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Chapter 1

Introduction

1.1 Overview

A neural network is a supervised machine learning model based on how the brain acquires
and stores knowledge [1, 2]. Supervised machine learning problems use sample data to make
predictions about the labels of patterns. A neural network receives sets of pairs {z;, y; }1_;, where
x; € R? are the inputs of the network and y; € R™ are the corresponding vector of outputs for
1 =1,...,n. The given set of input-output pairs is referred to as training data. It is assumed that z;
and y; are related by some unknown function; however, in general the neural network is not able to
compute this function. Instead, a candidate is chosen from a parameterized set of functions, using
the training data to help select parameters. After this “training” (or “learning”) on a large enough
sequence of pairs, the neural network approximately realizes an interpolation of the training data,
and generalizes, as closely as it can, new data points. [2, 3].

Neural networks have been around for more than 70 years, beginning with the work of Mcul-
loch and Pitts in 1943, Hebb in 1949, and the perceptron model of Rosenblatt in 1958 [4, 5, 6]. Due
to the availability of large amounts of training data and improvements in computing power, neural
networks are increasingly used in a wide range of machine learning problems. In particular, deep
neural networks with non-linear activation function have had remarkable success when applied to
computer science and engineering questions related to image recognition, speech recognition, and
other classification problems [7, 8, 9, 10].

While neural networks have produced an abundance of successes in practical applications, the
basis of these successes lacks rigorous mathematical analysis [11]. Even in basic settings, there is
no theory that fully quantifies the approximation power of neural networks. Hence understanding

the approximation properties of neural networks could lead to significant practical improvements



[7, 12]. Specifically, an important problem is to understand what are the benefits of using neural
networks over traditional methods of approximation such as polynomials, wavelets, splines etc.
Moreover, it is crucial to learn in what way neural networks are more effective approximation
tools than other methods.

In its most general form, a neural network is a function given by repeatedly applying a fixed
function, in general non-linear, to an affine operator. Thus, it is natural to wonder whether is it
possible to use well-established tools in a framework that mimics the neural network framework,
but where it is possible to understand better the approximation properties.

In this thesis, close analogs to neural networks using the rectified linear unit (ReLU) activa-
tion function are introduced. These analogs, called cascade networks, are also functions given by
repeatedly applying a fixed function to an affine operator. Cascade networks have a close con-
nection with algorithms used in computer aided geometric design and multiresolution analysis.
In particular, the connection between cascade networks, subdivision algorithms, and the cascade
algorithm is discussed. The space of functions obtained by a cascade network with fixed width is
characterized. Cascade networks are compared, in the univariate case,in terms of approximation
power with ReLU networks based on known results for ReLU networks. Using cascade networks
to approximate polynomials and smooth functions, similar results were obtained when compared

to the results for ReLLU neural networks.

1.2 Notation
The following notation is used throughout the dissertation.

* Denote by N = {1,2, ...} the set of natural numbers, and by Ny = N U {0}. Let R denote
the set of real numbers, R, the set all positive real numbers, and R_ the set all negative
real numbers. Let C denote the set of complex numbers, Z the set of integers, QQ the set of

rational numbers.

e Foreachd € N, let R? == {z = (z1,...,24)| x; € R, j = 1,2,...,d}. dis called the



dimension of R? and the numbers x; are called the components of z.

Let R™*™ denote the set of all n x m matrices with real entries. Let I,, denote the n X n
identity matrix and 0 denote the n x m matrix with all zero entries. Write A7 € R™ " for

the transpose of a matrix A € R"*"™.
For a function f : RY — R, define || f|| 1., = inf{C > 0: |f(z)| < C, fora.e z € Q}.

LetI1, = {a,2" + -+ +a1x +ag | a; € Rfori =0,...,n} denote the space of real valued

polynomials of degree at most n.

Throughout, “log” stands for the logarithm to base 2 and “In” stands for the logarithm to

base e.

The notation g(n,c) = O(h(n,e)) will always mean that |g(n,c)| < C|h(n,e)|, for all

¢ > 0 small enough and for all integer n, and where C' is a constant independent of n, €.
I represents the closed interval [0, 1].

1, ze€A
For A C X, define the characteristic function of A by x4 =

0, z¢A

The binary representation of an integer j € {0,...,2° — 1} is written (j)g = 6,6, =

2716, + -+ - + 296, where §; € {0,1},fori=1,... /.

For n > 1 and xz,...,x, distinct points in R, the divided difference of a function f is
> 1)

defined as [z, ..., z,|f = IRy
FE)



Chapter 2

ReLLU Neural Networks

2.1 Background

The perceptron, first introduced in 1958 by Rosenblatt, is the simplest form of a neural network
[1]. The perceptron computes a function f : R? — {0, 1} of the form f(x) = o (w -z +b), for
a given input z = (z1,...,74) € R? (Figure 2.1a). Here w = (wy,...,wy) € R and b € R

are trainable parameters called weights and bias respectively, and w - x denotes the dot product

d

> w;x;. The mapping o is called an activation function. In Rosenblatt’s perceptron the activation
i=1
function was the Heaviside function,

1, t>0
o(t) =
0, t<0
y
i 10
« ¥
8 .
* $)
** S
6 o
X2 ) Yy Hkx ,e ©
* )
! F ’ c °e
=] )
> e o
2 e ® .
T3 c ‘ ‘ ‘ ‘
2 4 6 8 10 *
(a) Graph of Rosenblatt’s percep- (b) Decision boundary in R? com-
tron with three inputs (squares) and puted by a perceptron with parame-
one output (diamond). ters w, b.

Figure 2.1: Rosenblatt’s Perceptron

As the output of f is either 0 or 1, the perceptron model is suitable for pattern classification



problems where patterns are to be divided into two classes and whose patterns are “linearly sep-
arable,” i.e which lie on opposing sides of a hyperplane. The boundary between the set of points
classified as 0 and those classified as 1 is called a decision boundary and is defined by the equation
w -z + b = 0 (Figure 2.1b). The vector oflygeights w determines the orientation of the decision
boundary, and HTbH’ where ||w|| = (Z_zd:l wf) , determines the distance from the origin.

For the classification of patterns ;hat are not linearly separable, multilayer perceptrons (MLP)
were developed. An MLP is associated with a directed acyclic graph, called its architecture (Figure
2.2). In the MLP model there are a finite number of successive layers, and each layer consists of a
finite number of neurons, also referred to as units or nodes. The network is called feedforward as
information flows in one direction, starting from the input layer, through the intermediate layers,
to a last layer where the resulting output is obtained. The intermediate layers are known as hidden
layers and the last layer is called the output layer. The neurons in the hidden layers and the output
layer are sometimes referred to as computation units. A neural network is called fully connected
if each unit of each layer is connected to each unit in the subsequent layer. These connections are
known as links or synapses. There are no connections between any two units in a given layer.

Networks with one hidden layer are known as shallow networks. Networks with more than

one hidden layer are called deep neural networks (DNN). The function of the hidden layers is to

transform the inputs in a nonlinear way so that the classification becomes linearly separable by the

last layer.
Ty —— Z11 T21
T2 T12 T22 Y
I3 —| 13 T23

Figure 2.2: Directed Graph Representation of a Multilayer Perceptron



The rules of the MLP model are [3]:

1. Let x1,...,xq be the inputs of the model and let z;; correspond to the j-th unit in the i-th

layer, where xo; = x;.
2. The units x;; are multiplied by weights w;;;, and these products are summed over j.

3. A bias b, and then an activation function o are applied to the sum obtained in (2) and the

resulting value represents the output ;. ; of this k-th unit of the 7 + 1-st layer

Tit1h = CT( Z WijkTij + bz‘k)-
J
The choice of activation function for the non-linear layers is, in general, fixed beforehand.
Currently, the rectified linear unit (ReLU), o(z) = max{0, z}, is the most widely used activation

function in practical applications [7]. Other common choices for activation function for include

[1, 3]:

1. the logistic sigmoid:

2. the hyperbolic tangent function:

o(z) = tanh(x/2),

3. the parametric rectified linear unit (PReL.U):

o(x) = , for some parameter «,
x, x>0



4. The exponential linear unit (ELU):
ae®—=1), <0
o(x) = , for some parameter «,
z, x>0

5. the sigmoid linear unit (SiLU):

The process of determining the weights and biases is called learning, or training. The most
common algorithm for training a neural network is by the backpropagation algorithm. [13]. Back-
propagation is a gradient descent method, which computes the gradient of a loss function £ with
respect to the weights and biases for all layers of the network [14]. The weights and biases are ini-
tially chosen so that the network behaves well when analyzing the training data. Let w,, by denote
the weights and biases of layer ¢. The weights and biases at layer ¢ are then updated according to

the rule:

wy = wy — NV E(wy)

bg = bg — ’I7VE(bg),

where 7 is an adjustable parameter, called a learning rate, that determines the step size at each
iteration moving towards the minimum of £ [1, 7]. There are many challenges in neural network
optimization, including difficulties in finding a global minimum, a large number of local minima,
and vanishing or exploding gradients [7].

Although shallow networks have been extensively studied for the last thirty years, the interest
in deep networks is rather recent. This is due, in part, to the increased availability of computing
power, large training databases, as well as the ability to train DNNs efficiently. DNNs are also more
efficient at approximating a wide range of function spaces than shallow networks of comparable

size [7].



2.2 ReLU Neural Network Definition and Properties

The following gives a mathematical formulation of neural networks as a function resulting from
repeatedly composing an activation function o with an affine linear transformation. Going forward,
o is restricted to be the ReLU activation function. o acts componentwise, thus, o(xy,...,z4) =
(o0(x1),...,0(zq)) = (max{0, 21}, ..., max{0,z4}), forz = (z1,...,24) € R

Consider the following general neural network architecture:

Definition 2.1. [15, 16]
Let L, Ny, ..., Ny € N,L > 2. A depth L ReLU neural network is a function ® : RN — RNz
given by
b(z) = Wr(c(Wr_i(o(...a(Wyi(x)))))), 2.1)

where W, are affine maps W, : RM-1 — R given by Wy(z) == Az + by, for weight matrices
Ay € RNexNeet " and bias vectors by € RV, ¢ =1,2,..., L.
Here, Ny is the dimension of the input layer (indexed as the Oth layer), Ny, ..., Ny_; are the

dimensions of the L — 1 hidden layers, and NV, is the dimension of the output layer.

d is used to denote the ReLLU neural network and its architecture, as well as the function it
implements.

The following definitions describe the size and complexity of a ReLU neural network.

Definition 2.2. The depth of ® is £L(P) = L. P is called a shallow network when L = 2, and a

deep network when L > 3

Remark 2.1. There is no standard definition of network depth. Depth can also be defined as the
input layer plus the number of hidden layers (excluding the output layer), or by the total number of
layers (including the input and output layers). Neural networks can also be characterized by only

the number of hidden layers in the network (without the input and output layers).

L
Definition 2.3. The total number of computation units of ® is U(P) = > N,.
=1



Definition 2.4. The width of the (-th hidden layer of ® is N,. The width of the ¢ is M(P) =
maX{No, N17 ey NL}

Definition 2.5. The number of weights of ®, denoted as WW(®P), is defined to be the total number
of non-zero entries of the matrices A, and the vectors b,. The matrix entry (A,); ; represents the
weight associated with the j-th unit in the (¢ — 1)-st layer and the i-th unit in the /-th layer. (by);
represents the bias associated with the i-th unit in the /-th layer. The number of weights of the

network satisfies

W(B) < L(D)M(P)(M(®) + 1).

Example 2.6. Consider a ReLU neural network, ®, with £(®) = 2,U(P) = 5, M(P) = 3, and
W(P) = 12, given by

(I)(x) = WQ(O’(W1<I))>, Wg(.r) = Ag(ﬂ?) + bg, ﬁ = 1, 2,

where

A = 0 0 (A1)23 by = ((b1)1, (br)a2, (b1)3)"
0 0 (A1)373
As)in (Az)ie 0
Ay = Azhr (A2 by = ((ba)1, (b2)2)"

0 0 (A2>2’3

Figure 2.3 shows the directed acyclic graph representation of ®, with Ny, = 3 input units
(squares), N; = 3 neurons in the hidden layer with nonlinear activation function (circles), and

Ny = 2 output units (diamond). The dotted lines correspond to zero matrix entries.



(b1)3

Figure 2.3: ReLU Neural Network

Neural networks can also be constructed as a composition and linear combination of existing
networks. As o is the ReLU activation function, the proofs of the following lemmas will make use
of the identity z = o(x) — o(—x).

The first lemma describes how to concatenate neural networks.

Lemma 2.7. [16, 17] Let dy,ds,ds € N. Let ®; : R% — R® and &y : R®2 — R% be ReLU
networks. Then there exists a ReLU neural network ® : R4 — R, called the concatenation of

®, and O, with

L(P) = L(P1) + L(D2),
W(®) < 2W(P1) + 2W(Dy),

M(P) < max{2dy, M(Py), M(Do},

and satisfying ®(z) = (&5 0 ®,)(2) for all v € RY

Proof. By Definition 2.1,

By(x) = WL (0 (..o (Wi(2)))) and @o(z) = W2, (0 (..o (W(x)))).

10



Consider the affine map W (z) = W2 ((Iny, , —In,, )z), for € R*Vo1. Then,

) Wi,
WE(®i(z)) =W | o (o(... Wi(x)))
_M/Ll1

and the map

_ Wi,
(ID(x):WEQ ol .. Wilo|W]|o (a (Wll(x)))
_ng

satisfies ®(x) = (P 0 ®y)(x) for all z € R%,

The following lemma describes how to construct a network that is the identity map on R.

