately 15 times larger than the previous generation of detectors,

it can reach a proton lifetime of 1034 years, probing predictions of modern Grand Unified

Theories. The background for proton decay are the interactions of 1 GeV neutrinos produced

by cosmic ray showers in the upper atmosphere. As observed in the prior generation of

water Cherenkov detectors, these atmospheric neutrinos, seemed to have puzzling behavior

compared to theoretical expectation. In 1998, Super-K resolved this puzzle as being due to

neutrino flavor oscillation.
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2.4.1 Detection Procedure

The Super Kamiokande detector detects particles by measuring the emitted Cherekov

radiation. In 1934 P. A. Cherenkov discovered this radiation which is electromagnetic radia-

tion emitted when a charged particle travels through a medium with a velocity v greater than

the speed of light in that medium (i.e. v > c/n), where c is the speed of light in vacuum and

n is the index of refraction of the medium. Super-K contains ultra-pure water, of which the

refraction index is n = 1.34. The Cherenkov threshold momentum for electrons/positrons,

muons , and pions are 0.58, 120, and 159 MeV/c respectively. The emitted Cherenkov pho-

tons form a cone with an opening angle θC with respect to the direction of the particle. The

opening angle θC is given by:

cos θC =
1

n(λ)β
,

where β = v/c. The number of Cherenkov photons (dN ) radiated per unit wavelength (dλ)

per unit distance (dx) the charged particle travels is given by :

d2N

dxdλ
=

2πα

λ2

(

1 − 1

(n(λ)β)2

)

=
2πα

λ2
sin2 θC ,

where α is the fine structure constant. For relativistically charged particles (β ≈ 1) in

pure water, the Cherenkov angle is θC ≈ 42 degrees , and the number of photons emitted

is approximately 340 per cm over the Cherenkov spectrum between the wavelength of 300

nm to 600 nm, where the photomultiplier tubes (PMTs) are sensitive. In the SK detector,

Cherenkov photons are detected in order to observe charged particles producing the radia-

tion. The position, direction, energy, and the type of charged particles are reconstructed by

measuring the number of Cherenkov photons in ring like patterns.
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CHAPTER III

EXPERIMENTAL SIMULATION I

The Super Kamiokande experiment plays a crucial role in the phenomenology of neutrino

oscillation. The next two chapters explain in detail the procedure developed in this disser-

tation to simulate this experiment. Unlike experimentalists, we don’t attempt to simulate

each single part of the experiment which would require a Monte Carlo simulation with the

complications that such calculations involve. We choose not to a do Monte Carlo simula-

tions for two reasons: First, a Monte Carlo project represents a huge amount of work, and

in particular would call for the participation of many people. Secondly, performing Monte

Carlo calculations would involve a great amount computer resources, which is not available

for our analysis purposes. Instead, we need an analysis tool capable of simulating most of

the experimental results and at the same time practical, simple, and able to provide answers

in a reasonable amount of time. In order to do that we have developed a computer code

and a physics model that simplifies the simulations of each experimental event making use

of some well-known experimental aspects as well as making use of some of the Monte Carlo

results provided by the Super Kamiokande Collaboration.

3.1 Our Model of the Super Kamiokande Experiment

In this section we provide a complete description of the main ingredients that have been

used to model the SK experiment. The first ingredient we need to include in our simulation

is a model of the neutrino source. In this case, since we are studying atmospheric neutrinos,

we need to have a description of the neutrinos coming from the atmosphere. As we have

mentioned in previous chapters, atmospheric neutrinos are the products of the interactions

that occur between primary cosmic rays and the molecules in the upper atmosphere. The

current status of the measurements of the cosmic ray proton flux is shown in Figure 7.

The primary cosmic ray spectrum has been precisely measured by BESS and AMS [81, 82]

in experiments for energies up to 100 GeV . The cosmic ray flux changes depending on

28



1.
5

2.
5

−2
−1

 x
 E

   
  (

m
   

sr
   

G
eV

   
)

100 10 1 10 2 10 3 10 4 10 5
10 3

10 4

Ek (GeV)

P
ro

to
n 

F
lu

x
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triangles from Ivanenko et al. [87], and open large squares from Kawamura et al. [88].

the turbulence of the solar wind, which is higher when the solar activity is high (solar

maximum) and lower when the solar activity is low (solar minimum). In addition we have

the geomagnetic field affecting the direction of the incoming cosmic rays. All these effects

are taken into account in calculating the neutrino fluxes.

Different groups are working on modeling the neutrino fluxes, BARTOL [89], HONDA [90]

and FLUKA [91] have 3 dimensional models that seem to provide similar answers. For

our simulation we use the HONDA 3D [74] flux which is specifically designed for the Su-

per Kamiokande location. It utilizes a 3 dimensional model to simulate the propagation of

particles in all directions with respect to the incident cosmic ray. Previous one dimensional

models assumed the created neutrino to be in the same direction as the parent meson. The

Honda neutrino fluxes provide the flux of neutrinos and anti-neutrinos for both flavors, elec-

tron and muons. They are given as function of zenith angle , azimuthal angle and energy,

for an energy range of 0.1 GeV to 10 TeV. Figure 8, shows the flux of νe + νe and νµ + νµ

averaged over all directions. The flavor ratio is about two up to a few GeV energy, then it
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Figure 8: Flux of atmospheric neutrinos

becomes larger than two. As the neutrino energy increases more cosmic ray muons reach the

ground before decaying. The systematic uncertainty in the absolute flux is estimated to be

about 20% due to the uncertainty of the absolute primary cosmic ray flux. The uncertainty

in the flavor ratio is smaller than about 5%.

The calculated flux ratios of νe/νe and νµ/νµ are shown in figure 9. The calculations from

different models agree to about 5 % for both below 10 GeV, while above 10 GeV the disagree-

ment is larger as a function of the neutrino energy becoming 10% and 25% at 100 GeV for

νe and νµ, respectively. The zenith angular dependence is shown in figure 10 where cos θ = 1

and cos θ = −1 refer to the neutrinos coming from above and below respectively.

3.2 Atmospheric Neutrino Interactions

Once we know the neutrino flux, we can proceed to study the second ingredient, something

required for for the simulation of the detector. As we have mentioned, the Super Kamiokande

detector consists of a container filled with purified water. As we have also mentioned earlier,
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neutrinos being weakly interacting particles, they can be detected by two different methods:

neutral current interactions (NC) or charge current (CC) interactions. The neutral current

interaction occurs when a neutrino exchanges an electrically neutral Z boson to scatter

off an electron that moves relativistically and generates Cherenkov light. All three flavors

of neutrinos can interact with nuclei and electrons via the neutral current. On the other

hand the charged current interaction occurs when a neutrino interacts with a nucleon by

exchanging a W± to generate a lepton. This lepton preserves the same flavor as the neutrino.

From the properties of the SK detector, as well as the energy range of the neutrinos, we can

classify the most relevant neutrino interactions in the following way:

3.2.1 Quasi Elastic Cross Section

Quasi elastic scattering occurs when a neutrino strikes a nucleus, and the scattered

particle neutrino or lepton has nearly the same energy as the incident neutrino. It can either

be charge current quasi-elastic (CCQE) scattering, where a neutrino scatters off a nucleon

generating a lepton of the same flavor, or NC elastic scattering, where any flavor neutrino

scatters off an electron. The differential cross section of the charged current quasi-elastic

scattering for free protons (i.e. the hydrogen atom in water) is given by [92]

dσν(ν)

dq2
=

M2G2
F cos2 θc

8πE2
ν

[

A(q2) ∓ B(q2)
s − u

M2
+ C(q2)

(s − u)2

M4

]

where Eν is the neutrino energy, M is the mass of the target nucleon, GF is the Fermi

coupling constant, θC is the Cabbibo angle, q2 is the four-momentum transferred to the

nucleon, and s and u are Mandelstam variables [93]. The factors A, B and C are :

A(q2) =
m2 − q2

4M2

[(

4 − q2

M2

)

| FA |2 −
(

4 +
q2

M2

)

| F 1
V |2
]

−m2 − q2

4M2

[

q2

M2
| ξF 2

V |2
(

1 +
q2

4M2

)

− 4q2ξF 1
V F 2

V

M2
− m2

M2

(

(F 1
V + ξF 2

V )2+ | FA |2
)

]

,

(24)

B(q2) =
q2

M2
((ξF 2

V + F 1
V )FA) ,

C(q2) =
1

4

(

| FA |2 + | F 1
V |2 − q2

4M2
| ξF 2

V |2
)

,
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where m is the lepton mass, ξ = µp − µn = 3.7 MeV. The vector form factors, F 1
V (q2) and

F 2
V (q2) and the axial vector form factor, FA(q2) are determined experimentally and are given

by

F 1
V (q2) =

(

1 − q2

4M2

)−1 [

GE(q2) − q2

4M2
GM(q2)

]

,

ξF 2
V (q2) =

(

1 − q2

4M2

)−1

[GE(q2) − GM(q2)] ,

FA(q2) = −1.23

(

1 − q2

M2
A

)−2

,

GE(q2) = (1 + ξ)−1GM(q2) =

(

1 − q2

M2
V

)−2

where GE and GM are the electric and magnetic form factors. The vector mass MV is set

to 0.84 GeV and the axial vector mass MA is set to 1.11 GeV, as taken from experimental

data [94]. For larger MA values, interactions with higher Q2 values are enhanced. The MA

value is tuned utilizing the K2K near detector data. Figure 11 shows the cross section for

the quasi-elastic scattering.

The cross sections for neutral current elastic scattering are approximated through from the

following relations [96, 97]:

σ(νp → νp) = 0.153σ(νn → e−p)

σ(νn → νn) = 1.5σ(νp → νp)

σ(νp → νp) = 0.218σ(νp → e+n)

σ(νn → νn) = 1.0σ(νp → νp)
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Figure 11: Quasi-elastic neutrino cross section of muon neutrino (upper panel) and antineu-
trino (lower panel) on 16O as a function of incoming (anti) neutrino energy, from [95].
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Figure 12: Total cross section for the νµ + p → µ− + p + π+ process plotted versus the
incoming neutrino energy, figure taken from [98].
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3.2.2 Single Pion Production

The resonant single meson production of π, K, and η is simulated based on the model of

Rein and Sehgal [99, 100].

ν + N → l + N∗

N∗ → N
′

+ meson

This method assumes an intermediate baryon resonance : where N and N
′

are nucleons

and N∗ is a baryon resonance. The differential cross section of single-meson production is

a product of the amplitude of each resonance production and the probability of the baryon

resonance decay to this meson. For negligible decay width of a baryon resonance (N∗), the

differential cross section is

d2σ

dq2dEν

=
1

32πME2
ν

1

2
|
∑

j T (νN → lN∗

j )
√

χE






sign(N∗

j )
√

Γj

2π

1

W − Mj + i
Γj

2






|2

where M is the mass of the target nucleon, Eν the neutrino energy, W is the invariant mass

of the hadronic system (or the mass of the intermediate baryon resonance), Mj the mass

of the baryon resonance N∗

j and T (νN → lN∗

j ) is the amplitude for resonance production,

which is calculated using the FKR (Feynman-Kislinger-Ravndal) model [101], sign(N∗

j ) is

the sign of the decay amplitude N∗

j , Γj the total decay width of N∗

j , and χE the branching

of N∗

j to N
′

+ meson. The invariant mass, W , is restricted to be less than 2 GeV/c2 . For

W larger than 2 GeV, the interactions are simulated as deep-inelastic scattering. For single-

meson production, the axial vector mass MA is set to be 1.11 GeV, from experiment [94].

Figures 12 and 13 show the cross sections for charged current and neutral current resonant

single-meson production for the calculations and the experimental data.