Lemma 2.8. [17] Letd, L € N, L > 2. There exists a network ® : R? — R¢ with L(®) = L, and

such that ® = Idga, where Idga is the identity map on R,

Proof. The proof is given for the case L = 2.
Define ®(z) = Wy(a(W;i(z))), with

Wl(ﬂi) = All' -+ bl, WQ(Z’) = AQQE —+ b2

where

Then, ® = Idya.
O]

It is also possible to augment depth of an existing neural network without altering the network’s

input-output relationship:

11



Lemma 2.9. [I8] Let L, K,dy,dy € Nwith K > L. Let ® : R%" — R% be a ReLU network with

L(®) = L. Then, there exists a corresponding neural network ¥ : R% — R% with

W) < W(D) + dyW(D) + 2o(K — L(D),

M(¥) = max{2dy, M(P)},
satisfying W (z) = ®(x) for all v € R, Moreover, the weights of U consist of the weights of ®
and {—1,1}.

Proof. By Definition 2.1, ®(x) = Wr(o(...o(W;i(x)))).
Let ﬁ//j(x) = diag (I, Iy,) z, forj € {L+1,..., K — 1}, and Wi (z) = diag (I, — I4,) 2.

Then the network
— — Wr, —
W)= Wi o[ oo [ Wi [ o o (Wi (o (o (@)

satisfies the claimed properties.

Next, the concept of parallelization of neural networks of equal depth is formalized.

Lemma 2.10. [17] Let n,L € N. Fori = {1,2,...,n}, let d;,d, € N and ®; : R% — R% be

> di > di
ReLU neural networks with L(®;) = L. Then, there exists a network ® : Ri=t = — Ri=1 | with

12



n

d;
and satisfies ®(x) = (Py(z1), Po(x2), ..., Pn(zy,)), for v = (21, 29,...,2,) € Rigl , with x; €
R% 4 € N.

Proof. By Definition 2.1,

&, = Wi (o (..o (W))))

where Wj(z) = Alx + b, for ¢ = 1,...,L. Denote the dimensions of the layers of ®; by
N§,...,N}; and set N, = Zn: Ni, for ¢ € {0,1,...,L}. Forl € {0,1,...,L}, define the block
diagonal matrices A, = dlzzlg (A}, A2 ... A7), the vectors by = (b}, b7,...,b}), and the affine
transformations Wy(x) = Ayx + b,. Then, ® = Wi (o(Wr_i(o(...(c(W7)))))) satisfies the

claimed properties. O

The general case of Lemma 2.10 follows from Lemma 2.8 and Lemma 2.9. If £(®;) = L;
fori = 1,...,n where L, # L; for ¢« # j, the shorter neural networks can be extended by
concatenating with a network that implements the identity and the result follows.

Next the concept of a linear combination of neural networks of equal depth is formalized.

Lemma 2.11. [16] Let N, L,d' € N. Fori € {1,...,n} letd; € N,a; € R. Let ®; : R% — R¥

Z d; ’
be a ReLU neural network with L(®;) = L. Then, there exists a network ® : Ri=1 = — R? with

and satisfying

n

> d; .
forx = (x1,...,7,) € R= withx; € R4, i€ {1,...,n}

13



Proof. In the proof of Lemma 2.10, replace Ay by (a1 A}, a2A4%, ..., a,A%), by by > a;b% and
i=1

note that the resulting network & satisfies the claimed properties. [

Example 2.12. Consider two ReLU NN’s, ® : R? — R and d:R — R, given by

O(x) =Wy (o (Wi(z))) Wi(x) = Az + by

where

A eR¥2 b eR®, A, eRY3 beR
and

O(x) = Ws (a (Wl(x))> Wi(z) = A + by
where

/11 € RQXI, 61 € RQ, 1212 € RIXQ, EQ € R.

Figures 2.4a and 2.4b show the directed acyclic graph representations of ¢ and P respectively.

(=)
O &
=)

(a) @ (b) ®

x1

)

Figure 2.4: Directed Acyclic Graph Representation of ReLU Neural Networks ® and ®

Then, ¥, : R? — R, given by ¥; = ® o ® is the concatenation of ® and ® (Figure 2.5a), and
W, - R? — R2, given by Uy — (cI>, ci>> is the parallelization of ® and & (Figure 2.5b).

14



i (om)
z (o)
(a) The concatenation of ¢ and P. (b) The parallelization of ® and P.

Figure 2.5: Concatenation and Parallelization of ReLU Neural Networks

2.3 Deep vs. Shallow Networks

Much of the work on why neural networks work well on machine learning problems has fo-
cused on the expressivity of neural networks, that is, what class of functions do neural networks
approximate well. While this has been extensively studied in shallow networks, only over the
past several years, and after much success in practical applications, have there been attempts to
understand the approximation properties of deep neural networks.

A classical result of neural network approximation is the universal approximation theorem
proved in 1989 by Cybenko. The universal approximation theorem states that every continuous
function on a compact domain can be arbitrarily well approximated by a feedforward neural net-
work with a single hidden layer and continuous, sigmoidal activation function [19]. Hornick,
Stinchcomb and White proved a similar result for Borel measurable functions [20]. In 1991,
Hornick showed that the universal approximation theorem holds when considering an arbritrary
and nonconstant activation function [21]. Later, Pinkus showed that a single hidden layer neural
network can approximate any continuous function if and only if the activation function is not a
polynomial [22]. While these results imply the theoretical possibility to approximate well, they

do not provide a method for finding good approximants. Nor do they provide any information on

15



the required size of a network to achieve a given accuracy. In particular, no constraint is placed on
the width of the hidden layer. DNNs also posses the universal approximation property, as do many
other families of functions, and thus does not fully explain the success of neural networks.

As expressivity is an effect of depth and width, studies shifted to convergence rates of approxi-
mations by neural networks. That is, how many weights and neurons does a neural network need to
have to e-approximate a function from a given class of functions. Barron investigated the number
of neurons needed to approximate functions with bounded first Fourier moment by a shallow net-
work with sigmoidal activation function [23, 24]. In 1996, Mhaskar showed for shallow networks,
assuming a C* activation function, a network with O(¢~%/™) neurons is needed to approximate a
C™ function on a d-dimensional set with error € [25]. Maiorov and Pinkus proved there exists an
activation function o which is C, strictly increasing, and sigmoidal, such that any f € C([0, 1]¢)
can be uniformly approximated to within any error ¢ > 0 by a two hidden layer neural network
with 2d + 1 units in the first hidden layer and 4d + 3 units the second hidden layer [26].

Recently, there have been many results connecting depth to the expressive power of a neu-
ral network. In 2011, Dellaleau and Bengio established that certain classes of polynomials were
more easily represented by deep sum-product networks than shallow ones [27]. Montufar et al
showed that deep networks can partition a space into exponentially more linear regions than shal-
low networks of the same size [28]. Telgarsky constructed a class of functions, called sawtooth
functions, and showed that these sawtooth functions can be well-approximated by a deep ReLU
neural network of width 2, but not by shallow networks with a comparable number of parameters
[29].

Arora et al. showed that every ReLU DNN & : R? — R, represents a piecewise linear function,
and every piecewise linear function f : R¢ — R can be represented by a ReLU DNN with depth at
most [log,(d+ 1)] + 1 [30]. This result gives an upper bound on the depth of the networks needed
to represent all continuous piecewise linear functions on R?.

Mhaskar and Poggio also considered the conditions under which deep networks are better at

approximating functions than shallow networks [31, 32]. They showed that for functions with a
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compositional structure, that is functions composed of hierarchically local functions, deep net-
works avoid the curse of dimensionality. The approximation of compositional functions can be
achieved with the same degree of accuracy by deep and shallow networks. However, the number
of parameters for the deep network are much smaller than for the shallow network with equivalent
approximation accuracy. The authors showed, for an M -Lipschitz continuous function of d vari-

ables, the number of units needed for a shallow ReLLU network, ®g, to provide an approximation

us) =0((5)")

whereas for a deep network, @, the number of units needed is

uwn) =o(-1(5) "),

therefore showing that deep compositional networks with ReLLU activation function can avoid the

with accuracy ¢ is

curse of dimensionality.

2.4 Approximation of Polynomials and Smooth Functions by ReLLU Networks

Recently, the approximation of polynomials by ReLU networks has been studied using the
“sawtooth” construction described in Telgarsky [29]. Telgarsky defines a function g : R — R to
be t-sawtooth if it is piecewise affine with ¢ pieces, that is, R can be partitioned into ¢ consecutive
intervals and g is affine within each interval.

In 2017, Yarotsky used the result of Telgarsky to show that ReLU networks with unconstrained

depth can efficiently approximate the function f(z) = 2% [33].

Proposition 2.13. [33] For any ¢ > 0, the function f(z) = x2 on [ can be realized by a ReLU
neural network, ®., having depth and number of weights and computation units O(In(1/¢)) and

such that

1P = fllooo e (2.2)

17



Proof. Consider g : I — I, given by

2x, T <
g(z) = (2.3)
21 —2xz), x>

N |+

N =

andlet g, =gogo---0g, where g = 0,91 = g.
—_—

s$>2

Then, by Telgarsky,

25(z — 2&), pe[Z 2] E=0,1,...,271 —1

28 2_37 2s
9s() = (2.4)
23(2k _ ), we[E %) p—01,... 27

is a sawtooth function with 2°~1 uniformly distributed “teeth” where each application of g doubles
the number of teeth (Figure 2.6a).
Let f,, be the piecewise linear interpolant of f with 2™ 4 1 uniformly spaced knots (break

points) zim, k=0,...,2m,

k k \2
m\&5n ) — \ o) o kZO,...,Qm.
ul(ze) = (35)
Then f,, approximates f with error €, = 272™~2 in the sense
o = Flpiry <2777

This interpolation can be refined from f,, _; to f,, by adjusting it by a function proportional to

a sawtooth function (Figure 2.6b),

Fonr () — Fl) = 9’2”2(;3). (2.5)
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Thus,

fnla) == >0 2.

Yarotsky’s construction of f,, as a neural network uses connections between units in non-
consecutive layers. However, f,, can be realized as a fully connected ReLLU neural network of

width 4, using the language of Definition 2.1, with the same input-output relationship [16].

f
f
v
Z
f1
f

o —=
0 02 0.4 06 08 1 0 02 04 06 058 1

(a) The “sawtooth” functions (b) The approximating functions
9,92, 93 fm

Figure 2.6: Sawtooth Function and Approximating Function

As g can be written as a ReLU neural network of width 3 by
g(x) =20(x) —do(x —1/2) + 20(x — 1),
it follows that
g (@) = 20(gm-1(7)) — 40(gm-1(x) — 1/2) + 20(gm-1(z) — 1). (2.6)
Using f,,, = o(fm—1) for all m € N equation (2.5) can be rewritten as

Fn(@) = 0(frr(z)) — 2727 (2J(gm_1(x)) — 40(gmr () — 1/2) + 20(gm_1(z) — 1)). 2.7)
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Writing (2.6) and (2.7) in the language of Definition 2.1 gives

9m Gm—
:Wl (0 W2 ! ) (28)
fm fmfl
where
7 10 0
Wi () = » Wale) = B
_9-2m+l 9-2m+2 _9-2m+l 1 T3 1 0 T2 1
T4 01 0

Iteratively applying (2.8), starting with go(z) = =, fo(z) = x gives

m X
g = Wl g W2 W1 g ...O W2 W1 g W2

fm T

Therefore, f,, can be realized by a width 4 ReLU neural network. Since f,,(0) = 0 forall m € N

and ¢, = 272™2, then In(1/¢,,) = 2m + 2, and the statement of the proposition follows. O

Next, the result of Proposition 2.13 and the identity
1
=5z +y)’ =2’ =y (23)

are used to show how to implement the multiplication operation as a deep ReLLU network [16, 33].

Proposition 2.14. [16] There exists a constant M > 0 such that for all D > 0, and ¢ € (0,1/2),

there is a ReLU network @ : R? — R, satisfying:
(@ ®p.(0,2) =Pp.(z,0)=0,forallz € R

(b) H(I)D75<£L',y) - xy”Loo([—D,DP) <e¢
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: [D]?
(c) The depth of ®p . is at most M log(~—-)

Proof. Using Proposition 2.13, let ¥s(z) be a neural network approximating 22, such that ¥5(0) =

0 and
[P5(z) — 2|, _ oy <O (2.10)

Then,

|z] 2 2
4(D12\1/5( —x < 4[D]%* (2.11)
H 2[D] Leo((=D.D))
and so,
"4[1)]2\1/5 (M> — (7 +y)? < 4[D1%. (2.12)
2[D] Loo([-D,D]2)

For ¢ € (0,1/2), define

@}, 5(x,y) = 2[D]? (\115 (%) — U (%) — U (%)) : (2.13)

Then, property (a) is immediate. Using (2.9) with (2.11) and (2.12) gives

i

Setting, ®p . = ¢, 5  withop. = ﬁ proves property (b).

< 6[D1%.

. 1
®ps(r,y) — 5 ((+ y)? —z* —y?)

Leo([-D,DJ?)

To conclude property (c), observe that computation (2.13) consists of three instances of Vs and
finitely many linear and ReL U operations. Thus by Proposition 2.13, ®p, . can be implemented by

a ReLU network whose depth is at most M log(1/9), that is, M log([DTV). O
Proposition 2.14 can be generalized for any input dimension Ny > 2 [34, 35].

Proposition 2.15. [34] Forany D > 1l and ¢ € (0,1/2),d € N>, there is a deep ReLU network ¢

with inputs (1, ..., z4) € [-D, D]?, with depth

L(®) = O(dlog(d/e) + d*log(D))
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and number of neurons

U(P) = O(dlog(d/e) + d*log(D)),
such that
(21, ..., 24) — @1+ Zall Lo (-D,0)0) < €.

Using Propositions 2.13, 2.14, and 2.15, polynomials can be approximated by ReLU networks

with depth growing logarithmically in the reciprocal of the approximation error [16, 34, 35].

Proposition 2.16. [34] Forany D > 1, A > 0,e € (0,1/2) and any polynomial p,,(x) of degree
n € Ny, with input x € [—D, D], of the form p,(z) = >_ azF, nax lax| < A, there exists a
k=0 <k=n

deep ReLU network @, with inputs (x,...,x,) € [-D, D], that has depth

L(D,,)=0 (n log <%> +n? 10g(D)>

and number of neurons

U@, )=0 <n log (%) +n? 1og(D)) ,

such that

1@y, — anLoo([—D,D]) se

Proof. Let D > 1, A > 0,¢ € (0,1) and let n € N>, and consider the polynomial
_ k
palz) = apa, max fag| < A.
k=0 -
Construct ®,, as follows:
D, (x1,...,2,) = ag + a121 + Z%R(‘I’k—1)($1, ce s TE),
k=2

where Wy_q(z1,...,x)) approximates the product z; - - - ), with the network of Proposition 2.15
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to accuracy €y € (0, 1), to be determined later. When the inputs are the same, WUy (x1, ..., Tx)

approximates x*. Then,

‘(I)Pn(xv s 7']:) _pn(x)’ < AZ |\I[k*1<x> s ,$> o xk’
k=2

< nAey.

Choose ¢y = £/(An). The network ®,, has depth and number of units

o (n log (A"an)) ~0 (n log (%) +n? log(D)) .

]

A more general result considering the Sobolev space W™*°(I¢) for n € N is given in Yarotsky
[33]. W™>(I%) is the space of functions on I? lying in L, along with their weak derivatives
up to order n. Equivalently, W™>°(I¢) can be described as the functions from C"~!(/¢) whose

derivatives of order (n — 1) are Lipschitz continuous. Define the norm in W™ (I?) by

1/ [ wn.co o,y = max esssup [D"f(x)],
n:nj<n  ycrd

where n = (n,...,n) € N, In| = ny + -+ + ng and D"f is the respective weak derivative.

Define F}, 4 to be the unit ball in W™ (1%),

Flog= {f € W™ (1) | Fllypmoo(10) < 1}. (2.14)

In [33], Yarotsky provides bounds on the total number of parameters in a ReLU network needed

to approximate functions in F;, 4.

Theorem 2.17. [33] For any d,n € N, and € € (0, 1), there is a ReLU neural network ® capable
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of expressing any function f € F,, ; with error e,

19— Flly o) < <.

has depth at most c¢(In(1/¢) + 1), and at most cew (In(1/e) + 1) weights and computation units,

for some constant ¢ = c(d, n).

Proof. The first step of the proof is to approximate a function f € [}, ; by a combination f;
of local Taylor polynomials and one-dimensional piecewise-linear functions. Then the results of
Propositions 2.13 and 2.14 are used to approximate f; by a neural network.

Let N be a positive integer, and consider a partition of unity formed by a grid of (N + 1)¢

functions ¢m on 14> dm(x) =1, x € I4, form = (my,...,my) € {0,1,...,N}%

Define ¢, by
d
m
om(x) = [T (3N (0 — 1),
k=1
where )
1, lx| < 1,
U(z) =40, 2 < |z

2—|z|, 1< |z] <2
3

mg

Note that ||¢|| ., = 1 and ||¢y]| . = 1, Vm and supp ¢m C {x Dk — R

<+, sz}.

For any m € {0,..., N}, consider the degree-(n — 1) Taylor polynomial for the function f

m\™®
X—_
x=2 N 7
N

where n! = []¢_, n;! and (x — ¥t = T4, (2 — &)™ . Define an approximation to f by

centered at x = 7,

Pm(x): Z D:,f

n:|n|<n

fi= > émPa (2.15)
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Then,

[F(x) = i) =) dm(x)(f(x) = Pn(x))]

< > |[f (%) = P (x)]

m:|z,— Tk <3 VE

IA

2! max [f(x) — Bu(x)]
m:|:):;cfm]\}c |<% vk
24dn ( 1 )n
— ) max esssup |D" f(x
n! N n:n|=n x€[0,1]4 ’ ( )‘

2dd"< 1 )n
n! \N

IN

IN

Now choose

v 1)

so that

1f = fill o ray <

DN ™

Note that the coefficients a,, » Of the polynomials P, are uniformly bounded for all f € Fj,,

m

Pux)= % am,n(x—ﬁ)n, lamn] < 1. 2.17)

n:n|<n

Next, construct a network capable of approximating with uniform error 5 any function of the
form (2.15), assuming that N is given by (2.16) and the polynomials P, are of the form (2.17).
Write f; as

A=Y Y dmatmG(x—3)

me{0,...,N}4 n:n|<n

This expansion is a linear combination of at most d"(N + 1)¢ terms ¢, (x) (x - %) and each

of these terms is a product of at most d functions ¢(3Nx — 3my) and at most (n — 1) linear

expressions (1 — 5).

Consider fm,n the approximation of the product ¢, (x) (x — %) . By Proposition 2.14,
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fm,n can be implemented by a ReLU network with depth and complexity not greater than (d +

n)ep In(1/6), for some accuracy ¢ to be chosen later and some constant ¢; = ¢;(d, n). Then,

Fnn(3) = 6m(30) (x = )| < (@ + ).

and frn(X) = dm(x) (X - %) , for x € supp ¢m. Define the full approximation by

f = Z Z am,nfm,n-

me{0,...,N}4 n:[n|<n

Then,

|3 2 e o))

m:xEsupp ¢m n:jn|<n

<27 max E
m:xEsupp dm
n:n|<n

fonn(¥) = () (x = 2)"

< 24d"(d + n)o.

Thus, choosing

3
= 2.1
0 24+ (d 4 n)’ (2.18)

then Hf— f1H < 5 and hence
Loo(I7

<e

7=l <=1 e

€
Loo(I%) Loo(I) ‘ fi- fHLoo (I4) 5 +

f can be implemented by a ReLU network ® consisting of parallel subnetworks that compute
each fm,n, then weighing the outputs of the subnetworks with the weights a,y, . Each subnetwork
has at most ¢; In(1/6) layers, weights and computation units with ¢; = ¢;(d, n). There are at most

d"(N + 1) subnetworks, thus ® has at most ¢; In(1/8) + 1 layers and d”(N + 1)%(c; In(1/5) + 1)
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weights and computation units. With § given by (2.18) and N given by (2.16), the claim of the

theorem follows. [

Grohs [16] extended the result of Yarotsky in the case d = 1 by considering, for D > 0, the set

Sp C C*(|-D, D], R) given by
Sp={f € C®([-D,D],R): ”f(n)”Loo([—D,D]) <n!, V¥né€ N}. (2.19)

Lemma 2.18. [16] There exists a constant C' > 0 such that for all D € R,, f € Sp and

e € (0,1/2), there exists a network V¢ . of depth at most C[D1(log(e™1))? satisfying

1Wse = fllo(-n,0) < €.

Proof. The proof of the case D = 1 is provided.
Using Chebyshev interpolation, for all f € S;,n € N there exists a polynomial Py, of degree
n such that

1 . 1
1f = Pl (-11) AL N ey < o (2.20)

P —
—2n(n+1)
Writing the polynomials Py, as Py, = > ja .47, there exists a constant ¢ > 0 such that for

all f € S;,neN,

By Proposition 2.15 there exists a constant C'; > 0 such that for all f € S;,n € N,e € (0,1/2),
there is a network ® Ppole/2s with input and output dimension 1, depth at most Cyn(cn+log(2/¢)+
log(n)), and satisfies

|®Pp; . 1e/2 = Pralle-11y < 5- (2.21)

DO | ™

Setn. = [log(2/e)]and Wy, = ®p, 1 ./o. Then, by (2.20) and (2.21), forall f € Sy, € (0,1/2),

[Wre = flleeeq-11) < NWse = Prancllzeo1,1) + 1Prme — fllzeq-1,1)
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IN
_l’_

e

OO DO M
+

IA
TGN

Using [log(2/e)] < 2log(2/¢) and log(2/¢c) < 2log(1/¢) for all € € (0,1/2),then there exists
a constant Cy such that for all f € S;,¢ € (0,1/2), the depth of V. is equal to the depth of

®p, . 1,c/2 and is not more than Cy(log(e™"))>. O

Petersen and Voigtlaender [17] further generalized Theorem 2.17 of Yarotsky to hold in L, for
any p € (0,00). In addtion they showed for a given piecewise C* function f : [-1/2,1/2] —
R and approximation accuracy ¢ € (0,1/2) it is possible to construct a ReLU network &,

(d—1)
with no more than c=~> 7 nonzero weights and ¢’ log, (8 + 2)(1 + g) layers such that || f —

Prellry(1/21/2) < €.

In [36, 37], it is suggested that deep neural networks possess greater approximation power than
traditional methods based on linear approximation. Yarotsky [36] showed that Lipshitz spaces can
be approximated at a slightly better rate by ReLU networks than by classical linear methods. In
[37], Daubechies et al. prove a similar result for Lip(a) spaces, using the following theorem that
fixed width ReLU networks depending on n parameters are at least as expressive as free knot linear

splines [37].

Theorem 2.19. [37] Fix W > 4. For every n > 1, the set X, of free knot linear splines with n
breakpoints is contained in YW'L, the set of functions produced by width W and depth L ReLU

networks.

Theorem 2.20. [37] Let W > 8. Let Y, = TWH’m C YWH2m pe special ReLU networks with

fixed width W + 2. If X = C([0,1]) and f € Lip(a),0 < o < 1, then

inf | f—Sx < M, m 2 2. (2.22)
SETm (mlnm)e
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Proof. Without loss of generality, assume | f|1;p) = 1. Fix f and m and let T" be the piecewise
linear interpolant of f at the equally spaced breakpoints zy, . . . , z,,, where x; := %,i =0,...,m.
As f,T agree at the endpoints of the interval J; = [x;,x;1], the slope of T on J; has absolute

value at most m'~®. Therefore,

|T(Z‘) - T(y>| S ml—CV'I - yl S |.ZU - y|a7 T,Y, € Ji7

and T' € Lip(«) with semi-norm at most one on each of these intervals. Define g := f — T and
write g = > ", gx.,.- Each g; = gx, is a function in Lip(a) with |g;|ip) < 2. Let k be the

largest integer such that 3*k < m and let P = {S), ..., Ss}. Foreach g, : [0, 1] — R, defined by

g; = 27'm?g;((x 4+ i)/m), find a pattern S}, € P, S}, : [0,1] — R such that ||g; — S}, ||eo,1)) <
2k~

Going back to the interval J; provides a function Sj, € P such that
lgi(x) — 2m*S;,(m(x — x;))| < 4(km)™ %, z € J;,
and thus the function T given by
T(o) = T() + 2m 3 8, (m(e — ), ()
i=1

approximates f to accuracy 4(km)~® in the uniform norm.
For each j = 1,...,3", consider the, possibly empty, set of indices A; = {i € {1,...,m} :
ji = 7} Then,

3k:
T=T+ ZTJ, where T == 2m™“ Z Si(m(x — x;)).
j=1

i€
As T € %, by Theorem 2.19 T belongs to T ° with either W2Lo < n(W, Ly) < C'm or

Ly = 2. Thus, each function 7} is in TV with either W2L; < n(W, L;) < Cy(k+m;) + CoW?
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or L; = 2, where m; := |A;|. Thus, T belongs to T with L = Lo+ Zj’kzl L;, and

3k 3k ~
1 ~

J=1 J=1

. k 3k
using the fact 3k < m and ) je1 My =m. Therefore,

4 < C
(km)> = (mlIn(m))e’

If = Tlleqo < (2.23)

using k > cln(m) since 3** > m. O
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Chapter 3

Cascade Networks

3.1 Generalized Neural Networks and Cascade Network Motivation

In its most general form, a neural network is a function resulting from repeatedly applying
an activation function, o, to an affine function, WW,. The activation function ¢ can be viewed as
an operator which maps functions to functions, and W, as a linear operator. This idea can be

generalized by replacing o with a more general operator.

Definition 3.1. Let I be a space of vector functions. A generalized neural network, Wy, is given
by
Vp=P,oQoP,10Q 0P,

where P, : V' — V, are affine operators, and () : V' — V is fixed operator, in general non-linear.

In the case where ¥, is a neural network as defined in Definition 2.1, Py = Ay + by, for
y € Vand Qy = o(y), y € V. When o is the ReLU function, () is a non-linear operator and the
output of the network is a continuous, piecewise linear function.

Thus, an essential question is why resort to using neural networks over classical methods of
approximation such as polynomials, wavelets, or splines. In addition, can well-established tools be
used in a framework that mimics the neural network framework? In particular, can the approxima-
tion power of a ReLU network be matched without the non-linearity that comes from o? Further,
can even simpler operators /%, () be considered that will still do a good job in approximation?

This generalization of ReLU neural networks as a piecewise linear function resulting from the
repeated application of a fixed operator followed by an affine operator was the motivation for the
development of cascade networks. The terminology comes from identities which arise in multi-

resolution analysis and wavelets to generate functions on a dyadic partition [38].
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To motivate the definition of cascade networks, consider the following example.

Example 3.2. Consider II,, the space of polynomials of degree at most two, with basis B =
{1,z,2}. Let fo(z) = 1, fi(z) = z, fo(x) = 2* and write f} for the linear interpolant of f; on
I at endpoints 0y = {0, 1} where i = 0,1,2. Hence f}(x) = 1, fi(z) = z, and f}(x) = x, for
x el

Define the function o : I — [ given by

a(z) = . 3.1)

FIH @) = an(@) f(a(z)) + an(2) fl (a(z) + ain() f3 (o)), (3.2)
where
/ r ¢
1, z€l0,3) 0, z€[0,3) 0, z€l0,3)
ago(z) = ; ao(z) = ;o ap(r) = ;
\1’ x € [%,1] \0, x € [%,1] \O, :1:6[%,1]
4 ( (
0, ze€]l0, %) %, x €0, %) 0, x€l0, %)
ap(x) = ;oan(x) = ;o are(z) = < ;
3 TEly] L ozell] 0, zell]
> ~ >
0, ze€]l0, %) 0, ze€]|0, %) }l, x € [0, %1)
a2o($) = ) a21(37) = ) CL22($) =
ki, z € [3,1] \%, z € [3,1] L weli 1]

The motivation for identity (3.2) is that the same identity is satisfied by the basis functions in

B as well. Namely, one can show that for ¢ = 0, 1, 2,

fi(x) = aio(x) fola(z)) + an(z) fr(a(z)) + ai(z) f2(a(2)). (3.3)
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Identities of this type arise in multiresolution analysis and wavelets [38]. Equation (3.2) gives rise
to the so-called cascade algorithm, hence our terminology.