3.2.3 Deep inelastic scattering

Occasionally the neutrino scattering will create multiple pions, particularly at higher

energies. For low masses (W < 1.3GeV), multiple pion cross sections are calculated with the

Rein and Seghal model previously mentioned. For larger masses the cross sections are found
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Figure 13: Total cross section for the νµ + n → µ− + p + π0 process plotted versus the
incoming neutrino energy,figure taken from [98] .

assuming deep inelastic scattering (fragmented target and transformed into other particles)

using the GRV94 [102] parton distribution functions. The cross section of charged current

deep inelastic scattering is calculated by integrating the following equation in the range of

the invariant mass W > 1.3GeV[103]:

d2σν,ν

dxdy
=

G2
F MNEν

π

(

F2(x, q2)(1 − y + y2

2
+ C1) ± xF3(x, q2)(1 − y

2
+ C2)y

)

,

C1 =
ym2

l

4MNEνx
− xyMN

2Eν

− m2
l

4E2
ν

− m2
l

2MNEνx
, C2 = − m2

l

MNEνx
.

where x = q2/(2MN(Eν − El)) and y = (Eν − El)/Eν are Bjorken scaling parameters, MN

is the nucleon mass, ml is the outgoing lepton mass, Eν and El are the energy of incoming

neutrino and outgoing lepton in the laboratory frame, respectively. The nucleon structure

functions F2 and xF3 are taken from GRV94 [102]. In Fig. 14 it is shown the deep inelastic

cross sections for νµ(ν̄µ) + N → µ−(µ+) + X as a function of neutrino energy.
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Figure 14: Deep inelastic cross section for the νµ + N → µ− + Xand ν̄µ + N → µ+ + X
plotted versus the incoming neutrino energy with the normalization of 1/Eν . Figure taken
from [105]

The theoretical background of the relevant interactions occurring in the SK detector are as

described above. Rather than modeling these from scratch, we use, and modify according

to our own needs the existing computer code NEUGEN [104]. NEUGEN (Neutrino Event

Generator) is a neutrino event generator and cross section library that simulates neutrino-

nucleus interactions. This code is commonly used to simulate neutrino scattering by various

experimental groups, giving us confidence in the values of the cross sections we use.

3.3 Classification of Atmospheric Neutrino Data

Let me make a short summary of the experiment: First of all, we have a neutrino source,

we have the expected flux of neutrinos arriving at the detector, and finally we have the

detector. Inside the detector the neutrinos interact in different ways, as mentioned above.

A result of these interactions is the production of new particles, mainly leptons. It is the

detection of the produced particles that is used as a signature of a neutrino interaction
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Figure 15: Super Kamiokande Event Classification

event. Notice that the detection of neutrinos is indirect. The neutrino creates a particle, the

particle is detected and a theoretical model is required to infer properties of the neutrino

from the measured properties of the created particle. These created particles are detected

by the Cherenkov radiation they produce when propagating through water. The Cherenkov

radiation is detected as rings of light by photomultiplier tubes located on the walls of the

detector. In addition, the Super Kamiokande detector has an inner and outer detector. This

allows the separation of events with particles remaining in the interior of detector and events

with particles leaving the detector. Among all the features that the Super Kamiokande

detector has, we need to make emphasis in its capability to detect neutrinos coming from all

directions which is crucial as the distance L varies from the diameter of the Earth ∼ 13000

km, to the distance to the upper atmosphere ∼ 15 km. In addition, the recent experimental

analysis has been done with finer energy resolution. This improves the determination of the

atmospheric neutrino mass. Events are classified into two categories Contained Events and

Upward Going Events as described next.
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3.3.1 Contained Events

Contained events are when the neutrino interacts with the water in the detector to

produce a particle. If a single particle is produced, there will be a single Cherenkov ring

detected. This are termed “single ring”events. Production of more than one particle will

create more than one ring and hence this events are called “multi ring ”events. Contained

events are further classified as follows (see Fig. 15 for a schematic view):

Fully Contained Events

Fully contained (FC) events provide the greatest amount of information in the SK ex-

periment. A fully contained event occurs when a neutrino enters Super-K and interacts

with the water in the inner detector. The interaction creates a charged particle that recoils

through the detector and generates Cherenkov light which gets captured by the photomul-

tiplier tubes (PMTs). Having insufficient energy to exit the inner detector and the particle

comes to a stop within the detector. This situation is termed a fully contained event. The

median energy for this type of event is about 1 GeV The fully contained events are further di-

vided according to the visible energy into Sub-GeV (Evis < 1.3GeV ) events and Multi-GeV

(Evis > 1.3GeV ) events. The Cherenkov ring patterns produced by electrons and muons

are significantly different such that electrons (e±) and muons (µ±) can be distinguished.

Because electrons are very light, they do not travel far in the water before being knocked

off course, often radiating a high-energy gamma ray (photon). Each photon likewise travels

only a short distance before splitting into an electron/anti-electron pair, with each secondary

particle heading in a slightly different direction than the original electron. This process is

known as an electromagnetic “shower”. As a result, a single high-energy electron eventually

generates hundreds of low-energy electrons, each of which travels only a short distance and

makes its own faint Cherenkov ring. It is the sum of the rings from these many short, di-

vergent tracks which is recorded by the PMT’s, hence a blurred, diffuse Cherenkov pattern

is observed. On the other hand, muons are much heavier than electrons, and hence do not

get knocked off course. Instead, they maintain their initial direction and travel a distance

roughly proportional to their initial energy before stopping. The Cherenkov pattern of a

muon corresponds much more closely to the ideal case. Tests with real electrons and muons,
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as well as simulated data, show that the probability of mistaking an electron for a muon

(or vice versa) is less than 2%. Without a magnetic field, the detector cannot distinguish

between an e+ and e− or a µ+ and µ−. This means that the neutrino creating the lepton

cannot be distinguished from an anti-neutrino. The data is thus summed over νe + νe called

“e-like”event and summed over νµ + νµ , called “µ-like”event.

Partially Contained Events

Similar to a FC event, a neutrino enters the inner detector and interacts, but in this case

the energy is large enough to allow the created particle to exit the inner detector and enter

the outer detector. The majority of PC events are muons, as electrons in the water quickly

shower their kinetic energy via further interactions or Bremsstrahlung. These events have

a median energy of about 10 GeV or typically 10 times higher than that of fully contained

events.

3.3.2 Upward going Events

Neutrinos can also interact outside the detector, in the surrounding rock. If they are

muon neutrinos, the resulting muon can penetrate the rock and be detected in Super-K.

Muons from interactions above the detector cannot be sorted out from the continuous rain

of muons created in cosmic ray showers in the atmosphere. Muons coming from below

can only be due to neutrino interactions. This is so because cosmic ray muons cannot

make it through from the other side of the Earth. However, muons are very penetrating

particles, and thus might be produced by a neutrino interaction quite some distance from

the detector. Thus, the effective target volume for observing neutrino interactions using

upward going muons is much larger than the detector itself, and grows with the energy of

the neutrino (since higher energy neutrinos produce higher energy muons, which can travel

through more rock). This results in the upward going muon data probing a far higher range

in energy than the contained event analysis. The penalty paid for this large energy range

is that it is not possible to measure the energy of each muon, since it spends only a small

fraction of its time in the detector itself. However, if an upward muon stops in the detector
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Figure 16: Super Kamiokande Event Spectrum taken from [106]

rather than blasting all the way through, it is likely to have come from a lower energy parent

neutrino. Thus, the upward muon sample can be divided into two data sets - a high-energy

”through-going muon” set, and a medium-energy “stopping muon”set. The stopping muon

sample are those muons which stop within the detector. They arise from interactions of low

energy neutrinos, energies of approximately 10 GeV. The through going sample are muons

which pass completely through the detector. These muons are created by high neutrinos

with energies of about 100 GeV. In figure 16 we show the theoretical energy distribution for

all the neutrino sample observed by the SK experiment.
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CHAPTER IV

EXPERIMENTAL SIMULATION II

In this chapter, the procedure used to simulate the experiment is described. First, we

start with the contained events, deriving the theoretical model, and thereafter we derive our

model for the upward going events

4.1 Simulation: Contained Events

In this section, we derive the basic formula needed to model neutrino oscillation experi-

ments. Atmospheric neutrinos differ from other experiments in that the angle of the created

lepton is measured. We start the derivation at the beginning in order to make this more

accessible to the non-expert. Start with a neutrino of flavor α (α = e, µ, τ) with energy E

incident on the detector at an angle θν measured with respect to vertical, cos θν = 1 being

neutrinos from directly overhead. The Super-K detector is filled with H2O and the neutrino

will scatter and produce a lepton through three reactions as discused above and summarized

here. Dominant at low energies and peaking around 0.5 GeV is charge current elastic and

quasi-elastic scattering from the proton and from the nucleons in the oxygen,

να + N → ℓα + N ′ . (25)

Note that the flavor of the lepton matches the flavor of the neutrino, this defines the neutrino

type. The charge on the lepton is determined by lepton number conservation. Charge

conservation determines the change in the charge between N and N ′. For example,

νe + p+ → e+ + n, νe + n → e− + p+. (26)

Cross sections for scattering off the proton have been explained in Chapter 3.

At intermediate energies, peaking around 1.5 GeV, single pion production dominates.

να + N → ℓα + N∗, N∗ → N ′ + π . (27)

At higher energies and momentum transfers, the natural degrees of freedom become the

quarks and gluons. Deep inelastic scattering begins to rise around 1 GeV and dominates
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above 10 GeV. Graphs and data for the various cross sections were given in chapter 3.

The detector will detect the produced lepton ℓ through the Cherenkov light that it

radiates. Thus we need the inclusive cross section, the cross section summed and integrated

over all final particles except the lepton

ν + N → ℓ + X . (28)

We must include the cross section depending on the type of neutrino event being study

(proton, bound neutron/proton) labeled j,

d3σα(Eν ; Eℓ, cos θs)

dEℓ d cos θs dφs

, (29)

where Eℓ is the energy of the produced lepton, θs and φs are the zenith and azimuthal scat-

tering angles of the lepton as measured from the direction of the neutrino. The cross section

d3σα/dEℓ d cos θs dφs is the differential cross section for a neutrino of flavor α, interacting

with target particles. Note its units are area/energy.

We then need the flux of neutrinos incident on the target as a function of the neutrino

energy Eν and zenith angle of the neutrino θν given by d2 Φα(Eν , cos θν)/dEν d cos θν . The

Earth’s magnetic field introduces a small dependence on the azimuthal neutrino angle φν . We

utilize the φν integrated flux. If we multiply the flux by the cross section, Eq. 29, integrate

over the incident neutrino’s energy, Eν , and its zenith angle, d cos θν , and integrate over the

detected leptons, Eℓ and their angles d cos θℓ dφℓ we get, for no oscillations,

Nα = N T

∫

dEν

∫

d cos θν

∫

dEℓ

∫

d cos θs

∫

dφs

× ε(Evis)
d2 Φα(Eν , cos θν)

dEν d cos θν

d3σα(Eν ; Eℓ, cos θs)

dEℓ d cos θs dφs

, (30)

where N is the total number of target nucleons and T the experimental running time. For

ε(Evis) = 1, Nα is the number of neutrino events of a given flavor α that are produced in

the detector. However, the detector is not one hundred percent efficient. Thus, to get the

total number of neutrino events of a flavor α that are actually detected, we have inserted

the detection efficiency, ε(Evis), which we assume depends only on the visible energy Evis .

This efficiency term plays an important role in the determination of the number of neutrino

events. The efficiency functions will be derived later in this chapter as these values are not
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provided by the Super Kamiokande collaboration.

The detector detects the Cherenkov light emitted by the lepton while traveling through

H2O. The emission of Cherenkov light is independent of the sign of the charge of the lepton.

Thus an e+ (µ+) cannot be distinguished from a e− (µ−). The e± can be distinguished from

the µ± by the fuzziness of the ring of light detected as explained earlier. What is being

measured is thus the sum of the electron neutrino and anti-neutrino νe + νe, or the sum of

the muon neutrino plus anti-neutrino νµ + νµ, which are termed “e-like” or “µ-like” events.

The symbol α thus needs to be reinterpreted as e-like or µ-like.

So far, we have assumed no oscillations. To include oscillations, we introduce the rate at

which a neutrino originates in state α but is in state β when detected, Nα→β. This requires

only that we insert the oscillation probability into Eq. 30,

Nα→β = N T

∫

dEν

∫

d cos θν

∫

dEℓ

∫

d cos θs

∫

dφs

× ε(Evis)
d2 Φα(Eν , cos θν)

dEν d cos θν

P̃αβ(Eν , cos(θν))
d3σβ(Eν ; Eℓ, cos θs)

dEℓ d cos θs dφs

. (31)

Note that for a fixed angle cos θν the distance L from the point of creation [107] in the

atmosphere to the point of detection is not unique. The distance L depends on the height h

in the atmosphere where the neutrino is created. L is given by, for fixed cos θν ,

L =
√

R2 cos2 θν + h (2R + h) − R cos θν , (32)

where R is the radius of the Earth and h is the vertical height above the ground. The

oscillation probability P̃αβ(Eν , cos(θν)) is related to the oscillation probability Pαβ(L/Eν)

for a given distance L by

P̃αβ(Eν , cos(θν)) =

∫

∞

0

dh Pβ(h,Eν)Pαβ(L(h, cos θν)/Eν) (33)

where Pβ(h,Eν) is the normalized probability that a neutrino of flavor β and energy Eν is

created at a height h.

Production Height

The production height of atmospheric neutrinos depends on various factors. For instance

the energy of the incident cosmic rays and zenith angle. This has been studied by Gaisser
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and Stanev [107], who have performed Monte Carlo simulations of the cosmic ray interaction

in the atmosphere, in order to estimate the slant distance for different neutrino zenith angles

as function of the neutrino energy.