It can be easily shown that f7 " is the piecewise linear interpolant of f; on Q;,=40,277,...,1},
fori =0,1,2and j € N,.

In a similar manner, this procedure can be generalized to obtain the piecewise linear interpolant

of a degree n polynomial, f € II,,, with basis 5 = { fo, ..., fu}. Then for j € N,

n

[T (@) = ) an(@) fila()), (34)
k=0
for appropriately chosen coefficients a;;, where fj, ..., f! are the piecewise linear interpolants of

fi on .

3.2 Cascade Network Definition and Properties

In this section, cascade networks (CN) are formally defined and several properties are dis-
cussed. Throughout let ; = {0,277,...,1}, for j € N and « is defined as in (3.1). Write
af(z) = aoao---oa(xr) for the k-fold composition of o, k& > 2. Set a'(x) = «a(z) and

—_——

() = z. '

Definition 3.3. Let Ny, Ny,... ., N, L € N,z € I. A cascade network )| is a vector-valued

function defined recursively as
Vi(x) = Ap(x) Vi1 (a(x)) + be(x), €=1,...,L, (3.5)
where ), € R™° the input vector function of =, and A, € RY*Ne-1 gre two valued weight matrices

AV xelo,l
Ag(l‘): £ [ 2)7

A}, z€ [%, 1}
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and b, € R™ are two -valued bias vectors

bg([L‘) = y

for=1,..., L.
This means the entries of A, and b, are piecewise constant on the mesh €2, and the functions

Vi(x) = Ap(2) Vo1 (a(z)) + be(x), for £ = 1,..., L, are “piecewise affine” maps.

Yy, is used to denote the cascade network and its architecture, as well as the function it imple-
ments.

Cascade networks are an example of generalized neural networks, as cascade networks are
also functions resulting from repeatedly applying a fixed operator to an affine operator. Viewing
Definition 3.1 in the CN setting, the affine operator F; is given by Py = Ay + by, y € V, and
Ry =1yoa,y € V. Note in the CN case, as opposed to the ReLU NN case, () is a linear operator.

Further, if the input vector ), is linear in x, the output of a CN is a piecewise linear function.
Remark 3.1. I[f Ny =W for{ =0,...,L — 1, then Yy, is called a fixed width cascade network.

Without loss of generality, from now on, assume that the bias terms b, are zerofor ¢ = 1,..., L.

Indeed, (3.5) can be rewritten as

Vi(x) = Ag(2) V1 (a(x)), (3.6)
- - 110
where V,(x) == (1, Ve(x))T and 4; = ,0=1,...,Land ), € RY,
be | Ay

As with neural networks, the following criteria is used to determine the complexity of a cascade

network.

Definition 3.4. The number of weights of Y, W()), is defined as the total number of nonzero

entries of the matrices A, and the vectors by, for ¢ =1, ..., L.
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Definition 3.5. The depth of Y, is £L(Y1) = L.

L
Definition 3.6. The number of units of Yy, isU(Yy) = >  N,.

Definition 3.7. The width of Yy is M (Y1) = max N,.

-----

Example 3.8. Let [ € II,, with basis B = {fo,..., f,} and set Yy = (f},..., f;)T as the linear
interpolants of (fy, ..., f,) on €y (note that )y can be written in the form Ay (z)z + bo(x)). Then,

forx € I,

Yi(x) = Ai(z)Vo(a(z))

computes the piecewise linear interpolants of f on 2y, where the entries of A;(z) are the coeffi-
cients (a;(7));—, from Example 3.2. By iterating, for L > 2, Y, = Ap(z)V;-1(a(z)) computes
the piecewise linear interpolant, (fF,. .., f#)T, of f on Q.

In terms of complexity, one can see that the number of weights of )y is
W) < (n+1)°L + (n+ 1),

the number of units is U/ ()) = L(n + 1), and width M(Y,) =n + 1.

Example 3.9. Example 3.8 showed how to generate a vector );, which computes the piecewise
linear interpolant, (£, ..., fX)T, of f € II,, on Q, with basis B = {fo,..., fn}. Letcg, ..., cn €
R, if YV, is the cascade network from Example 3.8, let )} be the cascade network such that ); =
AL (2)Vr-1(a(x)) where A} = T Az, and c = (co, . .., ¢,)7 is the vector of the coefficients. Then
Y = i c;fF, with number of weights W(Y}) < 2(n + 1) + (n + 1)*(L — 2), number of units
U(;V}J)ZZ:O (n+1)(L — 1) + 1 and width M(Y}) =n + 1.

Remark 3.2. If V), is generated by a depth L CN, then Y, are also generated by a CN for all
(=1,....,L—1

Cascade networks can be combined to form more complex cascade networks. In fact, Lemmas

2.7-2.10 for ReLU neural networks can be generalized to cascade networks.
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Definition 3.10. Let L;, L, € N. Let V! be a CN with £()') = L; and )? be a CN with
L(Y?) = Ly such that the dimension of the output of )! is equal to the dimension of the input of
Y2, Then there exists a CN Y of depth £(Y) = L + Lo, called the concatenation of Y and )2,
such that Y(z) = (Y? o Y!)(x) forall x € I.

Lemma 3.11. Let d, L,W € N. For each L there exists a depth L. CN, Y1, with input vector )

linear in x, such that Y, maps x — (z,x,...,z)7 € R4

Proof. The proof for L = 1 is provided. Let Vy(z) = (ayz + by, ..., awz + by )7, a;, b; € R for
1=1,...,W. Set

sac 0 0
0 % e 0
Ai(z) = . : |, ze [0, 1];
O--- --- 0 QGIW
bo = __bl _bW ! bl — _bl +1 -2 _bW + 126LW T
1 2@17-..,2aW ) 1 —2CL1 ,...,—QGW .
Then, V1 (z) = Ai(2)Vo(a(z)) +bi(2) = (2,...,2)". =

Lemma 3.12. Let L, K € Nwith K > L. Let Y;, be CN with linear input vector Yy € RN and
L(Y1) = L. Then, there exists a CN Vi with L(Vi) = K, such that Y, (z) = Yk (x), for all

z € I

Proof. Use Definition 3.10 and Lemma 3.11 to concatenate ); and the depth K — L CN that

generates the identity map. 0

Definition 3.13. Let L € N. Let )}, V7 be CN’s of depth L with weight matrices Ay, By re-
spectively for £ = 1,..., L. Define a network Y, called the parallelization of Y} and Y?, such

that

V(@) = (Vi (2), Vi(2)),
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Ay

Whereflg:: forlzl,...,L—landflL:: (AL BL).

0 By

Lemma 3.14. Let L, W € N. Let V', Y? be CN’s with L(Y') = L(Y') = L and with outputs of
same size W. Then, there exists a CN, Y, with L(Y) = L and satisfying Y = Y + V2.

Proof. By Definition 3.3,

Vi(x) = Ap(2)YV 1 (a(2)),
Yi(x) = Br(z)Vi_y(a()).

LetC' = (AL BL),then

Sy — ¢ | Vinie@)
Y (a(a)

= ALy£—1(33) + BLyz—1(37)'

]

In the following lemmas, another way of combining cascade networks, called “splicing”, is

described.

Definition 3.15. Let g, g» be functions on /. Call the function g : I — R given by

g(r) = (3.7)

the splicing of g1, go.

Lemma 3.16. Let g1, go be real-valued functions on I whose values can be generated by cascade

networks yil, yg2 of depths L, and Ly respectively. Let g be the splicing of g, and gs, then g can
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be generated by a cascade network ), such that

Vi, (2x), xz € 0,1
V() =4 " [ 2). (3.8)

Vi (2x—1), ze€l[i1]

Moreover, Vi, has depth
L(Yr) = max{Ly, L2} + 1;

number of units

UVL) =UL,) +UVL,) + |Le — L] + 1;

number of weights

W(L) = W(L,) + W(VL,) + L2 — L] + 2;

and width
ML) = ML)+ M(L,).

Corollary 3.3. Let g be obtained as the splicing of g1, ..., gy, where N = 2M. Then, g(z) =

g(Nx —i+ 1) forx € [52, L], i =1,....,N. If V% ..., V¥ are the cascade networks for

NN
g1, - .., gn respectively, all with depth J, number of units U(Y}) = --- = UYY), number of
weights W(YY) = -« = W(Y), and width M(Y%), i = 1,..., N, then g can be realized as a

cascade network ), with depth

number of units

UVL) = O(NUDY;)):;

number of weights

W) = O(NW()));
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and width
M(Yp) = NM(Y5).

Proof. The proof follows directly from Lemma 3.16. 0

Proposition 3.17. Any piecewise linear function on a binary partition, Q; = {0,27%,... 1}, can
be generated by a cascade network Yy, of depth £();) = L, number of units U(Y;) = O(2%),
number of weights W(Y;) = O(2%), and width M();) = O(2%).

Proof. The proof will proceed by induction. First, a cascade network ), on 2; = {0, %, 1} that

generates an arbitrary piecewise linear function on €2; can be written as

2(uy — up)x + g, z € [0,3)
y(r) = :

where ug, uy, u}, us are real numbers.

Let Vo(z) = (1,2)T. Then, it can be verified that for

Vi(z) = A1(2)Vo(a(z)) is a depth 1 cascade network such that y(x) = V().

The induction step now follows directly from Lemma 3.16. [

Remark 3.4. Note that continuity of the piecewise linear function is not required in this proposi-
tion. In addition, the result of Proposition 3.17 implies that all piecewise constant functions on a

binary partition can be generated by a cascade network.

By Proposition 3.17, it is clear that cascade networks also possess the universal approximation
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property. Indeed, every piecewise linear function on a dyadic mesh can be generated by a CN, and

every continuous function can be approximated arbitrarily well by such piecewise linear functions.
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Chapter 4

Cascade Networks and Subdivision Schemes

In this chapter the connection between cascade networks and subdivision schemes is discussed.
A large class of CN’s can be obtained by means of subdivision schemes. A subdivision scheme is
an iterative method for constructing a smooth object from discrete data points [39]. Starting with
an initial set of data, subdivision schemes iteratively generate a sequence of denser sets of data by
repeatedly applying a refinement rule. Subdivision schemes are used in computer aided geometric
design (CAGD) and geometric modeling for the design of smooth curves and surfaces, and have

also found applications in multi-resolution analysis and wavelets [40, 41].

4.1 Background on Subdivision Schemes

The most studied subdivision schemes are scalar and stationary. Stationary schemes are char-
acterized by repeatedly applying the same local refinement rule throughout the recursive process.
Given an initial bi-infinite sequence of points (also referred to as a control sequence), c/¥ =
{CEO] | CEO} eR, i€ Z}, and a finitely-supported sequence, called a mask, a = {a; | a; € R, 1 € Z}
(i.e a; # 0 for finitely many 1), a scalar, stationary subdivision scheme transforms cl” into a bi-

infinite sequence of points, cl!/ = {CEH | 07[;1] eR,ie Z}, by the subdivision rule

=", 4.1)

jez
The subdivision rule (4.1) can be viewed as two separate rules, one rule for the even indices

and one for the even indices:

AN 0 N,
20 T 25%i—j> 2i+1 " 2j4+1%—j-

JEZ JEZ
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A subdivision scheme is the repeated application of the refinement rule (4.1) starting from the
initial sequence c[?. After m applications of the subdivision rule, the result is a bi-infinite sequence
of points c™ = {cgm] | M eR,ie Z}.

It turns out that ¢[™ often converges, in the sense defined below to a well-defined function. To
make this precise, a subdivision scheme can be viewed as one application of a linear operator, S,

which maps a bi-infinite sequence c into the bi-infinite sequence S, (c); = ) ;7 ai—2;¢;.

Definition 4.1. [42] A stationary subdivision scheme is called convergent if for every c%, there
exists a continuous f on R such that

lim sup ’(S;”c)j —f (2"”3’)) =0,

m—0o0 jEZ

and such that f # 0 for at least one initial sequence c/” % 0. Here S™ denotes the m-fold

application of S,,. The limit function f is denoted by S° (c).

If ¢l = &, where § = {6, ,7 € Z} is the delta sequence, then ¢, := S°(8) is called the basic

limit function of the subdivision scheme. By the linearity of S,

f=87 () =2 ¢ éal- =)

JEZ
for any initial sequence cl"!,

If ¢, € C*(R), for some £ > 0, then so is any limit function generated by S, and the scheme is
said to be C*. Thus, the smoothness of the of the scheme is determined by the smoothness of the
basic limit function.

A subdivision scheme is called interpolatory if for all m, c/™ is “contained in” ¢! in the

sense that ¢ = ¢

[0 L
¢;',J € Z. Other types of schemes are called approximating.

]

In this case, the limit function f interpolates the input points, f(j) =

Subdivision schemes are connected to wavelets by the so-called refinement equation and the

refinability of the basic limit function. Namely, the basic limit function, ¢, = S°°(4), satisfies the
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refinement equation

Ga = a;0a(2-—j), 4.2)

jez
where {a; | a; € R,i € Z} are the coefficients of the mask a. It is well known that if the mask
a={a; | a; € R,i € Z} is supported on {0,...,n}, iea; = 0if ¢ ¢ {0,...,n}, then ¢, is

supported on [0, n].

Example 4.2. [39, 43] An example of a scalar, stationary subdivision scheme is the Chaikin al-
gorithm. The Chaikin algorithm was one of the first “corner cutting algorithms” used to generate
a curve from a set of control points. Corner cutting algorithms iteratively create new, smoother
curves from a set of control points. Starting with initial sequence cl” = {cgm | CEO] eER, 1€ Z},

the Chaikin algorithm is based on the rules

0[21' = ZCH + ZCE ]7 C[2i++11] = ZCE V4 ZCH, L € Z,

3

corresponding to the mask a with nonzero entries ag = }1, ap = 5,a3 = 4,a3 = Z—ll. The subdivision

PN

algorithm in this case can be interpreted as follows: for a given initial control “polygon” (the
piecewise linear interpolant of a set of points in R?) one generates new points by chopping off
the corners of this polygon. Namely, if A, B are a pair of neighboring points of this polygon,
the Chaikin algorithm finds two points C, D such that C is 1/4 of the way between A and B and
D is 3/4 of the way between A and B. The new points C, D obtained for all linear segments
of the control polygon now form a smoother path. Chaikin’s algorithm converges to a quadratic
spline curve ) CEO] By(- — i), where B, are quadratic B-splines. Figure 4.1a shows a set of initial
points with a simple initial control polygon. Figures 4.1b, 4.1c, and 4.1d show one, two and three

iterations respectively of Chaikin’s algorithm on the simple initial control polygon.
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Figure 4.1: Chaikin Algorithm

Subdivision schemes can also be implemented in a level-dependent way by using a different
mask at each iteration, giving rise to non-stationary subdivision schemes [39, 44]. Given an initial
sequence of points ¢’ and a sequence of masks {a[m]}mzo, a non-stationary subdivision scheme

gives a new sequence of points

A= 3l 4.3)

JEL

Non-stationary schemes are as easily implemented as stationary ones, as, in practice, few iter-
ations are performed for both non-stationary and stationary subdivision schemes. The definition of
convergence for non-stationary schemes is similar to stationary schemes. However, non-stationary

schemes have a larger class of limit functions. In particular, non-stationary schemes can generate
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exponential splines and even C'*° functions with compact support [45].

Example 4.3. The exponential function, y = e*, can be obtained as the limit of a scalar, non-
stationary subdivision scheme. Let ¢/ = {... 0,e!/20,...} be the given the initial sequence.

and are gener-

Then, ¢l = (cgm]) are associated with the dyadic points { (2 4+ 1)27™ '}, _,,
iz

ated according to the rule

m+1 m m
LR DR

JEZ

The masks at level m of the scheme are given by

a[m}:{_“,o’agm}, ] .0, } :{...,O,ewﬁr?,ezml”,(),...} .
m>0 m>0

3 3
2.8 ¢ 2.8 1
2.6 | 2.6 1
2.4 1 2.4 ¢
2.2 1 2.2 ¢
> 214 = 21
1.8 1 1.8 |
1.6 | 1.6 |
1.4 ¢ - e® 144 — €
1.2 o Initial Point 1.2 o 1 Step SD
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
T X
(a) Initial point (b) 1 Step of subdivision algorithm
35 3.
2.8 ¢ 281
2.6t 26|
2.4 1 2.4 1
2.2 ¢ 2.2 ¢
> 2+ > 2+
1.8 + 1.8 +
1.6 1.6
14| I 14 | I
1.2 o2 Steps SD 1.2 o3 Steps SD
0.2 0.4 0.6 0 8 1 0.2 0.4 0.6 O 8 1
X X
(c) 2 Steps of subdivision algorithm (d) 3 Steps of subdivision algorithm

Figure 4.2: Subdivision Scheme Generating the Exponential Function.
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Figure 4.2a shows the graph of the exponential function and the initial point. Figures 4.2b,
4.2c, and 4.2d show the points generated by one, two and three steps respectively of the subdivision

scheme. Clearly, as m — oo, this scheme generates the exponential function.

Given a sequence of masks {a[m]}mzo, starting with any a[mO}, my > 0, a non-stationary
scheme yields different results depending on the starting mask a™0!. Therefore, there is no unique
basic limit function in the non-stationary case, rather there is a sequence of basic limit functions,

{Dmeo }mo>0» €ach defined by

¢m0 - llm Sa[m+m0] st Sa[mo]a,

m—ro0

where 4 is the delta sequence. This sequence of basic limit functions satisfies a system of general-

ized refinement equations

Gnp = 3 A 1(2- — ), mo > 0. (4.4)

jez
Similar to scalar subdivision, one can define a vector subdivision scheme starting with an
initial bi-infinite sequence of column vectors ¢’} = {CEO] | e RF G e Z}, and a mask A =
{Ai | A; € REXE 4 € Z}. A vector, stationary subdivision scheme generates a new bi-infinite se-

quence of (column) vectors, cl!) = {clm | eRF e Z}, by the refinement rule

CE] = Z Ai,gjc[m. 4.5)

JET

Viewing cl” as a row vector, the subdivision refinement rule is defined by:

1 0
ol =Y " AT, (4.6)
i€z
After m iterations, a new bi-infinite sequence of vectors cl™ = {cgm] | ™ e Rk i e Z} is
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obtained, where

=3 Ay, (4.7)

jEL

One can also define non-stationary vector subdivision schemes using a different mask Al™ =

{AE’”] | AE’”] e RF** i e Z} at each level m > 0, giving a new sequence of points c/™ =
{cgmﬂ],i € Z}, where

cgm} Z Alm=1] [m=1] (4.8)

1—27 j
JEZ

Example 4.4. [42, 46] The classical Hermite-cubic interpolation is an example of a vector, non-
stationary subdivision scheme. The scheme produces the Hermite cubic interpolant of the given
initial data, consisting of function values and corresponding derivative values.

Let cl% = { ,0, c[0 < i, gl ) ,0,. .. } be an initial sequence, where { fi[o]} repre-

i€Z
sents function values and {gl[o]} represents derivative data and define the masks at level m by

A[m] — {. .. 0 A[m] A[m] A[m} O “e . }
] 0 » 1 > 2 Y m>0 )
where

1 1 1
2 8 2 8

AP = , Al =1, AP =

3 3

Then, c™ = { .,0,dmM = (fi[m], gz[m]>T 0,... } converges to, as m — 0o, the Hermite

cubic interpolant of the initial sequence c!. Associatiszzcgm} with the dyadic points i27 i € Z

one can show that ( [m]> — h(i27™),i € Z as m — oo, where h is the Hermite cubic function
interpolating the initial data. That is, k(i) = fi[o], R (i) = gz[o] fori € Z.

Consider the initial sequence ¢l = {...,(0,0)",(2,0)”, (=2,0)",(0,0)7, ...} which gives

the function and derivative values at z = 0 and z = 1 of f(x) = 2cos(nz). Figure 4.3a shows

the initial sequence of points c!?, the graph of f and the graph of the Hermite cubic polynomial
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through the initial sequence of points. Figures 4.3b- 4.3d show the points generated by 1, 2, and 3
steps respectively of the subdivision algorithm which generates the Hermite Cubic interpolant of

the initial sequence.

2 5 25
15| — f(x) = 2cos(rx) 151 —— Hermite Cubic
—— Hermite Cubic o 1StepSD
11 o Initial Points Ly
0.5 1 0.5 1
E oo = 0
= =
—0.5 1 —-0.5
1] 11
—1.5 —15
-2 } } £ ] -2 } } 7 y
—0.5 0 0.5 1 1.5 —0.5 0 0.5 1 1.5
T x
(a) Initial Points (b) 1 Step of Subdivision Algorithm
2 5 2 r
15 —— Hermite Cubic 151 —— Hermite Cubic
' o 2Step SD ’ o 3 Step SD
1 1t
0.5 1 0.5}
=0 = oo
= =
—0.5 | —0.5 ¢
—1 —1+
—15 | —1.5 4
_ ; ; 5 ' —9 ; ; = .
—0.5 0 0.5 1 1.5 —-0.5 0 0.5 1 1.5
T X
(c) 2 Steps of Subdivision Algo- (d) 3 Steps of Subdivision Algo-
rithm rithm

Figure 4.3: Hermite Cubic Interpolation Subdivision Scheme

4.2 Reformulation of Subdivision Schemes as Cascade Networks

This section describes how subdivision schemes can be reformulated in terms of cascade net-

works. First, let us revisit Example 4.3 of the exponential function.

Example 4.5. By Example 4.3, the function y = ¢e® can be reproduced by a scalar, non-
stationary subdivision scheme with initial sequence c”) = {...,0,¢/2,0,...} and masks a™ =

=t _1
{...,0,e2m+2,e2m+2,0,...}

m>0
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It can also be easily shown that Llim YV, = e*, where
—00
YL = C([)O}AL(AL—l oa)---(Aroa" ) (Yyoah)
is a cascade network of width M();) =1, =1, cg)] = e'/2 and

ez €[0,1/2)
AK(I): ,621,...,[/.

e g e [1/2,1]
The above example is generalized in the following results.

Proposition 4.6. Let m € Nj. Consider a scalar, non-stationary subdivision scheme with initial

sequence cl¥ = { .., 0, cg)], 0,... }, masks al”l = { ..,0, a%m}, a[{"], 0,... } supported on I,
m>0

and refinement rule 4.1.

Define gy == c([)o]. Form e N,z € I, let

g (2) = ey Ag(2) Ar () -+ A (@7 (2)) Vo (@™ (),

where )y(z) = 1, and

2m—1
Then, g, is the right-continuous, piecewise constant interpolant of <c£m]> obtained by
=0

subdivision at the mesh points €2, = {0,...,1—2""},i.e g, (127™) = d™fori=0,...,2m—1.

i

Proof. First, we prove that

O agi . ag’y—” _ nggjwj = gm(2), (4.9)
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forz € [xj,2;41],j = 0,...,2™ — 1, where x; = 0.9,,...0;. is its binary representation. The

proof proceeds by induction: If m = 1, then by the subdivision algorithm

Cgo]ago] _ Cg] Cgo]a[lm _ C[ll]
and
c([)o]ag)] x €10, %)
gi1(x) =

Dafl 2y

is the piecewise constant interpolant of cl” on ;.

Next, suppose equation 4.9 is true for some m > 1. By the induction hypothesis,

Dold gl — ) gl
By the subdivision algorithm,

Cg.m] a([)m] _ C[ZZ?H] gm] a[lm] _ C[;J{trll]
J = Oma1 - - - 02 Thus,

c([)o] ag?iﬂ . agl”] = c[;,lﬂ]% = cEj”*”,

where k = 2j + 1. Clearly, g, (i2™™) = ™ fori =0,...,2™ — 1.
[

For masks of larger support than [0, 1], consider piecewise linear interpolants of the control

points cl™.

Proposition 4.7. Let n > 2, m € Nj. Consider a scalar, non-stationary subdivision scheme with
initial sequence c¥) = { .., 0, cg)], A% o, } masks a™ = {. .. ,o,agm], am™o, . }

» “n—1>7

supported on [0, n].
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Form e N,z € I, let
gn(2) = (e, ., e ) Ap(x) Ay () - Aoy (@™ (@) (Vo (@™ (2)),

where Vy(z) == (1 — z,2,0,...,0)T € R" and A;, € R™*" such that

;

AN e 0, 1)

AVH e [31]

\
(

n—1
<a£’€_]2i+n_1>i,j:0 ) HAS [Oa %)

n—1
(agk—]zwrn), 0 x e [%’ 1}
\ ,J=0

fork=0,...,m.

1

Then, g,, is the piecewise linear interpolant of <c[m}) fori= (2" —-1)(n—-1),...,(2™ = 1) (n—

1) + 2™, obtained by the subdivision at mesh points €2,,, = {0,27, ..., 1} = {zg, ..., xam }.

Proof. The proof is slightly more general than the proof of Proposition 4.6. We first prove that

> n—1 (2m—1)(n—1)+2mz;> 2m—1)(n—1)+2"2; 4 pn_1

(céo],.-- O ) Al Adulm=1] (C[ml ...,cEm] ) (4.10)

ifr ez, zj1], j=0,...2" — 1, where z; = 0.0,5, - - - 01, 05 € {0,1}, s = 1,...,mis its binary

representation. The proof now proceeds by induction:

For m = 1, by the definition of A%%, and looking at ¢ = <cg0], e CL?L> multiplied by the
columns of A%
0 n-t 0 0 0 0 0 T
¢ <a[f}2i+n71>i:1 = (C[o}a e 7C£z]—1) (aLlla GL]—& e 7a[—11+1)
1
= CL]—D
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0 n— 0 0 0 0
C(a[—}Zi—i-n)i:ll - (Cg]a ceey 1[1] 1) (GE]7 CLL],% s L]7L+2)T

= C?[’L”

Continuing in this manner yields:

AW = (i, ).

17n7

Similarly, one can show that

o1 (..o dl).

Next, suppose equation (4.10) is true for some m > 1. By the induction hypothesis,

(0] Ay Smt1,[0] s _ ( Im] [m] 51,[m
(CO 7o Cpy > Admt o A% - <C(2m—1)(n—1)+2m1’j’ T 70(2m—1)(n_1)+2m$j+n71> A™ [ ]
Then, by looking at ( E ,L D(n—1)+2ma;s - Cgﬂn—n(n—l) +2mzj+n71> multiplied by the columns
of A%
[m [m] 0,/m] _ ( [m+1]
(C(mel)(nfl)ﬂmwj’ T ’C(2m'71)(n71)+2mxj+n71> = <C(?m“—1)(n—1)+2m“wj’ T
[m+1] )
Clam+i-1)(n-1)+2m+1z; 1 ) -
The product (c[(;”,L_l)(n_l)+2mxj, . ngi—l)(n—l)jLzmxth) A can be handled similarly.

Now, it remains to show that g,, is the piecewise linear interpolant of (cgm]) where 1 =
2" =1)(n—-1),....,2"=1)(n—1) 4 2™
Letj € {0,...,2" —1} and x € [z;,xj11], where z; = 0.5, - - - 1 is its binary representation.

Then, by equation (4.10)

go(e) = ().l A0 AP i ()
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= (Cgﬂ]w—l)(n—uﬁmxj ey c[(;”i_l)(n_l)ﬁmiwkl) Wo(a™(x)), 4.11)

for y()((){m(x)) = (60(1‘)761(1’), 07 ce ,O)T, where go(l‘),gl(l') S H1 and fg(l’j) = 1,60(.17j+1) =
0,61(37)') = O,gl(ﬂfjurl) =1.
Thus, g, (z;) = Cmbq)(nq)mm% and g, (zj11) = cgifl)(nfl)ﬂm%“. Hence, g,, is well-

defined because z; is independent of whether the interval [x;_1, z;] or [z;, x;11] was used.