A unique feature of the Super-K atmospheric experiment is that it measures the direction

of the neutrino event as well as the visible energy Evis, this visible energy varies depending

on the type of neutrino event, so we will explain this later in this chapter. At high energies

the production cross section is forward peaked so that there is a strong correlation between

the lepton direction and the incident neutrino direction. This is much less so at the lower

energies. The data is binned into ten equal bins in cos ϑ, with ϑ the zenith angle of the

neutrino event. The dependence of L on cos θν , the zenith angle of the neutrino, is pictured

in Fig. 17. Notice that the distance L is related to the zenith angle cos θν in a vary nonlinear

way. In particular, over the two bins centered around horizontal, cos θν = 0, the distance L

changes from 73 km at cos θν = 0.2 to 2600 km at cos θν = −0.2, a factor of 36. When the

oscillation phase φ (φij = 1.27∆m2
ijL/E), is π/2, the oscillation probability Pee(∆m2, L/E)

is at its first minimum. For a typical energy E of 1 GeV and the extracted atmospheric

mass-squared difference of ∆m2 = 2.5× 10−3 eV2, this occurs at a distance of 530 km. This

corresponds to an angle cos θν = −0.02, nearly horizontal. Thus, the important data for

determining the mass-squared difference ∆m2 lies within the two bins near the horizontal

where the uncertainty in determining L from cos θν is maximum. Combining this with the

fact that what is measured is the neutrino event angle measured from the vertical, cos ϑ,

which through the scattering angle is different from the incident neutrino angle, particularly

at low energies, gives an inherent limit on how well atmospheric data can measure the

atmospheric mass-squared difference.

The data is binned in Evis and cos ϑ. For the energy bin, we simply restrict the energy

interval, by inserting a Heaviside function in the integral

Θ(Em,max
vis − Evis) ∗ Θ(Evis − Em,min

vis ) (34)

where Em,min
vis (Em,max

vis ) is the minimum (maximum) value of Evis for bin m.

The angular binning is less direct. The angular binning is done in cos ϑ, the zenith angle

of the lepton as measured with respect to vertical, this angle is expressed in terms of cos θν ,

46



-1 -0.5 0 0.5 1
cos(θν)

10

10
2

10
3

10
4

L
(k

m
)

Figure 17: (Color online) The distance L a neutrino travels from its point of creation at a
height h = 15 km and zenith angle θν as a function of cos θν . The vertical lines delineate the
angular bins of the data.

cos θs, and φs. Of course, cos ϑ is a function of cos θν , cos θs, and φs. The exact expression

and more details will be given later in this chapter.

The binning can be performed by numerically integrating over the full angular space of

cos θs and φs with Heaviside functions Θ inserted, where Θ(x) is zero for x < 0 and one for

x > 0. We insert Θ(cos ϑn,max − cos ϑ) and Θ(cos ϑ− cos ϑn,min) to restrict ϑ to bin n. This

gives the number of neutrinos that are created as type α and then detected as neutrinos of

type β in energy bin m and angular bin n,

Nnm
α→β = N T

∫

dEν

∫

d cos θν

∫

dEℓ

∫

d cos θs

∫

dφs

× ε(Evis)
d2 Φα(Eν , cos θν)

dEν d cos θν

P̃αβ(Eν , cosθν)
d3σβ(Eν ; Eℓ, cos θs)

dEℓ d cos θs dφs

× Θ(cos ϑn,max − cos ϑ) ∗ Θ(cos ϑ − cos ϑn,min)

× Θ(Em,max
vis − Evis) ∗ Θ(Evis − Em,min

vis ) . (35)
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Finally, the absolute number of neutrino events of type α detected, independent of

whether they originate as type α or type β is given by

Nnm
α = Nnm

α→α + Nnm
α→β . (36)

This result, Eqs. 35 and 36, constitute what we will term an exact calculation, in the sense

that the results would be exact if the inputs were all known exactly. Although written in

a different form, this result is equivalent to the results utilized in Refs. [108] and [109], for

example.

4.1.1 Energy and Direction Reconstruction

So far we have followed the standard procedure to calculate the number of contained

neutrino events occurring at the detector. However there are a few difficulties we need to

overcome to perform an actual calculation. These are:

• The meaning of “Visible Energy ”

• The meaning of “Neutrino Event Angle ”

• A good estimate of the efficiencies.

As noted earlier contained events are classified as fully contained events and partially con-

tained events. Then fully contained events are further separated into single ring events and

multi ring events. In the fully contained single ring events we only have one particle (lepton)

propagating after the neutrino interaction and therefore it is straightforward to determine

the “visible energy ”and direction of the neutrino event. However for the multi ring and

partially contained events the reconstruction of the “visible energy ”becomes indirect and

difficult to implement. We utilize some of the Monte Carlo results available from the SK

collaboration and use them as a means to estimate the visible energy Evis and neutrino event

direction cos ϑ.

Energy Reconstruction for Fully Contained Single Ring Events

The visible energy for the fully contained single ring events is equivalent to the energy of

the produced lepton.
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Evis = Elepton (37)

Energy Reconstruction for Fully Contained Multi Ring Events

For the multi ring events the visible energy is reconstructed by adding the energy of all

the rings that are created, in this case pions for µ-like events, and electrons for e-like events,

plus the created lepton according to [110].

Evis = Elepton +
n
∑

i=2

(Ei
π or Ei

e). (38)

Energy Reconstruction for Partially Contained Events

For the partially contained events , the visible energy is calculated by adding the following

terms:

Evis = Einner + Edead + Eanti (39)

with Einner is the total energy of the charged particle observed in the inner detector, Edead

is the energy deposited in the region between the inner detector and the outer detector and

Eanti is the energy deposited in the outer detector.

Reconstruction of the Neutrino Event Direction

The direction of a fully contained single ring and partially contained event is simply the

direction of the created lepton, which is a function of the neutrino scattering angle cos θs ,

the scattering polar angle φs, the neutrino azimuthal angle cos θν and can be expressed as

cos ϑ = cos θs cos θν − sin θs sin θν cos φs . (40)

For the multi ring sample, the direction assigned to each neutrino event is estimated as the

sum of the momentum weighted directions summed over all identified rings. The zenith

angle is reconstructed as
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Figure 18: Monte Carlo Simulation of the relation between Evis and Eν taken from [110]

50



cos ϑ = cos ϑsum (41)

−→
d sum = pµ · −→d1 +

n
∑

2

(pπ or pe) ·
−→
d i (42)

where n is the number of rings, pµ, pπ and pe are the momentum of charged particles,
−→
d i

is the direction of the i ring, and
−→
d sum and cos ϑsum are the direction and the cosine of the

zenith angle of the momentum weighted vector sum, respectively.

Using Monte Carlo Results

We have given above the procedure followed by the SK collaboration to reconstruct en-

ergies. However, this procedure can be done only for the fully contained single ring event

sample. The multi-ring events cannot be easily modeled given the kinematics of a process in

which several particles are produced in the final state. Similarly we cannot easily estimate

Einner, Edead and Eanti for the partially contained events. However, we can use the Monte

Carlo Results given by the SK collaboration [69] to estimate the visible energy. Figure 18

in [110] gives the result of Monte Carlo simulation in which the ratio Eν/Evis is plotted as

a function of logEvis for all the data samples. Utilizing these curves we are able to translate

Eν to Evis and vise versa.

We use a similar method to determine the event direction. We can use the Monte Carlo

simulation to estimate the average scattering angle, and then use Eq. 40 to determine the

event direction. We show the average scattering angle as a function of the lepton momentum

in Figure 19 taken from [111]. However this can only be applied to fully contained single ring

event and partially contained events for which we have only one particle emitting a Cherenkov

ring. The multi ring sample becomes a real challenge since implementing equation 41 and

42 in our program is practically impossible. For the multi-ring sample, unlike the single ring

case, we don’t have a single scattering angle with respect the neutrino direction, instead we

have several particle being produced and thus several scattering angles. The procedure used

by the SK collaboration described earlier, estimates a single direction of this multiparticle
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Figure 19: Monte Carlo simulation of the scattering angle with respect to the incident
neutrino direction taken from [111]

neutrino event. We implement a naive method in which we defined an average scattering

angle for each energy bin, we used the SK monte carlo simulation in the absence of oscillation

to estimate this average scattering angle and finally we use Eq. 40 to determine the event

direction.

Determining Efficiencies

Here we describe a method to determine the efficiencies of the SK detector. The efficiency

ε(Evis) is an intrinsic property of the detector and is assumed to depend on the visible energy

of the detected particle, Evis. The most recent data uses a finer energy binning [69] than was

for previous publications [48]. No efficiency information is available for this new binning.

We need a method to somehow obtain this information. We start with our Eq. 35 and

the assumption of no oscillations, P̃αα = 1 and P̃αβ = 0. We can integrate over all angular

variables and leave just the integral over energies. Therefore the expected number of neutrino

no oscillation events in the energy bin m is given by
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Nm
α = N T

∫

dEvis

∫

dEν

× ε(Evis)
d Φα(Eν)

dEν

dσα(Eν ; Eℓ)

dEℓ

× Θ(Em,max
vis − Evis) ∗ Θ(Evis − Em,min

vis ) . (43)

We approximate the value of the efficiency ε(Evis) as constant over the energy bin m. This is

more reasonable due to the smallness of the new energy binning; if the efficiency is constant

we can take it out of the integral and name it ε(m) and have

Nm
α = ε(m) N T

∫

dEvis

∫

dEν
d Φα(Eν)

dEν

dσα(Eν ; Eℓ)

dEℓ

× Θ(Em,max
vis − Evis) ∗ Θ(Evis − Em,min

vis ) . (44)

We are almost finished, we just need to to use one more time the experimental information

available [69]. In this case we will use the Monte Carlo no oscillation number of events as

our Nm
α in Eq. 44, call them NMC

α (m), to give for ε(m)

ε(m) =
NMC

α (m)

N
∫

dEvis

∫

dEν
d Φα(Eν)

dEν

dσα(Eν ; Eℓ)
dEℓ

Θ(Em,max
vis − Evis) ∗ Θ(Evis − Em,min

vis )
(45)

This provides all the necessary ingredients to model the contained events in a qualitatively

yet numerically efficient way.

4.2 Simulation:Upward Going Muons

The next data sample to be modeled is the upward going muon events, which as we

said before consists of the muons created by neutrino interactions outside the detector. In

order to search for neutrino oscillations using the upward through going muon, we need to

compare the observed upward going muon flux with the expected one calculated numerically.

In this case, we used a method of numerical calculation that has been applied for various

experiments that have studied the same phenomenon.
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Figure 20: Energy loss dE/dx of muons in standard rock.

4.2.1 Calculation of Upward Through Going Muon Flux

As described earlier, the upward through going events are muons produced in the rocks

surrounding the SK detector, which then travel completely through the detector. The exper-

imentally measured quantity is then the energy and angular dependence of this muon flux,

the quantity we must model. To model this flux we require the following quantities:

• The atmospheric muon neutrino flux

• The charged current cross section between neutrino and nucleon

• The muon range in the rock

In the following calculation and given the relevant neutrino energy, we approximate the

neutrino event angle as being equal to the lepton zenith angle which, at the same time is

assumed to be equal to the neutrino zenith angle. The flux of induced muons which are

generated by parent neutrinos of energy Eν is given by the product of cross section and

neutrino flux
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d2σ

dxdy
· d2φν(Eν , cos θν)

dEνd cos θν

, (46)

where d2σ/dxdy is the differential charged current cross section as a function of the Bjorken

scaling parameters, x and y. d2φν(Eν , cos θν)/dEνd cos θν is the differential spectrum of the

parent neutrinos as a function of the neutrino energy, Eν , and the zenith angle θν . The

survival of the muon depends on the range, X, defined as the distance traveled d times

the density of the medium, ρ in (g/cm3), through which the muon is traveling. We define

g(X; Eµ; Eth) as the probability that a muon generated with a energy of Eµ survives with

energy larger than Eth after traveling the range X. Then the upward going muon flux at the

detector with energy larger than Eth is given by

dφµ(Eth, cos θ)

dΩ
= NA

∫

∞

0

dX

∫

∞

Eth

dEµ

∫ 1

0

dy

∫ 1

0

dx
d2σ

dxdy

d2φν(Eν , cos θν)

dEνdΩ
g(X; Eµ; Eth), (47)

where NA is avogadro’s number and g(X; Eµ; Eth) is given by

g(X; Eµ; Eth) = ϑ(R(Eµ, Eth) − X), (48)

R(Eµ; Eth) is the range of the muons in the rock. The range is the distance that the muon

travels while its energy decreases from Eµ to Eth in units of g/cm2, and ϑ(x) is the Heaviside

step function.