]

Based on the above, a general scalar, non-stationary subdivision algorithm with mask support
[0, n], can be viewed as a special case of the CN algorithm. For every such subdivision scheme,
there exists a CN generating a piecewise linear function interpolating the values c/™ obtained by

subdivision.

Example 4.8. The Chaikin algorithm described in Example 4.2 can be reformulated as a CN,
V() = (e d) Ag(@) As(al@)) -+ A (0h (@) V(o ()

with Jy = (1 — ,2,0)" and matrices 4, € R"*" such that

(
A zefo,l
) = 0.3)
A,z e [3,1]
\
(
3/4 1/4 0
1
1/4 3/4 3/4 | :66{0,5)
0 0 1/4
/4 0 0
1
3/4 3/4 1/4], xE{E,l}
0 1/4 3/4

for(=1,..., L.
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The next two results deal with vector subdivision schemes. Again, we will see that they can be

cast in the language of CN’s. The cases n = 1 and n > 2 will again be treated separately.

Proposition 4.9. Let £ € N and m € N,. Consider a vector, non-stationary subdivision scheme
with initial sequence c¥) = { ..,0, cg]}, 0... }, where c%o] € R* is a column vector, and masks
Al = { ..,0, AE}”], A[lm], 0,... }m>0 supported on [0, 1], where Agm], A[lm] € R** Form €

N,z € 1, let

@ = () Aa() A1 (@(@)) -+ Apa(a™ () G0 (@),
where )V, (z) = I, and A, € R*** such that

A% 2 e o, L Al T, ze o
i 0.8) () o)

a0 zeft1] | (A9) ze [t

for{ =0,...,m.
o T
Ifz € [55, 5, fori =0,...,2™ — 1, then g,,(z) = (c[m]> .

2m7 2m

Proof. The proof is similar to the proof of Proposition 4.6 [

Proposition 4.10. Letn, k € N, n > 2, and m € Nj. Consider a vector, non-stationary subdivision

scheme with initial sequence ¢l = { .., 0, c([)o], e ,c[r?}_l, 0,... }, where C,EO] € R” is a column
vector, and masks al™! = { .., 0, Aém], L AM o } supported on [0, 7], Aﬁm] € RExF,

Form e N,z € I, let
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where A, € RFnxkn

Ad(z) = = =
) [K] 1 m n—1,n—1 1
A , T € [5, 1} <Aj72z+n> 0 ) T € [57 1} )
(1 - x)ﬂk
for £ =0,...,m, and Vy(z) € RF"** given by Vy(z) == i
O(n—2)kxk

)

T
Then, g,, is the piecewise linear row vector function of size £ that interpolates { (c£m1> }, for

i=2m=1)(n—1),...,(2™ =1)(n — 1) + 2™, m € N, obtained from a vector, non-stationary
subdivision scheme at the mesh points €2, = {0,277, ... 1}.
Proof. The proof is similar to the proof of Proposition 4.7. 0

The above results confirm that sequences of scalars or vectors obtained by subdivision can be

viewed as restrictions of functions generated by CN’s to dyadic meshes.
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Chapter 5

Cascade Networks and the Cascade Algorithm

In this chapter, the close connection between cascade networks and cascade algorithms associ-
ated with refinement equations commonly used in wavelet theory and multi-resolution analysis is

discussed.
Proposition 5.1. Let n € N. Suppose that ¢ : R — R, supported on [0, n], satisfies the refinement

equation
n

B() =D ap(2-—i). (5.1)

1=0

Consider f : [0, 1] — R" such that

FO) = (6(+n— Do, ¢ +1 =201, - - 6 + Do, 6()ioy) -

Then f satisfies,
f(z) = A(z) f(a(z), =z €][0,1], (5.2)

Proof. If z € [0, 5), then by (5.1) and the fact that ¢ vanishes outside [0, n],

¢plx +n—1)

¢(z)
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n

> ai¢(2(z +n—1) —i)

1=0

> a;p(2r — 1)

1=0

Qp—1 Qp, .o QA9p—2 ¢(2$ +n— 1)

Ap—3 Ap—2 ... Aop—4 (b(Q.I' +n— 2)

a_pi1 A_py2 ... QAo (b(QLU)

¢Q2r+n—1)
— 40

¢(2)

= A"f(27).

If z € [, 1], then by (5.1),

¢l +n—1)
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(0% A1 o QAop—1 gb(?l’ +n— 2)
Ap—9 Ap—1 ... Q9p—3 ¢(2£U +n— 3)
A pi2 A pig ... Q1 o2z — 1)
¢2x+n—2)
— Al
6(22 — 1)
= A'f(2r —1)
Therefore, f satisfies (5.2). O

Proposition 5.2. Let k,n € N. Suppose that ¢ : [0,1] — R*, supported on [0, n], satisfies the

vector refinement equation

o) = Z Bip(2 - —i), (5.3)

where B; € R¥** fori =0,...,n.

Let f : [0,1] — R*" be such that

FC) = (- +n—=Dloys-- - (- +n—=Dlo,-- -, 01(:)|o,, - -- 7¢k(’)|[0,1})T-

Then, f satisfies
f(z) = A(z) f(a(z), =z €][0,1], (5.4)
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Proof. If z € [0, 3), then by (5.3),

f@)=(prx+n—1),...,¢u(x+n—1),....01(2),... dn(x))"

éBiQs(z(x tn—1)—i)

é Bi(2z — i)

Bn—l Bn e Bgn_g ¢<2[L‘ +n — ].)
an?) Bn72 c BQn74 ¢(2:1: +n — 2)
B_n+1 B_n+2 e BO ¢(2£E)
¢(2r+n—1)
¢(22)
— A (2z)

If z € [, 1], then by (5.3),

f@)=((x+n—1),... oz +n—1),...,¢1(x), ... ¢n(x))"

;B@(Z(x +n—1)—1)

Enl B;¢(2x — i)
i=0
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Bn Bn+1 C BQn—l ¢<2ZE +n— 2)
Bn72 anl R BQn73 (b(?l’ +n— 3)
B_n+2 B_n+3 e Bl ¢(2I — 1)
¢(2x +n—2)
o(2x — 1)
=A'f(2r — 1)
Therefore, f satisfies (5.4). ]

Next, consider the refinement function as a matrix function.

Proposition 5.3. Let k,n € N. Suppose that F' : [0, 1] — R*** supported on [0, n] satisfies the

generalized refinement equation
F()=Y BF(2-—i), (5.5)
where B; € R¥** fori =0,...,n.
F(-+n-1)

Let f : [0,1] — R**** such that f(-) =

Then f satisfies,
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where A € RF**kn guch that

1 I 1
A% xe 0,5 (Bj—2i+n—1)7-t':16n Yoz e o
2 b 2
Ax) = ) = . ) )
1 n—1,n—
A,z € [5, 1] (Bj—2i+n)i,j:o ; x € [57 1}

Proof. The proof is similar to the proof of Proposition 5.2. 0

The above examples show that all refinable functions, including vector and matrix functions,
satisfy an equation of the form f = A(f o«). This suggests an iterative generation of f as the limit
of f,, where f,, = A(f,_1 o «), starting with an initial approximation fj. In the theory of refinable
functions, this is known as the cascade algorithm. Thus, the cascade algorithm is a special case of

cascade networks studied here.
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Chapter 6

Convergence of Infinite Products of Matrices and Cascade Networks

This chapter discusses convergence of infinite products of matrices. If the input ), of a cascade

network is a matrix, a cascade network leads to products of matrices and can be written as

YV =Ap(A_10a)--- (A0 OéL_l)(yo o OéL)y

where A, are two-valued matrices for ¢ = 1, ..., L. Using the language of subdivision algorithms,

a CN is called stationary if for all ¢, Ay = A where

AV 2 €10,1/2)
Az) =

)

Al oz e1/2,1]

and A%, A' € RY*W are fixed. A CN is called non-stationary if

A(e) = AY, :EE[O,l/Q)7

Al oz e1/2,1]

where A), A} e RV*W for ¢ =1,..., L.

In the stationary case, the convergence of infinite product of matrices has been studied by
Daubechies and Lagarias [47], Berger and Wang [48], and others [49, 50]. Sets of matrices
all infinite products of which converge arise in many different contexts, including constructing

parametrized curves by subdivision algorithms [51, 52, 53] and wavelets and refinement equations

[54, 55].
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6.1 Joint Spectral Radius

The concept of the joint spectral radius of a set of matrices is essential to the study of infi-
nite products of matrices. First introduced by Rota and Strang in 1960, the joint spectral radius

generalizes the concept of the spectral radius of a matrix to sets of matrices [56].

Definition 6.1. [47, 57] The spectral radius of a r x r matrix M, p(M), is defined as the largest

modulus of its eigenvalues:
p(M) = max{|\| : Av = \v}.
The following results are well known [47, 56].
Lemma 6.2. For M € R"™™",

lim M* =0 < p(M) < 1.

n—oo

Lemma 6.3. If p(M) < 1, there exists a matrix norm, , such that | M| < 1.

It can be shown that for A/ € R™*", any matrix norm, ||- ||, gives an upper bound for the spectral

radius, p(M) < ||M]|. As a consequence, for all k € N, p(M) < || MF*||}/*.

Theorem 6.4. Let M € R"™™". For any matrix norm,

>

p(M) = Tim || M|V

The concept of the spectral radius of a matrix can be generalized to a set of matrices, > [56].

Definition 6.5. The joint spectral radius, p(X), of a set of matrices X is defined by

(%) = limsup (p(S, || - )", 6.1)

k—o0

where || - || is any matrix norm and

k

[

i=1

ﬁk(E,H-H)r:sup{ :MieEforlgigk}.
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Note that the definition (6.1) is independent of the norm used.

11 0
Example 6.6. Consider 3 = {A° A'}, where A° = and A' =
0 0 10
Clearly, p(A°%) = p(A!) =1
L (280
Consider k even, (A°A')" = , then
0 0
k
P (5 1] - [lse) = Sup{ JJ ER ‘}
i=1
2 H A4y }

1/k
and thus p(X) > ( ) .
Clearly, p(X) > V/2, in fact, one can show that p(x) = V2.

Definition 6.7. The generalized spectral radius, p, (¥), of any set of matrices X is

pe () = lim sup (px ()",

k—o0

where

k
ok () = sup{p <HMZ> |M; € 3, forl <i< k} .
i=1

In [48], Berger and Wang showed p, (X) = p (X), for for all finite sets X.
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6.2 Infinite Product of Matrices

Cascade networks lead to products of matrices. As the depth of a cascade network increases,
that is as L — oo, we would like to understand under what conditions do the products of the matri-
ces Ay converge or converge to a continuous limit. Convergent infinite products of matrices occur
in many areas of mathematics, and has been studied most notably by Daubechies and Lagarias in
[47]. Next, several results from that paper are presented.

In the following, the superscript ¢ denotes the index of the set X2, and is not an exponent.

Definition 6.8. [47] An infinite product H A', A' € R™™ for all i, right converges if lim A' ... A’

! i—00
=1

exists, in which case define H Al = lim A'- .. A%

1—00

i=1
A set of n X m matrices, X, is said to be an RCP set (‘“right convergent product”) if all infinite

products of matrices of > right converge.

Analogously, one can define properties for left convergence. An infinite product H A" left
i=1

converges if lim A’--- A A" exists in which case define H A" = lim A"- .- AL,
1—00 i—1 1—00
A set of n X n matrices, X, is said to be an LCP set (“left convergent product”) if all infinite
products of matrices in > left converge.
Define 7 = {AT| A € X}, then it follows that ¥ is an RCP set if and only if 7 is an LCP set
[47]. Therefore, results for LCP sets are interchangeable with RCP sets by taking the transpose of

all matrices of X..

However, there exist RCP sets which are not LCP sets.

1/2 0 1 1/2
Example 6.9. [47] Consider ¥ = {A°, A1}, where A° = and A! =
1/2 0 0 1/2
> is an RCP set, but not an LCP set.
IfY = {A% A' ... A" '} is a finite set, then any sequence of elements of 3 can be charac-

terized by a sequence d = (d;);en of digits drawn from {0, 1,...,m — 1}. Let S,,, denote the set
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of all such sequences, equipped with metric D(d,d’) = m™", where r is the first index such that
d, # d... The induced topology on S, is called the sequence topology.

For X a finite RCP set, the limit function Ayx(-) is defined by As(d) = [[2, A% where
Ag(d) € C .

Viewing d as an m-ary expansion of a real number, S,,, can be mapped to [0,1] by z : S,,, —
0, 1], where z(d) = i d;m™7. z is continuous and one to one except at the terminating rationals

j=1
¢/ m’, which have two expansions of the form

dy - d; 0 0 0 e
(6.2)
d -+ dji—=1 m—1 m—-1 m-1

An RCP set ¥ is called real definable if the images under Ay, of any two sequences of the
form (6.2) agree. Then, a real limit function Ay, : [0,1] — C™™ is well defined and given by
As(x) = Ax(d(z)), where d(x) is any m-ary expansion of z.

In [47], Daubechies and Lagarias give necessary conditions for a finite set 2 to be an RCP set,

using the concept of the joint spectral radius.
Theorem 6.10. [47] If ¥ is a finite RCP set, then p (X) < 1.

Elsner and Friedland [49] give a necessary and sufficient norm condition for a set of two ma-

trices to have the LCP property.

Theorem 6.11. [49] The following conditions are equivalent:
(i) The set> = {A° A} A% A' € C™ ", is an LCP set.
(ii) There exists a norm || - || on C" such that

(a) |AY] <1,i=0,1

(b) Fori = 0,1, if \ is an eigenvalue of A’

Al =1, then A = 1;

(c) ||A°Alz| = ||z|| if and only if A’z = Alx = .
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6.3 Limit Functions of RCP, LCP Sets

Next, several known results about limit functions of RCP and LCP sets are presented. In
[48, 49] various matrix norm conditions are given for a finite set of matrices > to be an LCP set or

an LCP set with continuous limit function. First recall the following definition from [47].

Definition 6.12. [47] A set of matrices X is called product bounded if there exists a C' = C'(X)

such that all finite products satisfy

k

[~

=1

< (O, forallA'e X

The following was proved by Berger and Wang [48].
Theorem 6.13. [48]
a) If ¥ is a finite LCP set, then Y is product bounded.
b) X is LCP all of whose infinite products are zero if and only if p(3) < 1.
The next lemma was proved by Beyn and Elsner in [50].
Lemma 6.14. [50] For Y a finite set of n X n matrices the following are equivalent.
1. The set . is product bounded.
2. There exists a vector norm || - || such that ||Az|| < ||z|| forall A € ¥, x € C™
3. There exists a multiplicative matrix norm || - || such that ||A|| < 1 forall A € 3.

Beyn and Elsner used Lemma 6.14 to show if X is an LCP set with a continuous limit function,
then there exists a norm, || - ||, such that all for matrices A € %, ||Az|| < ||z| if and only if Az # z,
for all x € C".

In [47], Daubechies and Lagarias characterize finite RCP sets having continuous or real-continuous

limit functions.
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Theorem 6.15. [47]

Let 3 be a finite RCP set of n X n matrices. The following are equivalent:

1. X is an RCP set whose limit function My, is continuous.

2. All matrices A' in 3 have the same 1-eigenspace Ey = E|(A") and this eigenspace is simple
for all A'. There exists a vector space V with R" = E| + V, having the property that if
Py is an oblique projection onto V' away from FE,, then PyY. Py is an RCP set whose limit

function is identically zero.

3. All matrices A' in Y have the same 1-eigenspace Ey = E|(A") and this eigenspace is simple
for all A'. For all vector spaces V with R" = Ey +V and dim(V') = n — dim(E,), if Py is
an oblique projection onto V' away from F, then Py, Py is an RCP set with limit function

identically zero.

Theorem 6.16. [47] The finite ordered set > = {A°, A', ... A™~1} of n x n matrices is an RCP
set with real-continuous limit function Ay, if and only if ¥ is an RCP set with a continuous limit

function on S,,, and if

. I, O
A=8 S7lo0<i<m-—1,

C; A
with d = dim(FE1(X)), E the left 1-eigenspace of ¥, then

Cip1 + A (]In_d . 210>_1 Co=C; + Al (I[n_d . Am—l)_l Coty 0<i<m-—2.

The limit functions of an RCP set need not be continuous. Let ¥ = {A4% A', ...} an RCP set

with continuous limit function, then ¥/ = {I, A%, A' ...} has discontinuous limit function.
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Example 6.17. In [47, 54] the set &> = { A%, A'} given by

1+v3 3+v3  1+V3
+4 0 0 +4 +4 0
AV = | 3=v8 3+v3 143 Al = | 1=v8 3-v3 3+V3
4 4 4 ’ 4 4 4
1-v3 3-/3 1-v3
0 7 2 0 0 2

As(@) = [ fla+1) fla+1) fla+1)
fla+2) fla+2) fla+2)

for 0 < a < 1, where the function f is continuous and differentiable on [0, 3], except on a set of

points of Hausdorff dimension < 0.25.

6.4 Non-Stationary Cascade Networks

A natural question is what happens if a stationary cascade network is “perturbed” to become
non-stationary. In the following assume > = { A°, A'}. Next, a result analogous to Lemma 6.14 is

proved for non-stationary cascade networks, obtained by perturbing stationary CN’s.

Definition 6.18. Matrices A%, A' € R™ " are said to satisfy Property B if H A% is uniformly
=1
bounded in n and 4, for §, € {0, 1} and some norm || - ||

Proposition 6.19. The following are equivalent:
a) A, Al satisfy Property B;
b) There exists a submultiplicative norm, || - ||o, such that || A%y < 1, || Ao < 1;

Proof. (b) = (a)

n Aé[

<TTIaf, <1
0 (=1
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Thus, A%, A! satisfy Property B.
(a) = (b)

Let V be the unit ball in R" centered at the origin with norm || - ||o. Let

U, = | (ﬁA%>v.

81,0,0n€{0,1} \t=1

By (a), U, C R™ are uniformly bounded, thus ||u, || = sup ||ul|s < C forall n,C' > 0.

Define U to be the set of all accumulation points of L[:.@{fhen, AlueU,foru e Yand j =0, 1.
U is bounded, balanced, and the relative interior of {/ is non-empty.

Let IV be the convex hull of /. Then, W is balanced and bounded. Assume I/ is absorbing, then

W is also absorbing. If I/ is not absorbing, then the degenerate case can be dealt with separately.

Letw € W, then w = tyuy + - -+ + t41Up11, Where uy, ..., Uiy € U, ty,...,t11 > 0, and
r—+1

Zti = 1. Then,
i=1

Aow = AO (t1u1 + -+ tr+1ur+1>
= t1A0U1 +--- 4+ tr+1AOUT+1

cW.

Thus, A°W C W. Similarly, one can show that AW C W.
Now, there exists a norm || - ||o whose unit ball is W. Thus, for w € W, A%w € W if and
only if ||w||o < 1 implies ||A°w|| < 1. Similarly, for w € W, A'w € W if and only if ||w|[o < 1

implies ||Alw]|| < 1.

Proposition 6.20. Let A%, A' satisfy Property B. If { A} — A°, {A}} — A' and
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D147 =A%) < oo
1

>4 =AY < oo,
l

k+n

then H Ag‘ are uniformly bounded in n, k and 4, for 6, € {0, 1}
t=k+1

Proof. By Proposition 6.19, we can consider a norm || - ||o such that || A°[|p < 1, ]| Ajo < 1.

Thus,
k+n k+n
[T 4| = ||TT (4% — a2+ a%)
=k 0 l=k 0

k+n

< E | (A= a5 %)

‘0

k+n

T (29, 1)
k+n

< Tfe (- 44

k+n

< o (- 2% o (147 - 4]

< e (ZHAE’ RS —Aluo)
/=1 /=1

< Q.

]

Conjecture 6.1. Let > = { A%, A'} be an RCP set with real-continuous limit function. If { AV} —
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A% {A}} — Al and

D147 = A% < o0
14

DA - Al < 0
1

then HA‘;‘ converges for all 6 = (61,02,...),0p € {0,1}, and these products give rise to a

(=1
)

continuous real matrix valued function A on [0, 1] in the sense that H A% = A(z), where (z)y =

(=1
0.0109 - -.
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Chapter 7

The Space Sy 1,

The aim of this chapter is to characterize the space of functions which can be obtained by a

cascade network with fixed width.

7.1 Definition and Properties

Definition 7.1. For VV,L € N, let SW,L = {yL| yL([I)) = AL(x)(yL_l(a(x)) + bL(ZE),yL_l €
Sw, -1} be the space of functions that can be obtained by a cascade network with fixed width
W and of depth L, from all possible choices of weights and biases where Sy = {Jo|do =

(a1z + by, awe +by)" € RV} =TI ([0, 1),
Lemma 7.2. Let L > 1. The spaces Sy, 1, are nested. Thus, for L < K, Sy, C Sw k.

Proof. The proof is given for all bias terms equal to zero. The proof for non-zero biases is similar.

It suffices to show that Sy, C Swr41. Let Vi € Sy, where

Vi(r) = Ar(2)Ar-1(a(z)) - Ai(a 7 (@) Yo (e (2)),

A; € RW>W fori = 1...L. Suppose Vo(z) = (a1 + by, -+ ,awx + by)T € RY, and that for
alli,j € {1,...,W},i # 7, (a;,b;) is not a scalar multiple of (a;, b;), i.e there is no A € R such
that Aa; = ay and A\b; = b;. In particular, this implies that there is no ¢ € {1, ..., W} such that
a; =b; = 0.

There exists G : [0, 1] — R"*W  defined by

G, z€[0,1/2),
G(z) = ;

G, ze[1/2,1]
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such that G(x) )y (a(z)) = Vo(x), for all z € [0, 1].
First suppose there exists n € {1,..., W} such that a,, = 0, then b, # 0. Without loss of

generality, assume n = 1, then b; # 0 and the first component of ), is by for all z € [0, 1]. Then

;

1 0O O -0
b
boh o0 0
: .0, x €0,1/2)
bw 1 1
S5 0 ; 0
b 1
G(z) = e ! .
1 0 O 0
(b2+a2) 1
221;12 2 0 0
o0l, x € [1/2,1].
(bW—12"£1aW—1) 0 % 0
(bw+aw) 1
W2b1W 0 0 2

One can check that the statement is satisfied. Hence, it suffices to assume that a; # 0 for all
ie{l,...,W} Foralli € {1,...,W} pick k(i),£(i) € {1,...,W} such that i, k(7), £(7) are
distinct. For simplicity, fix 4 and set k(i) = &, £(i) = (. Let G° = (g;;) and G' = (g;;) and set
9y = iy = 0 j & {i, k. £} and gj; = gj; = 1/2.

Forx € [0,1/2),1et G°Yy(a(z)) = (c1(), ..., cw(z))T, and forz € [1/2,1],let G'Vp(a(x)) =
(di(z), ..., dw(x))T.

Then,

b;
ci(r) = a;(z) + 5t 2(g9ak + gipae)T + (gibe + giybe)-

Thus, ¢;(x) = (Vo(x)); if g%, g, € R such that

g9ear + gyar =0
0 0 bi
gikbk + giebé = 5
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This is true if agby — asby # 0. But, if aib, = asby, then either b, = by = 0, which implies a; = Aay
for some A € R, or Z—f = ‘;—: which implies there exists A € R such that a, = \ay and by = A\ay. As
no such \ exists, one can find g}, ¢% satisfying this. Similarly,

a; bl
di(z) = a;(v) — 5 + b + 2(gipar + gla0)z + (95 bk — ar) + gi(be — ar)),

so that d;(z) = ()b); as long as

9ixak + gipap = 0
bi + a;
—

9ok — ar) + gig(be — ag) =

By similar reasoning as above, one can find g}, , g, satisfying this. Therefore, G(z)), (a(z)) =
Yo(z) for all z € [0, 1].
Replacing z by o (z), G (a”(z)) Yo (a***(z)) = Vo (a*(z)). Then,

Vi) = (@)A1 (alz) - Ar (0 (@) Vol ()
— Ap(@)Ar-a(al2) - A" (@) G(aP)Po(a ()

= B () B(a(x)) - - Bi(a"(z)) V(" (2)),
where By = Ar, By, = A1, ..., By = A, and By = G. Therefore, YV, € Sy 141. O

7.2 Sw,, and “Periodicity”
In this section, we will give a characterization of Sy, in terms of what might be called “peri-
odicity”.
Lemma 7.3. Let K € N. Suppose that Vi is a piecewise linear function on )i such that
(a) V(- +1/2) = CYk(:) +don0,1/2), for some C € RV*W d e RW;
(b) V(27| 0] € Swr—1-
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Then yK S SW,K-

Proof. 1t suffices to show that

Vi(-) = AxVk-1(2-) + by, on [0,1/2), (7.1)

and

yK() :A}(yK—l(Q_l)—i_b}(? on [1/271]7 (72)

for some Vi1 € Sy i—1 and some matrices A%, A} and vectors 0%, by,.
To show (7.1), select A% =Ty, 1% =0 € R" and Vi 1 == Vi (27'+) on [0, 1]. Then, by part
(b), V-1 € Swk—1.

Next, select AL, bl such that (7.2) holds. Notice that (7.2) is equivalent to

Vic(- +1/2) = A Vk_1(2) + by, on [0,1/2).

However, on [0,1/2), Vi (- +1/2) = CYk(+) + d, by assumption (a), and Vi () = Vik_1(2-).

Thus,

Now, select AL, = C and b}, = d. Therefore, Vi € Swik. O

Lemma 7.4. Let L € N. Let j € {0,...,2" — 1}, with (j)a = 8, - - - 01, its binary representation.

If Yy, is such that

(@) Vel -1y € MY ([0,275)),

(b)

l
+dj,

20/ e

Oy 01 1 =10y
yL("" 90—1 + ot )

§1---0
ZcfyL(-i- . Z)

[0,27%)
fort=1,...,Landsomejc€{0,...,2°—1}.
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Then yL € SW,L-

Proof. Without loss of generality, assume that j = 0. The proof will proceed by induction.

For L = 1, by condition (a), 1|,/ is affine, thus Y1(27'-) € Sw,. By condition (b),
Vi(-+1/2) = C1Yi(-) + d} on [0,1/2). Therefore, by Lemma 7.3, Vi € Sw1.

For L > 1, suppose the statement of Lemma 7.4 is true for L — 1. Now, we will show that the

statement of Lemma 7.4 holds for L.
Let Yy, be given, and define Yy, 1 = Y (27!), on [0,1]. As Y, satisfies condition (a) of
Lemma 7.4, Y _1|j2-2+1) is affine, thus Yy, (2_L+1-) l0,1] € Sw,o. Then, by the definition of

V-1, Vi (275) |1 € Swio- As Yi—1 and Yy, satisfy condition (b) of Lemma 7.4,
Vi (- + 2’5) =CY V() +ds |, for¢=1,...,Lon[0,27°)
and
V(427 =CLYr(-)+di fort=1,...,Lon[0,27°).
Thus, for/ =1,..., L —1,
Vi1 (427 o= = Yo (2(-+27)) o2

= yL ( + 27[71) |[0’27£71)

= CiﬂyL () ljo,2-£-1y + g

(2 gy = 302 @42 g
= ﬁ_lyL—l(Q') + di—l

- O£—1yL('> + d%—l

Let ¢ —1=—(,thenCl{ |, =C{™ and YV, 1 € Swir 1.

Thus, V(271) € Sw.1_1. Therefore, V;, € Sw,r, by Lemma 7.3.
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O]

Proposition 7.5. Let L € N, Y, € Sy, where Y, corresponds to matricesA?, A1, ..., A%, A].