The integral over X can be simply replaced by R(Eµ; Eth) to give,

dφµ(Eth, cos θ)

dΩ
= NA

∫

∞

Eth

dEµ

∫ 1

0

dy

∫ 1

0

dx
d2σ

dxdy

d2φν(Eν , cos θν)

dEνdΩ
R(Eµ; Eth). (49)

Since the neutrino flux and the muon range do not depend on the scaling parameter x,

and the integral over y is independent of the neutrino energy spectrum, equation 49 can be

rewritten as follows,

dφµ(Eth, cos θ)

dΩ
= NA

∫

∞

Eth

[∫ 1

0

[∫ 1

0

d2σ

dxdy
dx

]

R(Eµ; Eth)dy

]

d2φν(Eν , cos θν)

dEνdΩ
dEµ. (50)
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We define a probability function of the form

P (Eν , Eth) = NA

∫ 1

0

[∫ 1

0

d2σ

dxdy
dx

]

R(Eµ; Eth)dy, (51)

then equation 50 can be written as

dφµ(Eth, cos θ)

dΩ
=

∫

∞

Eth

d2φν(Eν , cos θν)

dEνdΩ
P (Eν , Eth)dEµ (52)

The function P (Eν , Eth) is interpreted as the probability that the neutrinos of energy Eν are

observed as muons at the detector with energy larger than Eth.

Notice that for an oscillation analysis, the mean flux depends on the oscillation parameters,

the mass squared difference and the mixing angle. However, P (Eν , Eth) does not depend

on the oscillation parameters and can be calculated outside the fitting routine. Because

neutrinos and anti-neutrinos have different cross sections, equation 52 should be replace by:

dφµ(Eth, cos θ)

dΩ
=

∫

∞

Eth

[

d2φνµ
(Eν , cos θν)

dEνdΩ
P (Eν , Eth) +

d2φνµ
(Eν , cos θν)

dEνdΩ
P (Eν , Eth)

]

dEµ (53)

Muon Energy Loss in Rock

Finally, we need R(Eµ; Eth), the energy loss of the muons in the rock. High energy

muons passing through matter lose energy due to electro-magnetic processes, mainly through

ionization, bremsstrahlung, and direct pair production. Figure 20 gives dE/dx for muons in

standard rock calculated by Sternheimer [112] and by Lohmann [113]. Then the range can

be calculated from dE/dx as follows

R(Eµ, Eth) =

∫ Eth

Eµ

−dE

dE/dx
(54)

we use Lohmann’s dE/dx to calculate the muon range.
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Figure 21: Muon Range in water.
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Figure 22: Zenith angular dependence of the Threshold Energy.
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Figure 23: Effective area as function of the zenith angle.

Muon Energy Loss in Water

In order to study the trajectory of upward going muons inside the detector we also need

to calculate the energy loss when traveling through water. Figure 21 shows the muon range

in water.

Threshold Muon Energy

Equation 53 involves the threshold energy Eth. For the upward through going events,

Eth is the minimum amount of energy needed for a muon to travel through the water in the

detector. This can be as small as 7 meters or as large as 50 meters depending on the angle

of the incident muon with respect to the vertical. Figure 22 shows the angular dependence

of the energy threshold.

Upward through-going muon flux

Finally we can use equation 53 to calculate the expected flux of through-going muons. To

do this, we can integrate equation 53 over the energy threshold range which depends on the

muon track length, a quantity that varies with the zenith angle. We also need to multiply
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Figure 24: Schematic view of the effective area of the SK detector.

by the effective area of the detector according to,

dφthr(cos θ)

dΩ
=

1

A(cos θ, 7m)

∫ lmax

lmin

dA(cos θ, l)

dl
· dφµ(Eth, cos θ)

dΩ
dl (55)

Here A(cos θ, l) is the effective area of the detector for the through going muons for a transit

distance between lmax and lmin, see schematic view in figure 24. The zenith angle dependence

of the effective area is shown in figure 23.

Upward stopping muon flux

The upward stopping muon flux is calculated by subtracting the upward-through going

flux dφthr/dΩ from the dφ7m/dΩ which is the muon flux with the track length longer than

7m, thus we have

dφstop(cos θ)

dΩ
=

dφ7m(cos θ)

dΩ
− dφthr(cos θ)

dΩ
(56)
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4.2.2 Upward Going Muons and Neutrino Oscillations

So far we have provided the derivation of our method to simulate the atmospheric up-

ward going sample, however we have made no assumption about the existence of neutrino

oscillation. In order to incorporate this phenomenon into our simulation we need to modify

equation 53 in such a way that we include oscillation probabilities with matter effects. We

need to include electron neutrino and electro anti-neutrino that oscillate into muon neutrino

and anti-neutrino plus muon neutrino and anti-neutrino which do not oscillate, giving

dφµ(Eth, cos θ)

dΩ
=

∫

∞

Eth

P (Eν , Eth)

[

d2φνµ
(Eν , cos θν)

dEνdΩ
PM(νµ → νµ) +

d2φνe
(Eν , cos θν)

dEνdΩ
PM(νe → νµ)

]

dEµ

+

∫

∞

Eth

P (Eν , Eth)

[

d2φνµ
(Eν , cos θν)

dEνdΩ
PM(νµ → νµ) +

d2φνe
(Eν , cos θν)

dEνdΩ
PM(νe → νµ)

]

dEµ.

(57)

Combining this with equations 57 , 55 and 56 we obtain the through going and stopping muon

flux respectively in the presence of neutrino oscillations. In equation 57 PM is the oscillation

probability including the earth matter effects. For this we use the procedure developed by

[114]. Important differences occur when matter effects are taken into account. In vacuum

if CP is conserved we have P (νµ → νµ) = P (νµ → νµ). While in matter PM(νµ → νµ) 6=
PM(νµ → νµ) because matter affects neutrinos and anti-neutrinos differently. Thus even in

the case of no fundamental CP violation, upward going data are different for neutrino and

anti-neutrino.
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CHAPTER V

STATISTICAL ANALYSIS OF ATMOSPHERIC NEUTRINO DATA

Before utilizing our computational model to extract new information, we calibrate our

model by comparing its results to those obtained by the SK experimentalist. To do this, we

follow the SK experimentalist analysis and introduce the leading term in the subdominant

expansion for the oscillation probability,

5.1 Oscillation Analysis

Our goal is to develop a model which incorporates a full three neutrino analysis, an analy-

sis which does not utilize any expansion or approximation to the oscillation probabilities. To

compare with the analysis performed by the SK experiment, we can utilize the equations 58

by setting the small mass square difference ∆m2
21 equal to zero such that in the full analysis

code ∆m2
31 = ∆m2

23 = ∆m2 The SK collaborations include the Earth MSW effect utilizing

an approximation taken from [115]. We incorporate the Earth MSW effect for atmospheric

neutrinos utilizing the method proposed in [114]. This method allows us to treat the full

3× 3 MSW effect exactly as long as the Earth is modeled as composed of layers of constant

matter density.

P(νe → νe) = 1 − sin2 2θ13 sin2

(

1.27∆m2L

E

)

P(νµ → νe) = P(νe → νµ) = sin2 θ23 sin2 2θ13 sin2

(

1.27∆m2L

E

)

P(νµ → νµ) = 1 − 4 cos2 θ13 sin2 θ23(1 − cos2 θ13 sin2 θ23)

× sin2

(

1.27∆m2L

E

)

(58)

The SK data is divided into 37 energy bins as follows;

• Fully Contained Events: 18 energy bins

E-like Events: 10 energy bins
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Sub-GeV e-like Events Evis < 1.3GeV : 5 energy bins

Multi-GeV e-like Events Evis > 1.3GeV : 5 energy bins

Mu-like Events: 8 energy bins

Sub-GeV µ-like Events Evis < 1.3GeV : 5 energy bins

Multi-GeV µ-like Events Evis > 1.3GeV : 3 energy bins

• Fully Contained (FC) Multi-Ring Events: 9 energy bins

FC Multi-Ring e-like Events: 5 energy bins

FC Multi-Ring µ-like Events: 4 energy bins

• Partially Contained (PC) Events: 8 energy bins

PC Stopping Events: 4 bins

PC Through Going Events: 4 bins

• Upward Going Muon (UPµ) Events Events: 2 bins

Upward Stopping Muons: 1 bin

Upward Through Going Muons: 1 bin

• Total=37 bins

In the analysis we performed here the most recent data from [69] is used. The energy bins

are divided more finely in this data allowing a greater sensitivity to ∆m2. Each energy bin

is further divided into 10 zenith angle bins, from cos θ = 1 to cos θ = −1 for the contained

sample and from cos θ = 0 to cos θ = −1 for the UPµ sample. We have a total number of

37 × 10 = 370 bins. In order to determine the oscillation parameters, the model for the SK

experiment described earlier gives the theoretical predictions for each bin. We construct a

χ2 function assuming that the experimental data has a Poisson distribution,

χ2 =
370
∑

n=1

[

2
{

N the(n) − Nobs(n)
}

+2Nobs(n) ln

(

Nobs(n)

N the(n)

)]

+
43
∑

i=1

(

ξi

σi

)2

. (59)
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Figure 25: Super Kamiokande 90% CL allowed region for ∆m2 vs sin2 2θ23
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Figure 26: Super Kamiokande χ2 vs ∆m2

where

N the(n) = N the(n)

(

1 +
45
∑

i=1

fn
i · ξi

)

. (60)

In order to treat systematic errors we use the “Pull”approach as described [116]. This

approach allows one to incorporate systematic errors without adding adjustable parameters.

The approach derives from making linear corrections to the theoretical predictions for each

systematic error. The formulas are derived from Gaussian statistics and are approximated

for Poisson statistics. In equation 59 and 60, Nobs(n) is the number of observed events in the

bin n, Nth(n) is the theoretical prediction, ξi is the systematic error pull for the systematic

error, fn
i is the systematic error coefficient and σi is the one sigma value for the systematic

error. N the(n) accounts for effects of the systematic errors on the theoretical predictions

through the pulls ξi . Here we use 45 systematic errors arising from different sources as

described in tables 2 to 5. For these 45 errors, all of them contributed to the χ2 except
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the overall normalization and the normalization for the multi-GeV multi ring sample, which

are floated freely. During each fit these 45 ξi are varied to minimize χ2 for a given set of

oscillation parameters. The minimization of χ2 with respect to ξi (∂χ2

∂ξj
= 0) is equivalent to

solve numerically 45 coupled equations of the form

∂χ2

∂ξj

=
370
∑

n=1

fn
j

(

Nth(n) − Nobs(n)

1 +
∑45

i=1 fn
i · ξi

)

+
43
∑

i=1

ξi

σ2
i

δij = 0 (61)

Solving the 45 non-linear equations is computationally orders of magnitude faster than not

using the pull method, which would involve varying 45 parameters.

For the subdominant approximation for the oscillation parameters Eq.58, we minimize the χ2

function as defined in 59 to find the best fit oscillation parameters given by (∆m2, sin2 θ23, θ13) =

(2.5 × 10−3eV 2, 0.51, 0.01) with an overall χ2 = 416

We also obtain the allowed regions curves for different oscillation parameters. The 90% confi-

dence level allowed region for ∆m2 vs sin2 2θ23 is shown in figure 25, which is obtained by cal-

culating χ2−χ2
min = 4.6. From here on, all curves shown are the result of our computer sim-

ulation. In figure 26, 27 and 28 we also plot χ2 curves versus each individual parameter ∆m2,

sin2 θ23, and θ13. From these curves we can see that 2.1 × 10−3eV 2 < ∆m2 < 3.1 × 10−3eV 2

, 0.938 < sin2 2θ23 and −0.38 < θ13 < 0.38 are allowed at 90 % confidence level.

Table 2 and 3 provide the number of events observed by the SK experiment corresponding

to the FC, PC and UPµ sample. In Table 4 and 5 we show the Monte Carlo expected

events for the no oscillation case. Numbers I, II, ... X are used to label the zenith angle bins

−1 < cos Θ < −0.8, −0.8 < cos Θ < −0.6, ... and 0.8 < cos Θ < 1.0 respectively for FC and

PC events, −1 < cos Θ < −0.9, −0.9 < cos Θ < −0.8, ... and 0.1 < cos Θ < 0.0 respectively

for upward stopping and through-going muon events. The numbers 1 to 5 in the Evis column

correspond to the momentum ranges <250, 250-400, 400-630, 630-1000 and >1000 MeV/c

for sub-GeV samples and the numbers 6 to 10 correspond to <2.5, 2.5-5.0, 5.0-10, 10-20 and

> 20 ∼ GeV/c for multi-GeV samples. The letters a to f in the Evis columns correspond to

energy ranges 0.2-1.33, 1.33-2.5, 2.5-5.0, 5.0-10, 10-20, > 20 ∼GeV.
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Figure 29: Super Kamiokande Neutrino Events corresponding to the best fit parameters.
The tables reprecent the different experimental data samples.
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Figure 30: Super Kamiokande Neutrino Events corresponding to the best fit parameters.
The tables reprecent the different experimental data samples.
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Table 2: Observed number of neutrino events for the Fully Contained Single Ring (Multi-
Ring) e-like and µ-like sample taken from [72]

FC single-ring e-like
Evis I II III IV V VI VII VIII IX X
1 114 95 74 94 88 91 79 74 91 100
2 96 93 96 90 89 85 85 74 83 78
3 76 80 80 69 72 60 69 71 85 63
4 48 57 62 52 60 74 55 58 60 43
5 26 35 31 37 24 38 34 24 21 20
6 33 35 41 37 46 49 49 32 36 36
7 10 20 15 28 36 19 28 24 18 9
8 9 5 10 6 14 11 16 8 2 5
9 2 4 3 7 7 6 6 1 1 1
10 2 2 0 1 6 1 4 1 1 3

FC single-ring µ-like
Evis I II III IV V VI VII VIII IX X
1 36 40 39 37 35 34 35 45 48 46
2 86 77 99 86 87 80 91 85 94 76
3 94 60 81 94 87 84 116 119 97 118
4 52 48 53 53 68 68 72 81 91 86
5 27 22 22 37 25 40 41 41 46 48
6 27 35 29 32 35 57 66 69 49 56
7 4 10 12 15 16 15 27 16 25 33
8∼10 3 1 1 2 3 1 2 2 4 4

FC multi-ring e-like
Evis I II III IV V VI VII XII IX X
b 16 18 16 22 26 31 23 19 14 11
c 9 12 13 26 21 22 15 11 10 12
d 4 3 6 7 12 14 13 3 4 6
e 2 4 1 3 5 4 6 2 3 1
f 0 1 1 1 5 5 1 1 2 2

FC multi-ring µ-like
Evis I II III IV V VI VII XII IX X
a 14 8 20 14 25 16 21 32 29 29
b 11 14 16 19 20 33 28 31 30 25
c 6 11 11 7 13 20 19 17 23 19
d∼f 1 4 4 2 8 16 8 6 6 11
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Table 3: Observed number of neutrino events for the Partially Contained and Upward Going
Muons sample respectively taken from [72].

PC Through-Going
Evis I II III IV V VI VII XII IX X
a 5 9 10 9 9 9 11 10 10 7
b 4 6 10 21 18 18 12 22 11 20
c 8 6 12 15 20 48 36 27 11 18
d∼f 20 13 16 31 56 61 36 29 23 23

PC Stopping
Evis I II III IV V VI VII XII IX X
a 5 2 2 2 1 5 5 6 9 5
b 2 2 3 4 6 2 3 5 9 5
c 4 7 3 1 2 5 7 4 4 8
d∼f 1 0 3 6 5 8 4 6 8 2

Upward Through-Going Muon
85 113 116 138 159 183 178 267 286 316.6

Upward Stopping Muon
28 23 37 30 27 37 37 48 65 85.7

5.1.1 Summary

The SK collaboration performed this calculation [69] and demonstrate that the atmo-

spheric neutrino data alone helps to contrain the mixing angle θ13, although not as much

as does the CHOOZ experiment [27]. We simulate this calculation in order to calibrate

our model. In particular we are interested in θ13 which is a relatively small effect. We find

a similar allowed region for θ13 as did the SK analysis, | θ13 |< 0.38 for ∆χ2 = 4.6. For

the same ∆χ2 the SK collaboration also finds 1.9 × 10−3eV 2 < ∆m2 < 3.0 × 10−3eV 2 and

0.93 < sin2 2θ23. We find for this same ∆χ2 the values 2.1×10−3eV 2 < ∆m2 < 3.1×10−3eV 2

and 0.938 < sin2 2θ23. This level of agreement assures us that our theoretical model, which

is computationally efficient, is reasonably quantitative and addequate for exploring detailed

physics questions. In figures 29 and 30 we compare the expected neutrino number of events

corresponding to the best fit parameters, the experimental data as well as the montecarlo

predictions in the absence of neutrino oscillation. In these figures we plot the zenith angular

distribution of the neutrino events for the different data sample. From this plots we can
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Table 4: Monte Carlo expected events assuming no neutrino oscillation for the Fully Con-
tained Single Ring (Multi-Ring)e-like and µ-like sample taken from [72].

FC single-ring e-like
Evis I II III IV V VI VII XII IX X
1 79.3 83.3 81.4 82.0 84.0 79.8 79.5 84.2 81.5 82.9
2 75.6 71.7 73.2 69.4 68.4 68.8 69.5 67.2 71.1 69.7
3 64.2 66.9 65.8 63.6 64.6 64.1 62.4 61.7 59.7 57.5
4 45.4 47.9 50.1 50.9 51.6 51.6 50.8 49.1 46.5 42.5
5 21.7 23.2 25.1 25.8 25.6 25.9 25.0 26.1 23.6 18.5
6 29.3 33.2 34.9 39.7 42.8 43.9 40.7 39.5 32.0 27.3
7 13.8 16.6 18.4 23.5 26.6 24.2 22.0 19.9 17.2 12.4
8 5.27 5.40 7.49 9.42 12.4 11.8 8.38 8.26 5.87 4.18
9 1.47 2.83 2.62 3.73 4.38 4.83 3.38 2.63 1.71 1.63
10 0.86 0.86 1.63 1.26 2.40 2.16 1.68 1.79 1.23 1.26

FC single-ring µ-like
Evis I II III IV V VI VII XII IX X
1 54.7 53.7 54.4 55.1 55.8 53.8 53.5 53.6 52.6 52.1
2 124 123 123 122 119 120 123 118 116 121
3 119 112 113 116 113 113 113 112 108 105
4 91.1 88.0 90.5 91.0 94.7 91.1 89.6 88.2 84.5 82.9
5 43.4 45.9 44.9 44.5 47.0 47.5 47.9 42.6 44.0 43.6
6 58.8 57.3 59.6 61.6 62.3 63.2 64.4 59.6 55.1 54.0
7 26.1 24.9 23.8 27.3 30.7 28.3 28.6 24.6 25.3 26.8
8∼10 4.61 4.21 3.11 3.66 3.36 3.14 3.17 4.19 4.16 4.04

FC Multi-Ring e-like
Evis I II III IV V VI VII XII IX X
b 16.9 18.1 21.2 26.9 27.8 27.6 24.0 22.1 16.8 16.0
c 13.4 14.9 18.9 22.4 28.2 28.1 22.2 17.9 14.2 12.8
d 5.77 6.40 8.44 11.3 15.1 16.0 12.4 7.28 6.20 4.77
e 2.17 2.71 2.83 5.05 7.61 8.38 5.19 3.74 1.87 2.07
f 0.89 1.11 1.68 1.75 4.00 4.70 2.33 0.98 0.89 1.21

FC Multi-Ring µ-like
Evis I II III IV V VI VII XII IX X
a 27.6 31.2 33.4 33.7 36.1 35.6 34.1 32.9 28.9 29.1
b 33.2 33.6 36.7 39.9 43.9 43.0 40.7 40.7 33.8 32.5
c 22.4 22.8 23.5 27.5 31.6 28.8 28.0 24.8 22.4 20.4
d∼f 7.68 6.88 6.73 8.28 10.8 10.9 8.49 7.81 6.29 7.92
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Table 5: Monte Carlo expected events assuming no neutrino oscillation for the Partially
Contained and Upward Going Muons sample respectively taken from [72].

PC Through-Going
Evis I II III IV V VI VII XII IX X
a 9.90 5.69 8.48 11.2 13.5 15.1 13.3 8.53 7.13 9.55
b 13.9 14.0 17.3 22.1 25.2 25.9 19.9 17.9 14.0 14.7
c 18.7 20.9 26.1 32.4 36.9 40.2 34.5 24.1 21.8 22.2
d∼f 29.4 27.2 31.5 38.4 58.2 55.6 39.1 30.7 26.5 26.2

PC Stopping
Evis I II III IV V VI VII XII IX X
a 4.26 3.53 3.67 4.29 4.98 4.14 4.26 4.14 3.72 3.78
b 4.38 7.23 6.67 5.18 5.81 6.01 6.85 6.76 6.42 4.29
c 4.18 5.61 6.95 6.88 6.02 6.28 5.89 6.57 6.55 4.63
d∼f 4.30 4.63 3.81 4.75 4.08 5.16 4.62 4.33 3.56 2.90

Upward stopping muon
51.2 54.1 56.7 65.0 67.6 68.2 78.9 81.0 94.0 96.9

Upward through-going muon
96.1 115 122 137 146 169 187 211 229 257

clearly see the good agreement that exist between our best fit predictions and the experi-

mental data, providing in this way with good evidence about the quality of our simulation.
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Table 6: Summary of systematic uncertainties in the prediction of the atmospheric neutrino
flux. The last column shows the error parameter numbers (j), which appeared in Eqs.59 and
61 taken from [72].

σ (%) No.

(A) Systematic uncertainties in neutrino flux
Absolute normalization free 1

(νµ + νµ)/(νe + νe) Eν < 5 GeV 3.0 2

Eν > 5 GeV 3.0 3

νe/νe Eν < 10 GeV 5.0 4

Eν > 10 GeV 5.0 5

νµ/νµ Eν < 10 GeV 5.0 6

Eν > 10 GeV 5.0 7

Up/down < 400 MeV e-like 0.5 8

µ-like 0.8 8

> 400 MeV e-like 2.1 8

µ-like 1.8 8

Multi-GeV e-like 1.5 8

µ-like 0.8 8

PC 0.4 8

Sub-GeV multi-ring µ 0.8 8

Multi-GeV multi-ring µ 0.7 8

Horizontal/verticalf < 400 MeV e-like 0.3 9

µ-like 0.3 9

> 400 MeV e-like 1.2 9

µ-like 1.2 9

Multi-GeV e-like 2.8 9

µ-like 1.9 9

PC 1.4 9

Sub-GeV multi-ring µ 1.5 9

Multi-GeV multi-ring µ 1.3 9

K/π ratio 20.0 10

Lν (production height) 10.0 11

Energy spectrum Ek < 100 GeV 0.03 12

Ek > 100 GeV 0.05 12

Sample-by-sample FC Multi-GeV 5.0 13

PC + upward stopping µ 5.0 14
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Table 7: Summary of systematic uncertainties in neutrino interactions. The last column
shows the error parameter numbers (j), which appeared in Eqs.59 and 61 taken from [72].

σ (%) No.

(B) Systematic uncertainties in neutrino interaction
MA in quasi-elastic and single-π 10.0 15

Quasi-elastic scattering (model dependence) 1.0 16

Quasi-elastic scattering (cross-section) 10.0 17

Single-meson production (cross-section) 10.0 18

Multi-pion production (model dependence) 1.0 19

Multi-pion production (total cross-section) 5.0 20

Coherent pion production (total cross-section) 30.0 21

NC/CC ratio 20.0 22

Nuclear effect in 16O 30.0 23

Energy spectrum of pions 1.0 24

CC ντ interaction cross section 30.0 25

Table 8: Summary of systematic uncertainties in event selection. The last column shows the
error parameter numbers (j), which appeared in Eqs.59 and 61 taken from [72].

σ (%) No.

(C) Systematic uncertainties in event selection
Reduction for fully-contained event 0.2 26

Reduction for partially-contained event 2.6 27

Detection efficiency upward stopping µ 1.3 28

upward through-going µ 0.5 28

FC/PC separation 0.9 29

Hadron simulation 1.0 30

Non-ν Sub-GeV e-like 0.4 31

µ-like 0.1 32

Multi-GeV e-like 0.2 31

µ-like 0.1 32

PC 0.2 32

Upward stopping/through-going µ separation 0.4 33
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Table 9: Summary of systematic uncertainties in event reconstruction. The last column
shows the error parameter numbers (j), which appeared in Eqs.59 and 61 taken from [72].

σ (%) No.

(D) Systematic uncertainties in event reconstruction
Ring separation < 400 MeV e-like 6.3 34

µ-like 2.4 34

> 400 MeV e-like 3.4 34

µ-like 1.3 34

Multi-GeV e-like 15.9 34

µ-like 6.2 34

Sub-GeV multi-ring µ 3.7 34

Multi-GeV multi-ring µ 7.2 34

Particle identification Sub-GeV e-like 0.6 35

µ-like 0.6 35

Multi-GeV e-like 0.4 35

µ-like 0.4 35

Sub-GeV multi-ring µ 3.4 36

Multi-GeV multi-ring µ 4.7 36

Energy calibration for FC event 2.0 37

Energy cut for upward stopping muon 1.1 38

Up/down symmetry of energy calibration 0.6 39

Table 10: Systematic Errors for Non-ν and Non-(νe CC) backgrounds, PC separation and
multi ring normalization. The last column shows the error parameter numbers (j), which
appeared in Eqs.59 and 61 taken from [72] .

σ (%) No.

(E) Sources of systematic errors for Non-ν backgrounds
Non-ν background upward through-going muons 3.0 40

upward stopping muons 17.0 41

Non-(νe CC) background multi-GeV single-ring e-like 14.0 42

multi-GeV multi-ring e-like 20 43

PC stopping - PC through-going
separation 12 44

Sample normalization
of multi-GeV multi-ring e-like free 45
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CHAPTER VI

OTHER EXPERIMENTS IMPACTING ATMOSPHERIC NEUTRINO OSCILLATION

PARAMETERS

In this chapter we describe other experiments that contrain the atmospheric oscillation

parameters ∆m2, θ23 and the parameter θ13. We probide the detail of how we model each of

these experiments so that we can combine them with the SK result to study new physics. We

present the description of these experiments in chronological order, starting with CHOOZ,

then K2K, and finishing with the most recent, MINOS.

6.1 CHOOZ Experiment

CHOOZ is a neutrino oscillation [27] experiment located in France, utilizing two nuclear

reactors as the neutrino source. The average energy of the neutrinos was 3 MeV. The detector

is located approximately 1 km from the reactors giving an average L/E ∼ 300 m/MeV. Since

the source consists of nuclear reactors, the neutrino flux consists only of anti neutrinos. They

are detected via the inverse beta decay reaction νe +p → n+e+ in an underground detector,

see figure 31. CHOOZ collected data for a total of 8210 hours: 3420 hours with neither

reactor running, 3250 hours with one reactor running, and 1540 hours with both reactors

running. A total of 2991 neutrino candidates were observed during this period.

6.1.1 Oscillation Method

The data consists of seven positron energy bins for each reactor, for a total of 14 bins. We

utilize a χ2 function derived below and minimize it with respect to the neutrino oscillation

parameters. In this statistical analysis we include a 14×14 covariance matrix to account for

the correlation between the energy bins as indicated in [27]. We also included the systematic

error from the overall normalization and for the energy calibration. For the χ2 function

we use the expected positron yield for the k-th reactor and the j-th energy spectrum bin
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Figure 31: Overview of the CHOOZ experiment site from [27].

parameterized as

X(Ej, Lk, θ, ∆m2) = X̃(Ej)P (Ej, Lk, θ, ∆m2) (j = 1, . . . , 7 k = 1, 2), (62)

where X̃(Ej) is the distance-independent positron yield in the absence of neutrino oscilla-

tions, Lk is the reactor-detector distance, and the last factor represents the survival proba-

bility averaged over the energy bin and the finite detector and reactor core sizes. Here, for

comparison reasons, we use the two neutrino formula used in the analysis performed by the

CHOOZ collaboration.

P (νe → νe) = 1 − sin22θ sin2

(

1.27 ∆m2(eV2) L(m)

Eν(MeV)

)

. (63)

In combination with other experiments, the full three neutrino formula will be used. The

experimental yield for the 7 energy bins and the two positions Lk are given in table 11. We

arrange these values into a 14-element array X arranged as follows:

~X = (X1(E1), . . . , X1(E7), X2(E1), . . . , X2(E7)), (64)
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Table 11: Experimental positron yields for both reactors (X1 and X2)and expected spectrum (X̃)
for no oscillation. The errors (68% C.L.) and the covariance matrix off-diagonal elements are also
listed taken from [27].

Ee+ X1 ± σ1 X2 ± σ2 X̃ σ12

MeV (counts d−1GW−1)

1.2 0.151 ± 0.031 0.176 ± 0.035 0.172 −2.2 10−4

2.0 0.490 ± 0.039 0.510 ± 0.047 0.532 −1.5 10−4

2.8 0.656 ± 0.041 0.610 ± 0.049 0.632 −3.5 10−4

3.6 0.515 ± 0.036 0.528 ± 0.044 0.530 −3.3 10−4

4.4 0.412 ± 0.033 0.408 ± 0.040 0.379 −2.0 10−4

5.2 0.248 ± 0.030 0.231 ± 0.034 0.208 −0.7 10−4

6.0 0.102 ± 0.023 0.085 ± 0.026 0.101 −1.3 10−4

and similarly to define the associated covariance matrix. Combining the statistical variances

with the systematic uncertainties related to the neutrino spectrum, the 14 × 14 covariance

matrix can be written in a compact form as follows:

Vij = δi,j(σ
2
i + σ̃2

i ) + (δi,j−7 + δi,j+7)σ
(i)
12 (i, j = 1, . . . , 14), (65)

where σi are the statistical errors associated with the yield array Eq.64, σ̃i are the systematic

uncertainties and σ
(i)
12 are the covariance of reactor 1 and 2 yield contributions to the i-th

energy bin (see table. 11). We must also take into account the systematic error related to

the absolute normalization; we utilize an overall normalization uncertainty of σα = 2.7%. In

order to test for neutrino oscillation, we define the following χ2 function as,

χ2
(

θ, ∆m2, α, g
)

=
14
∑

i=1

14
∑

j=1

(

Xi − αX
(

gEi, Li, θ, ∆m2
)

)

V −1
ij

(

Xj − αX
(

gEj, Lj, θ, ∆m2
)

)

+

(

α − 1

σα

)2

+

(

g − 1

σg

)2

(66)

where α is the absolute normalization constant, g is the energy-scale calibration factor,

Li,j = L1 for i, j ≤ 7 and Li,j = L2 for i, j > 7. The result of this analysis is that at 90 %CL

no evidence is found for neutrino oscillation in the νe disappearance channel. This result
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Figure 32: χ2 vs θ13 curve predicted by CHOOZ experiment, fixing the other oscillation parameters
to their best fit value, horizontal lines represent the 68%, 90% and 99% confidence level.

does not favor νe → νµ oscillations. In figure 32 we present χ2 versus θ13 for CHOOZ where

we have fixed ∆m2 and θ23 to their best fit values from [69].

6.1.2 CHOOZ Implications

The most important consequence of the CHOOZ experiment is that it imposes an upper

limit on the parameter θ13. This will be more evident when we combine CHOOZ with other

experiments. At 90 % CL the upper limit is θ13 < 0.19.

6.2 K2K Experiment

The K2K neutrino oscillation experiment uses the Super Kamiokande detector. Instead

of using neutrinos from the atmosphere as a source, K2K detects neutrinos produced by

an accelerator at the Japanese National Accelerator Facility, KEK, located 250 km away

from the SK location, see figure 33. The neutrinos produced at KEK are detected at a near

detector located at a distance of 300 meters from the source. The near detector serves to
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Figure 33: Overview of the K2K experiment site.

Table 12: The Eν interval of each bin.
Eν [GeV] 0.0−0.5 0.5−0.75 0.75−1.0 1.0−1.5 1.5−2.0 2.0−2.5 2.5−3.0 3.0−

measure the beam and its energy spectrum. The near detector used to measure the properties

of the neutrino beam is made up of two main parts. The “1 kilo-ton water detector”is a small

scaled down replica of the much larger 50 kilo-ton Super-Kamiokande detector. By making

this detector as similar as possible to the large detector 250 kilometers away, a comparison

of the properties of the neutrinos measured both close to and far away from the neutrino

source can be made utilizing the same techniques. A comparison of the spectra in the near

and far detector is used to test for neutrino oscillations.

The neutrino beam used in the K2K experiment is produced by a 12 GeV proton beam

taken from the KEK Proton Synchrotron with fast extraction. After hitting an aluminum

target the positively charged particles produced by the beam are focused by a pair of magnetic

horns. These charged particles (mostly pions) then enter a long tunnel where they decay and

produce neutrinos. The beam is estimated to be 99 % muon neutrino with a 1 % electron

neutrino contamination. The peak energy of the resulting neutrinos is estimated to be 1

GeV and the mean energy 1.4 GeV.
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6.2.1 K2K simulation method

A fundamental analysis of this experiment would start with a simulation of the expected

neutrino spectrum at the far detector. This simulated spectrum would be the result of

a complex Monte Carlo simulation, such as the performed by the K2K [36] collaboration

that takes into account different factors and correlations between the far and near detector.

This would be a very difficult task for us to do. We can use the result of the Monte Carlo

simulation done by the experimentalist as the no oscillation spectrum expected on the far

detector. We use the Monte Carlo data points shown in figure 34 taken from [117] for the no

oscillation spectrum. The expected number of neutrino events in the presence of neutrino

oscillation is then,

N theo(n) =

∫ Emax(n)

Emin(n)

S(Eν)Pµµ(L/Eν) (67)

where S(Eν) is the no oscillation spectrum, Pµµ(L/Eν) is the neutrino survival probability,

Emax(n) and Emin(n) are the maximum and minimum energy values for the energy bin n.

Table 12 gives Emax(n) and Emin(n) for each energy bin.

6.2.2 K2K oscillation analysis test

Similarly to the SK atmospheric experiment K2K uses single ring and multi ring data.

For our analysis we use just the single ring sub-sample which consist of 58 neutrino events.

A χ2 analysis is performed based on a comparison between the observation and the model

predictions. The signature for neutrino oscillations from νµ to ντ are both a reduction in the

total number of observed neutrino events and a distortion in the neutrino energy spectrum.

The χ2 function is divided into two terms: the observed total number of events detected at

the SK χ2
norm and the shape of the spectrum included in χ2

shape. We use the “pull ”method

to account for the systematic uncertainties by adding a third term χ2
syst.

χ2
K2K = χ2

norm + χ2
shape + χ2

syst (68)

The best fit oscillation parameters, ∆m2
23 and θ23, are obtained by minimizing χ2

tot. The

systematic parameters included in χ2
syst consist of the neutrino energy spectrum at the near
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Figure 34: The reconstructed K2K Eν distribution for the 1-ring µ-like sample. Points with
error bars are data, the dashed line is the expectation without oscillation that we used as
our spectrum. Taken from [117]
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detector site, the flux ratio, the neutrino-nucleus cross-section, the efficiency and the energy

scale of the SK detector, and the overall normalization. Due to the low statistics we use an

analysis based on the Poisson distribution, hence the expressions for χ2
norm , χ2

shape and χ2
syst

are given by

χ2
shape = 2

8
∑

n=1

(

Ñ theo
n − Ndata

n − Ndata
n ln

Ñ theo
n

Ndata
n

)

, (69)

χ2
norm = 2

(

Ñ theo
total − Ndata

total − Ndata
total ln

Ñ theo
total

Ndata
total

)

, (70)

with the “pull ”approach [116] accounting for the variations of the theoretical predictions

due to the 31 systematic errors. Thus,

Ñ theo
n = N theo(n) +

31
∑

k=1

Ck
nξk, (71)

Ñ theo
total =

8
∑

n=1

Ñ theo
n , (72)

Ndata
total =

8
∑

n=1

Ndata
n , (73)

where N theo(n) is given by equation 67, Ndata is the experimental data provided by the K2K

collaboration [117], Ndata
total and N theo

total are the experimental and theoretical total number of

neutrino events respectively, Ck
n is the systematic error coming from the source k correspond-

ing to the bin n, and ξk is the pull that accounts for the variation of the systematic k, and

the data is divided into 8 energy bins.

Finally, for the χ2
syst, we use 31 sources of systematic errors classified in different groups as

follows:

C ≡ C(Cφ, CnonQE, CNC, CF/N, CεSK−I , CE−scale
SK−I , CεSK−I , CE−scale

SK−II , Cnorm
K2K−Ia, C

norm
K2K−Ib, C

norm
K2K−II),

where Cφ represents the systematic error in the energy spectrum measured by the ND, CnonQE

and CNC are the source of errors in the cross sections, CF/N is the error in the far/near flux
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Figure 35: K2K χ2 vs ∆m2

ratio, CεSK−X is the systematic error in the detection efficiency at SK, CE−scale
SK−I is the error

in the energy scale of SK and Cnorm
K2K−X is the error in the overall normalization at the K2K

near detector. Table 10.1 from thesis [118] summarizes all the systematic errors for K2K as

well as their estimated values. The explicit expression for χ2
syst is then

χ2
syst =

31
∑

j,k=1

ξk(Mkj)
−1ξi (74)

Mkj is the error matrix which can be constructed from Tables 8.1 and 8.2 provided by [118]

and the ξk’s are the statistical pulls.

We minimized χ2
K2K with respect to the pulls ξk and the oscillation parameters. The mini-

mization with respect to the pulls is performed by the solution of 31 coupled equations as

explained earlier.
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Figure 36: K2K 90% CL. ∆m2 vs sin2 2θ23 allowed region.

6.2.3 K2K results.

The statistical analysis performed in the ∆m2, sin2 2θ23 space, gives an absolute minimum

χ2 for the neutrino oscillation parameters given by (∆m2, sin2 2θ23) = (2.78×10−3eV 2, 0.998).

The total number of observed events 58, is in agreement with the 56 events found from the

model. We find 2.2 × 10−3eV 2 < ∆m2 < 3.2 × 10−3eV 2 and at the 90 % confidence level

for ∆χ2 = 2.58. This result is consistent with the results obtained by the SK experiment

for ∆m2 and sin2 2θ23, confirming in this way the hypothesis of neutrino oscillation in the

atmospheric neutrino data. In figures 35 and 36 we plot χ2 vs ∆m2 and ∆m2-sin2 2θ23 90%

CL. allowed region, respectively. These curves show the agreement the exist between our

result and the result provided by the K2K collaboration [117].

6.3 MINOS Experiment

The MINOS experiment (or Main Injector Neutrino Oscillation Search) is the most re-

cent neutrino experiment designed to study the phenomena of neutrino oscillations. This
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Figure 37: The reconstructed MINOS energy spectra of selected Far Detector events with
the Far Detector unoscillated prediction taken from [37].

experiment very similar to the already described K2K experiment. In this case neutrinos are

produced at Fermilab by the NuMI (Neutrinos at Main Injector) and then detected by two

detectors, one very close to the neutrino source (the near detector ND), and another detector

located 735 km away in Minnesota (the far detector FD). To produce the beam, the NuMI

beam line 120 GeV Main Injector proton pulses hit a water-cooled graphite target. The re-

sulting interactions of protons with the target material produce pions and kaons, which are

focused by a system of magnetic horns. The neutrinos result from subsequent decays of pions

and kaons. Most of these are muon neutrinos, with a small electron neutrino contamination.

Neutrino interactions in the near detector are used to measure the initial neutrino flux and

energy spectrum. The MINOS collaboration reported data [37] corresponding to two years

of beam operation in which 884 νµ neutrino events were observed. Using observations at the

near detector, in the absence of neutrino oscillations 1065 events were expected. This deficit

of neutrino events is evidence of the existence of neutrino oscillation.
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Figure 38: MINOS χ2 vs ∆m2

6.3.1 MINOS simulation method

The procedure to simulate this experiment is very similar to the one used for the K2K

experiment. The MINOS collaboration uses Monte Carlo simulations to estimate the ex-

pected neutrino spectrum at the far detector, this once again represents a great difficulty for

us, given the complexity of the experiment. We use the information provided by the MINOS

collaboration [37] given in figure 37. From this plot we will obtain the Monte Carlo neutrino

spectrum in the absence of neutrino oscillation and then use equation 67 to calculate the

expected neutrino events assuming neutrino oscillations.

6.3.2 MINOS oscillation analysis test

We again use the Poisson distribution function for our definition of χ2 as done by the

experimentalist. The data provided by the experiment [37] consist of 15 energy bins and

three systematic errors; the relative normalization between the far and near detectors with

a 4 % uncertainty; the absolute hadronic energy scale with a 11 % uncertainty, and a 50 %
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Figure 39: MINOS 90% CL. ∆m2 vs sin2 2θ23 allowed region.

uncertainty in the neutral-current background rate.The expression for the χ2 is again given

by

χ2
MINOS = 2

15
∑

n=1

(

Ñ theo
n − Ndata

n − Ndata
n ln

Ñ theo
n

Ndata
n

)

+
3
∑

j=1

(

ξj

σj

)2

, (75)

where

Ñ theo
n = N theo(n) +

3
∑

j=1

Ck
nξk (76)

The meaning of these is as explained in the K2K section, and the minimization is as described

for K2K.

6.3.3 MINOS results.

The analysis performed using equation 75 allows us to extract a set of oscillation pa-

rameters that minimizes χ2
MINOS. The absolute minimum that corresponds to the best fit

parameters is given by ∆m2 = 2.41 × 10−3eV2 and sin2 2θ23 = 0.9990. The allowed inter-
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Figure 40: K2K+MINOS χ2 vs ∆m2

vals of these parameters at 90 % C.L. are 2.25 × 10−3eV 2 < ∆m2 < 2.8 × 10−3eV2 and

0.86 < sin2 θ23 for ∆χ2 = 4.6. These numbers and the results shown in figure 38 and 39

are in good agreement with those given in [37], 2.2 × 10−3eV2 < ∆m2 < 2.7 × 10−3eV2 and

0.85 < sin2 θ23, thus verifying our model.

6.4 Combined analysis of CHOOZ and long baseline experiments

The previous sections provide detailed information about the the method we used to

simulate CHOOZ and the long baseline experiments, K2K and MINOS. The results that we

obtained were good reproduction of the results obtained by the experimentalist themselves.

Hence we can perform a combined analysis of these three neutrino experiments and study

the implications and consequences that they have in determining the neutrino oscillation

parameters. To do this, we need to adopt a modified version of the oscillation probability

formulas that more fully takes into account the effect of all the relevant oscillation parame-

ters for each experiment. We use here the subdominant approximation involving ∆m2, θ13
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and θ23. Again this approximation is given by,

P(νe → νe) = 1 − sin2 2θ13 sin2

(

1.27∆m2L

E

)

P(νµ → νe) = P(νe → νµ) = sin2 θ23 sin2 2θ13 sin2

(

1.27∆m2L

E

)

P(νµ → νµ) = 1 − 4 cos2 θ13 sin2 θ23(1 − cos2 θ13 sin2 θ23)

× sin2

(

1.27∆m2L

E

)

(77)

This approximation is used by the SK experimentalist and by us in chapter 5. By including

the effects of θ13 through first order in the ratio α =
∆m2

21

∆m2
31

, it goes beyond the two neutrino

approximation, but is not the full three neutrino result. We call this the “2.5-flavor ”model.

We start by studying the implications for the mass square difference ∆m2 when we combine

the K2K and MINOS experiments. To perform this analysis we construct a χ2 function given

by χ2
K2K+MINOS = χ2

K2K + χ2
MINOS. Figure 40 shows χ2

K2K+MINOS vs ∆m2 curve obtained by

this combined analysis. As we can see, adding the two experiments reduces the size of the

allowed region and moves the minimum to ∆m2, sin2 θ23 = (2.51 × 10−3eV 2, 0.980). For the

mixing angle θ23, figure 41 shows the 90% CL. allowed region, corresponding to the parameter

∆m2 and sin2 2θ23. We find a small change in the absolute minimum for the mixing angle,

and a small reduction in the allowed region. Finally these two experiments have no effect

on the allowed value of the angle θ13. Notice that Pµµ does have a small dependence on

θ13 through cos2 θ13 but this effect is too small in comparison to the experimental errors to

even have a visible effect on the curves we are presenting. The main constraint on θ13 comes

from the CHOOZ experiment. In figure 42 we plot χ2
K2K+MINOS+CHOOZ as a function of θ13,

where χ2
K2K+MINOS+CHOOZ = χ2

K2K + χ2
MINOS + χ2

CHOOZ. Figures 42 and 32 confirm the small

contribution to θ13 from K2K and MINOS experiment.

Discussion

The implications of this combined analysis can be seen when making a comparison of

the best fit parameters with those obtained in Chapter 5 from the SK atmospheric experi-
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Figure 41: K2K+MINOS 90% CL. ∆m2 vs sin2 2θ23 allowed region.
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Figure 42: K2K+MINOS+CHOOZ χ2 vs θ13

92



ment. From Fig. 40, we can conclude that the K2K+MINOS combination provide a strong

constraint for the determination of ∆m2. However, Figs. 36, 39 and 41 show that K2K and

MINOS are less constraining than SK atmospheric when it comes to determining the mixing

angle θ23. The mixing angle θ13 is determined mainly by the CHOOZ experiment. Neither

K2K nor MINOS, at the moment, has any effect on the determination of this parameter. SK

atmospheric data does constraint θ13 as seen in Fig. 28. However, CHOOZ proves to be the

dominant constraint in this analysis. All of these conclusions are not new. We present them

to verify that our analysis is very much consistent with previous analysis in the 2.5 flavor

model.

6.5 Global Analysis in the Atmospheric Neutrino Sector

We finish this chapter by showing the result of the combined analysis of all the exper-

iments that we have described. As in previous section, we adopt the 2-5 flavor convention

for the oscillation probability formulas Eqs. 77. For this analysis we construct a χ2 function

given by:

χ2
GLOBAL = χ2

ATMOS + χ2
K2K + χ2

MINOS + χ2
CHOOZ (78)

where each individual χ2 has been defined in previous sections and χ2
ATMOS has been defined

in Chapter 5. Using Eq. 78 we study the consequences of this global analysis for the deter-

mination of the oscillation parameters. We start by showing the dependence of χ2
GLOBAL on

the mass square difference ∆m2 in Fig 43. The conclusions are what is expected from the

comparison of the SK atmospheric result in Chapter 5, with the long baseline plus CHOOZ

result, ie. the discussion at the end of the previous section is again verified.

We see from Figs. 42 that K2K+MINOS contributes to the determination of ∆m2, whereas

SK atmospheric contributes the determination of ∆m2 and θ23, and CHOOZ dominates the

determination of θ13, as noted earlier.

We present in Figs. 43 to 45, the χ2 versus ∆m2, sin2 2θ23, and θ13 for the combined analysis,

K2K, MINOS,CHOOZ and SK atmospheric for the 2.5 flavor analysis. To better understand

the role of the MSW effect, we present the χ2 versus ∆m2, sin2 2θ23, and θ13 for the SK
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Figure 43: SK+K2K+MINOS+CHOOZ χ2 vs ∆m2, solid and dashed lines represent the
matter and vacuum case respectively.

atmospheric analysis with and without the Earth MSW effect.

We see that in the 2.5 neutrino approximation the conclusions we have reached are still

valid, as the MSW effect has a small, not negligible, effect but does not alter the qualitative

features of the results.
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Figure 44: SK+K2K+MINOS+CHOOZ χ2 vs sin2 2θ23, solid and dashed lines represent the
matter and vacuum case respectively.
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Figure 45: SK+K2K+MINOS+CHOOZ χ2 vs θ13,solid and dashed lines represent the matter
and vacuum case respectively.
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CHAPTER VII

IMPORTANCE OF A FULL THREE NEUTRINO ANALYSIS.

This chapter studies the importance of atmospheric neutrino data in determining the

oscillation parameters when a full three neutrino analysis is performed. To do this, we use

the theoretical model described in previous chapters. However, unlike the analysis performed

there, we use the full the full three neutrino oscillation probabilities, including matter effects,

and without any approximations. We will find that there exist qualitative differences between

the use of the full three neutrino probabilities and the use of the sub dominant approximation,

the 2.5-flavor neutrino model. In vacuum, and in the absence of CP violation, the standard

representation [51] of the mixing matrix, can be expressed in terms of the three mixing angles

θ12, θ13, θ23. The probability that a neutrino of flavor α and energy Eν will be detected a

distance L from the source as a neutrino of flavor β is then given by

Pαβ(L/Eν) = δαβ − 4
3
∑

k<j,
j,k=1

(UαjUαkUβk, Uβj) sin2 ϕjk (79)

with ϕjk := 1.27 ∆jk L/Eν , with ∆jk = m2
j − m2

k, where L is measured in kilometers, Eν in

GeV, and the mass eigenvalues mi in eV. Notice that there are a total of five parameters,

three mixing angles, and two independent mass squared differences. Utilizing the approach

developed in Ref. [114], we include the MSW effect which modifies the masses and mixing

angles, of the oscillating neutrinos, changing vacuum to matter dependent quantities. We

utilize a simple two density model of the earth: a mantle of density 4.5 gm/cm3 and a core of

density 11.5 gm/cm3 and radius 3486 km. This approach allows us to efficiently incorporate

the MSW effect into a three neutrino oscillation framework without approximation. All

curves presented in this work include the earth’s MSW effect unless otherwise specified.

7.0.1 The subdominant approximation

A common practice is to work within the “sub-dominant approximation” (or the 2.5

flavor approximation), an approximation arising from an expansion in the ratio of the mass-
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Figure 46: ∆χ2 versus θ13 in the sub-dominant approximation. The solid [black] curve
utilizes only atmospheric data; the dashed [blue] curve contains the LBL experiments and
CHOOZ. The dot-dash [purple] curve utilizes only CHOOZ data with ∆32 and θ23 fixed.

squared differences, α ≡ ∆m2
12/∆m2

32 ≈ 1/30. This approximation uses the oscillation

probabilities as expressed in Eqs. 77. Additional correction terms [109, 119] are often added

to this approximation. Here we utilize the exact formula, Eq. (79).We have introduced the

2.5 neutrino approximation in order to compare our model to results found by others and to

demonstrate the importance of using the full three neutrino probabilities.

7.1 The full neutrino approach.

For the full three neutrino calculation, we fix the two solar parameters at their best fit

values, θ12 = 0.58 and ∆m2
21 = 8.0×10−3eV2. In Figs. 47 to 49, we compare the sub-dominant

approximation, dashed [red] curve, with the full three-neutrino calculation, solid [blue] curve,

based upon Eqs. (79). Atmospheric, long baseline (LBL), and CHOOZ data are included.

In Fig 47 we present χ2
Global versus the atmospheric mass square difference ∆m2

32 for the 2.5

neutrino model and the full 3 neutrino calculation. We find that there is little effect of using

the full calculation. This is not surprising as ∆m2
32 is predominately determined by the LBL

experiments. These experiments unlike the SK atmospheric experiment, do not reach into
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Figure 47: ∆χ2
Global versus ∆m2 for the combined analysis. Solid (dashed) line corresponds

to the 2.5 flavor model (3 neutrino model)

the region, where the linear in θ13 terms become important and where the expansion that

generates the 2.5 neutrino model is divergent.

In Fig. 48 we present χ2
Global versus sin2 θ23 for the 2.5 flavor model and the 3 neutrino

model. Notice that the full three neutrino model is not a function of sin2 2θ23 and thus we

must change to θ23 or sin2 θ23 as independent variables. There is a larger effect of utilizing

the full 3 neutrino probabilities here. This is expected as there is an approximate linear

relation between θ23 and θ13 [120] with
dθ23

dθ13

= cot θ12 in the absence of MSW effects. Since

the atmospheric data reaches into the region L/E ∼ 104km/GeV where linear in θ13 effects

become significant, we expect an effect also on the value of θ23 as determined by the SK

atmospheric data. In Fig. 49 we present χ2
Global versus θ13 for the 2.5 neutrino model and

the full 3 neutrino model.

Note that the sub-dominant results are symmetric about θ13 = 0, as is manifest in the formu-

las, Eqs. (77). In Refs. [121, 120], it is shown that the neutrino oscillation probabilities were

shown to contain linear (and higher order) terms in θ13. The linear terms and the interference

between the oscillations coming from the two different mass-squared differences have also
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Figure 48: ∆χ2
Global versus sin2 θ23 for the combined analysis. Solid (dashed) line corresponds

to the 2.5 flavor model (3 neutrino model)
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Figure 49: ∆χ2
Global versus θ13 for the combined analysis. Solid (dashed) line corresponds to

the 2.5 flavor model (3 neutrino model)
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Figure 50: ∆χ2 versus θ13. The dashed [red] curve includes all data and uses the sub-
dominant approximation. The solid [blue] curve incorporates the same data with a full three
neutrino calculation. Here ∆χ2 = χ2 − χ2

0 where χ2
0 is the minimum χ2 for the 3 neutrino

analysis.

been investigated in Refs. [122, 123]. For values of L/Eν & 104 km/GeV, the sub-dominant

expansion was found not to be convergent and significant effects linear in θ13 were found,

particularly at the peaks of the ∆21 oscillations. This region of L/E in the atmospheric data

has also been noted in [124]. In Ref. [121], atmospheric oscillation data were observed to

reach into this region. Fig. 50 demonstrates the truth of that statement and demonstrates

that the linear in θ13 and higher order terms are not negligible in extracting θ13 from the

data. Note that we have taken the bounds on the mixing angles as θ13 ∈ [−π/2, π/2] and

θ12, θ23 ∈ [0, π/2], as first suggested in Ref. [125]. These bounds, in the absence of CP viola-

tion, produce an allowed parameter space that is a single connected region, a necessity for

this work.

To further understand this result, we examine the contribution to χ2 from the individual

experiments in Fig. 51. The solid [black] curve utilizes only the atmospheric data. The

atmospheric data are more restrictive than even CHOOZ for positive θ13, while for negative
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Figure 51: ∆χ2 versus θ13 resulting from a full three neutrino calculation. The coding is the
same as Fig. 46

θ13 the atmospheric data is less restrictive even than in the sub-dominant approximation.

The dashed [blue] curve, the final result, adds the LBL experiments and CHOOZ. The dot-

dash [purple] curve is the same as in Fig. 46. We find the allowed region for θ13 to be

asymmetric about zero, bounded from above by atmospheric data and bounded from below

by CHOOZ. The final value is θ13 = −0.07+0.18
−0.11, corresponding to ∆χ2 = 6.25 for a three

parameter analysis. Which subset of atmospheric data results in the strict upper bound

on θ13 and the lack thereof from below? To answer this, we consider θ13 = 0.15 which has

∆χ2 ∼ 9. We find that the sub-GeV fully contained events are responsible for two-thirds

of this ∆χ2. Furthermore, one-half of the total change in chi-squared (4.5) comes from the

single angular bin, −0.8 < cos ϑ < −0.6, bin II, and the two lowest energy bins. This is well

into the region where we expect contributions from θ13 linear terms. Bin I, −1.0 < ϑ < −0.8,

contains neutrinos which traverse the core suppressing their amplitude of oscillation.

In Fig. 52 the oscillation probabilities Pαβ are plotted as a function of E−1
ν . The solid curve

uses the best fit parameters, the dashed curves use θ13 = +0.15, and the dot-dash curves

θ13 = −0.15 (if they differ from the +0.15 curve). For Pee, the top two curves, there is only a
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Figure 52: The oscillation probabilities Pee and Peµ versus the inverse neutrino energy E−1
ν .

The probabilities have been averaged over the angular bin II and folded with a 6% error in
the energy. The solid curves use the best fit values of the parameters. The dashed curves
change θ13 to +0.15, the dot-dash curves change θ13 to −0.15. Note that Pee is a function
of θ2

13, and the θ13 = −0.15 curve is equal to the +0.15 curve.

quadratic term in θ13 and it lowers Pee. Peµ decreases (increases) with positive (negative) θ13.

For the expected number of e-like events in an atmospheric experiment, Re = Pee+rPeµ with

r the ratio of the νµ to νe flux, the θ13 effects add for positive θ13 and subtract for negative

θ13, as shown in Fig. 53. It was noted in Ref. [126] that the constancy of Re imposes an upper

bound on |θ13| as well as constrains θ23 to be near maximal mixing. Further, the excess of

e-like events at lower energies [122] results in the strict bound on positive values of θ13 in

contrast to negative values, cf. Fig. 53. The effect is enhanced by an MSW resonance near

Eν = 180 MeV for a mantle density of 4.5 gm/cm3 and ∆21 = 8.0× 10−5 eV2. In Ref. [120],

it is shown that dPeµ/dθ13 is proportional to cot 2θ12. This relation implies the opposite sign

to the linear effect for Peµ than is seen in Fig. 52. In matter, one must replace the mixing

angle with its effective value θm
21; for θ12 = 0.58, one has θm

12 ≈ 0.97 at 180 MeV in the mantle

giving the requisite change in sign for cot 2θm
12. Thus the bounding of θ13 from above by the

atmospheric data depends critically on incorporating the full MSW effect.
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Figure 53: The measured quantity Re versus the inverse neutrino energy E−1
ν . The solid

curve utilizes the best fit parameters, the dashed curve θ13 = +0.15, the dot-dashed curve
θ13 = −0.15

7.2 MSW effect

Earlier we examined the importance of the Earth MSW effect on the SK atmospheric

data, in determining the oscillation parameters in the 2.5 neutrino model. We found that

the MSW effect was small and did not alter the qualitative features of the analysis. We here

examine this question for the full 3 neutrino analysis. In Figs. 54, 55 and 56 we present

χ2
Global versus ∆m2

32, sin2 2θ23 and θ13 for the three neutrino model with and without the

Earth MSW effect for the combined analysis.
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Figure 54: ∆χ2
Global versus ∆m2

32 for the combined analysis. Solid (dashed) line corresponds
to the full 3 neutrino matter case (vacuum)
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Figure 55: ∆χ2
Global versus sin2 θ23 for the combined analysis. Solid (dashed) line corresponds

to the full 3 neutrino matter case (vacuum)
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Figure 56: ∆χ2
Global versus θ13 for the combined analysis. Solid (dashed) line corresponds to

the full 3 neutrino matter case (vacuum)
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CHAPTER VIII

CONCLUSIONS

8.1 Summary of results

We have developed a computational model of the Super Kamiokande atmospheric data

that is both quantitative and numerically efficient. This data is statistically the most sig-

nificant data set, the one data set that covers a large variation in the important parameter

L/E, and is the most difficult to analyze, both because of the complexity of the source and

because the SK detector measures the angle of the particle created by the incident neutrino.

To achieve our goal of computational efficiency, we utilize Monte Carlo results from the SK

collaboration to replace integrals over bins by the average value of that quantity for each

bin. We note that this is in the same spirit as the program provided by the Mini BooNE

collaboration for the analysis of the Mini-BooNE experiment [49]. We perform an analysis

in the subdominant or 2.5 flavor approximation as was done [69] by the SK experimental-

ists. This allows us to calibrate the accuracy of our model. We find that we are able to

quantitatively reproduce those results. Particularly reproducing the results for θ13 is non-

trivial. The effect of θ13 on atmospheric data is not large. Reproducing the constraints

on θ13 means we are very close to a precise reproduction of the analysis performed by the

experimentalist. We have also constructed computational models of the K2K, MINOS, and

CHOOZ experiments. For these we use an approach that is the same as already put forth by

others. Combining these models with the SK atmospheric model, we reproduce well existing

results. The purpose of this thesis was to perform an analysis of this set of experiments

using the full three neutrino oscillation probabilities. In particular, we were interested in

the value of θ13. Analyzes until know have been done with oscillation probabilities utilizing

expansions which yield oscillation probabilities that are a function of the square of θ13. The

full expressions contain [121] linear in θ13 terms and these terms can be large [127] in the

range L/E ≥ 104 m/MeV. Although this value of L/E is not technically possible for an

Earth bound experiment, it is reached [120] by some of the atmospheric data. We found a
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surprising and interesting new result. The mixing angle θ13 is bounded from above by the

SK atmospheric data, not by CHOOZ as is found in all previous analyzes. We show how

this comes about from data in the large L/E region where the subdominant expansion is not

convergent. We also find that the Earth MSW effect plays a crucial role in bringing about

this effect. This effect gives θ13 a very asymmetric error and a minimum at a (statistically

insignificant) negative value. The value of θ13 is of particular importance as it controls both

the magnitude of the CP violating effects and also the relative difference between the normal

and inverted hierarchy in matter.

8.2 Future work

The immediate future is clear. Since beginning this work, new MINOS data has appeared

[64]. By reducing the error in the atmospheric parameters, an analysis utilizing an expansion

for the oscillation parameters [108] indicates that the new MINOS data may provide increased

evidence for non-zero θ13. We plan a longer paper incorporating this new data set where we

explain in detail our model and expand upon the letter to examine also the role played by

linear in ǫ = θ23−π/4 terms. We have found that the relative importance of the Earth MSW

effect increases when a full three neutrino model is used. We will examine this in greater

detail to produce an article on the role of the Earth MSW effect. We have found that small

changes, such as the incorporation of the full three neutrino oscillation probabilities, can

have a relatively small effect on a small quantity such as θ13. These leads to the question

of what does this imply for the mass hierarchy question, a small effect, both with present

data and for future experiments. Finally, SK cannot distinguish between neutrinos and

anti-neutrinos. We are working on a technique to generate artificial data for the neutrinos

and the anti-neutrinos separately and then utilizing this phoney data to investigate the

advantages of an iron calorimeter type of detector for measuring separately atmospheric

neutrinos and anti-neutrinos. The future looks most exciting. Two reactor experiments

are under construction, Double CHOOZ and Daya Bay. As these are electron anti-neutrino

disappearance experiments, they are sensitive only to θ2
13. An upgraded SK detector is now

running. How its implications and sensitivity to linear in θ13 terms will interplay with the

reactor experiment results will be quite interesting. The field is, to some degree, on hold
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until we determine the magnitude of θ13. This is because the next generation of experiments

will address the hierarchy problem and the possible existence of CP violation and these

experiments cannot be designed until we know better the size of the effects we are looking

for, i.e. the size, and the sign, of θ13.
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