Let j € {0,...,2F — 1}, where (j); = &, -0, is its binary representation. If the matrices

ASE ... A3 are non-singular, then there exists matrices C'% and vectors d$, such that,
S0y 1—06, 5y -0,
Vr ( + o T =C L |-+ 5 +df, (7.3)
[0,2-1) [0,2-7)

for=1,... L.
Conversely, if (7.3) holds for Y, then YV, € Sy 1.

Proof. Without loss of generality, assume j = 0. Let V;, € Sy, with non-singular matrices
AY, ..., AY. As the input ), is an affine vector, Vi| (o221 is also affine.

To show Vi(- +27)|j0.2-6y = CLYVL()|j0.2-¢) + d. for £ = 1,.. ., L, the proof will proceed by

induction.
For L =1,
Vi(2)) = Ai(z)Vo(a(z)) + b ()
A%(22) + 1Y, z € [0,3)
AlVo(2z — 1) + by, z € [5,1]
On [0,1/2),

Vi(-+1/2) = by = A30(2(- +1/2) = 1)
= A1)o(2-)
= (AD(AD)H(AD)Wo(2-)

= A (AT () =8 -

Thus, Vi (- + 1/2) = CiYi () + di, where C} = A}(A9) " and d} = AL(A?)~1(=09) + b1.
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Next, suppose the statement is true for L — 1. Then, we show that V(- +27%) = Ct V. (+) + db,
on[0,27%) forl=1,..., L.

For ¢/ =1on[0,1/2),

V(- +1/2) = by = AV a(2:)
= AL(AD) T (Vi) = b))
= CrYu(-) +dp
Thus, V(- +1/2) = C1 Vi (-) + d}, where C1 = AL (AY)"tand d} = AL (A9)~1(=02) + 0L, on

[0,1/2).
For ¢ > 10on [0,27%),

Vi(-+275=b) =AY (2-+27)
= AL (CL1 Ve (2) +di )
= ALCrT1(AL) T (AL YL (2) + Apdi
= APCTTN(AD T (V) = b2) + AQdi
Thus, on [0,27¢) ,
V(- +275) = Cpdu() +di, (7.4)

where Cf = AYC 2 (AY)Land df = AV (AY) 1 (—b9) + A%dS T 4+ 19,
The proof of the converse is similar and simpler. One can set A) = Iy, A} = C% ¢ =1,

and show by induction that V;, € Sy, i.e that V;, can be generated by the recursion

Y =AL(Ar10a)+bn, Vi1 € Swi,
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for appropriately chosen b, where

AV 2 €0,1/2) Iy, x€]0,1/2)
AL<.’E> = =

Al oz el1/2,1] CE, xe[1/2,1]

]

It follows from Proposition 7.5 that for V;, € Sy, the complexity of the CN representation is

reduced from 2L matrices to L matrices.

Remark 7.1. An element Y1, of Sw 1. can be rewritten without the bias terms b;, fori = 1,..., L

as

Vo =A(Ap10a)--- (A oa ) (Vpoah),

by letting Yo = (1, yO)T and setting A; = € RWHUXWHD) thep V), = (1, yL)T.

Thus, in Proposition 7.5, for Y, € Swr, Vi (- +27) |p2-+) = CEVL()]jo.2-+) + df, where
Ct € RV*W and df € RY can be rewritten as Y, (- +27%) |-ty = CEVr(-)|jp2-+), where
Ck e RWHDXWHD) and Y, = (1,Y,)" € Swoq.. From now on, all elements of Sy, will be
assumed to be written without the bias term.

Equation (7.4) suggests that one consider the limiting situation ));, — f as L — co. The next

few results pertain to this question.

Lemma 7.6. Let W € N and let Sc, ... ¢, be the set of all functions f : [0,1] — RY such that

.....

FE+2 021 = Cuf (oot k=1,...,K. (7.5)

(a) Sc,...cx is alinear space.
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(b) Let j € {0,...,2% — 1}, where (j); = 6, - - - 0k is its binary representation. If fja-x) €
LY ([0,275)), then f € LY (]0,1]) and

£l oy < NCFH--- C}S<K||oo||fHLg([o,2—K))-

Proof. (a) Let f,g € S¢,..c, and o, B € R, thenfork =1,... K,

.....

(af + B9)(- + 272+ = af (- + 27021 + Bg(- + 27025
= aCkf()p2-+) + BCLI()lj0,2-+)

= Ci(af + B9)()p2-r).

Thus af + Bg € Se, . o -

(b) Identity f(- +275)|jg2-x) = Ck f(-)]j0.2-x) implies
||f||L£([0,2*K+1]) <max {1, [|Ck|loo} ||f||L£([O,2*K])‘
More generally, for j € {0,...,25 — 1},

& é
1Al 2w - G+ ny2-xp) = Holl o OKKfHLMo,aK}) ’

therefore,

I fllw 0.1 < e max ’Cfl e C%KHOO 11l 2w 0.2 %)) (7.6)

{0,251}

]

Let f : [0,1] — RW. Then, f is said to be bounded at the origin if f € LY ([0,1]), for some

t > 0. f is said to be essentially continuous at the origin if there exists a vector fy € R" such that

lim [ f — follLw (o.n) = O-

h—0t
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To establish the next results, we need to formulate an assumption concerning functions f to be
considered in connection with identity (7.5).

Fora given f : [0,1] = RY f = (f1,... ,fW)T, it is not difficult to show that (7.5) implies
that

[727%,(i+1)27*)

(7.7)

0.27%)’
forall j € {0,...,2" — 1} and all k € N, for some matrices B*/ € R"V*W,

In particular, let G*7 = (f (j27%),f (j27" +h),.... f (27" + (W — 1)h))T e RWxW,

1

where h == ok -

Then, (7.7) implies that G*J = BFIGFO,

Definition 7.7. A function f : [0,1] — R" is said to have locally uniformly independent compo-
nents (LUIC) if
|t @07 <o (7.8)

(e 9]

forall j € {0,...,2% — 1}, k € N, for some y > 0 independent of j, k.

A few remarks on this definition are in order.

If W = 1, then LUIC simply means that G** = f(0) # 0, assuming that f is bounded. Clearly,
the condition f(0) # 0 is natural if we want f to satisfy (7.5) because otherwise, if f(0) = 0, (7.5)
implies that f(x) = 0 for all dyadic points, an uninteresting case.

ForW > land f € (CY([0,1])) " then LUIC is equivalent to the property that the Wronskian

determinant of f at the origin does not vanish, i.e

A0) 0 - 10
det : : : : # 0
fw(0) fip(0) - £ 0).

Thus, the LUIC property means that f should not be “degenerate” at the origin. Again, the condi-
tion that the Wronskian is not zero at the origin is natural because the vanishing of the Wronskian

would imply that the components of f are dependent functions.
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Example 7.8. Let f(z) = (1,z)7, then G = (f(0), f(h))" ,h = 27%/W = 27+ 1 and G+ =

(f(x), f(x +h)),x = j27F

. B 10
Then, G*7 (GF0) ™" = , which is uniformly bounded for all z € [0,1]. Hence f

x 1
satisfies LUIC.

Example 7.9. Let f(z) = (1,2%)7.

, _ 1 0
Then, G (G*9) - , which is not uniformly bounded with respect to %,
2z
LE’2 1-— T
10
given that h = 2751, Also, the Wronskian determinant of f at 0 is det = 0.
00

In general, pointwise values are not well-defined in L.,. In which case, f should be replaced

by f = 1im+ | f1| oo ((r—e,2+]n[0,1])> Which is always well-defined for L., functions.
e—0
Lemma 7.10. Let W € Nand f : [0,1] — R"Y be such that

(a) f has LUIC,

(b) f satisfies
FE+2)p2-1) = Cef ()lp2-5)

for some matrices Cj, € RVW k> 1.

Then, f € LY ([0, 1]) if and only if f is bounded at the origin and

v =sup max ”C’fl---C}S{KH < 00,
K j€{0,...,.2K -1} )

where for j € {0,...,25 — 1}, ()2 = 61 - - - Ok is its binary representation.

Proof. = Let f € LY ([0,1]) such that (), (b) hold. Then, G¥7 = C%' ... C%G* follows from

fla4+727Fy =00 ... C%f(z), ze0,27F).
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Thus,

Hcfl...cgk

= e @) <r <o

o0

for all j, k.

< Forj € {0,...,2% — 1}, it follows that

/ ( + j2_k) l0,2-%) = e C}ikf(‘)ho,r’“)'

Thus,

”f||L¥<[j2_k,(j+1)2_k]) == Hcfl e ngf(>H

LE([0,27+]W)

< '7”f||L¥([0,2—k])

for all j. Therefore, || f|| Lw (0,17) < 7||f||LoVZ([0,2*’ﬂ)’ for all £ € N, which is bounded by bounded-

ness of f at the origin.

]

Theorem 7.11. Let f € LY ([0, 1)) be essentially continuous at the origin and have LUIC. Then,

there exists {1} ren, Vi € Sw.r, such that Y, — f in Lo if and only if f satisfies

FC+25) 02 = Cuf ()ljoa-») (7.9)

for all k € N and some matrices Cj, € RW>*W.

Proof. = Fix k € N. Note that by LUIC, the components of f|j,-«) are independent, because

G*0 = (f(0), f(h),..., f((W =1)h)), h = 7=, is invertible. Hence, there exists £, > 0 such
that for all ¢ € RY,

Brllelloo < e, F)llw o,2-5))- (7.10)
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Let Y, — fin LY ([0,1]). Forall L > k,as Y € Sw,, by Lemma 7.4, Vp (- +27%) g 2-1) =
CEVi()]j02-+), where C € RV*W,
As L — o0, Vi ( + 2*’“) |[072—k] - f ( + 2*’“) |[0,2_k] and yL(')|[0,2—k] - f(')|[0,2—k] in Lo..

By (7.10) and by selecting L large enough so that ||V — f|| w01 =: € < min{1, 5;/2},

e, Pl oo,z < l1<e, £ = V)l o o2-#1) + 16 Vo) Lo (o,2-5))

< lelloollf = Yrllw o2+ + 1146 V)l Lo (0,2-#])-

Thus,

| {c, yL>||Loo([o,2—k]) > |[{e, f>||Loo([o,2—k]) —é€llefloo
> Brllclloo — €llelloo
> (Br —€)llelloo

> (B/2)l¢lloo-

Now, consider Vi (z + 27%) = C}Yy(z), for x € [0,27%). Looking at the i-th row of C},
Vi (z+27%) = (CF)idi(x) = ((C})i, Yr(x)). Then,

B/ [[(CDill o < ICDs Ve, 0.2
=V (= +27%) [l (021
= IVL @) (2r20-10)
< e+l (2 221

< T+ (| fllzw o

Hence, each component of C¥ is uniformly bounded in L and k, and so {C’f} is uniformly

bounded in L. Therefore, there exists a convergent subsequence {C’,’-jn }, and let C}, be the limit of

{CL.}-
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Thus,

1F C+275) = Cof Ol g (o) = 1 (- +275) = P, (- +275) + 0, (+277)
= CL Vi, + CL Ve, = O, + Cidi, = Cof L (024
<UFCH+27%) = Vi (27w (o2-u)
+CE, Ve, — Crdrall w (j0.2-4)
+1CYr, = Cufll o (02-4))

+ | Ve, ( + 27]6) - CfnyLnHLg([o,r'f])'

By assumption,

Hf ( + 27}6) — VL, ( + 27k) HL% [0,27%] < Hf — VL, ( + 2%)”ng([0,1]) —0
(0:2741)

as n — oQ.

As Cy, is the pointwise limit of C} |

cy - CkHOO — 0 asn — oo, and as
1V, ll2w oy <€+ HfHLg([o,rk]) <1+ Hf”ng([o,sz])’
it follows that

€LY, — CkyLnHLng({o,z—k]) < ||CL, = Cill  1Ve I 0,24y — O as n — 0.

By assumption, ||V, — f”Lg’o([Oz*k}) — 0 as n — oo, hence

1Ck YL, — CkaLg([o,sz]) < ”CkHoo [z fHLg([og—kD — 0asn — oo.

Lastly, by Lemma 7.4,

v, ( n 2—k) _ C’fnyLnHng([o,zf’C]) =0

Therefore, for n large enough,

‘f ( + 2”“) — Chf (')HLg([OQ—k}) can be made arbitrarily
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small. Thus, f (- +27%) = Cf(-) on [0,27F).

< Next, assume [ satisfies (7.9). Fix L, and let ), = f; on [O, 2_L), where fy € R is such
that || f — follLw(o,n)) as h — 0T. The existence of f; follows from the assumption of essential
continuity of f at the origin. Letj € {0,...,2L7!} where (j)o = d; - - - 1, its binary representation
and where 9, in ng is understood as an exponent.

Then, use the matrices Cy, of f to define ), () inductively for all z € [0, 1]:

- 2—k‘ — O V(- k=L L—1.. . .1
yL( + ) 02-5) W VL(:) 025 ; yeees

Thus, by Lemma 7.4, with j = 0 and C¥ = Cy, k = 1,..., L, it follows that Y, € Sy ..
This is equivalent to

= Cfl...CzLyL(.)’ _

Vi ( —l—j2_L> ‘ 02-1)

[0,27F)

Hence, by Lemma 7.6 and the identity f ( +7 2_L)

_ Cfl...chf(.)‘ ,

[0,2-L) [0,27F)

01 oL
‘Cl e

1V (- +527) = f (- +3527") lowoary £ max

je{o,...,2L -1} . HyL - f‘|L¥([O,2—L])

<AVe = fllw qo.2-2p-
As Y = fyon [0,271), it follows that ||V, — f||Lw o.2-2)) — 0 as L — oc.
Therefore, || V1, — f|rw o) — 0 as L — oc. O

Remark 7.2. Condition (7.10) in Theorem 7.11 cannot be entirely removed. For example, consider
f(x) = xp/21)(x), x € [0, 1], which does not satisfy (7.10). A matrix C satisfying (7.9) does not

exist.

Remark 7.3. The matrices Cy in (7.9) are unique. For if Cy, and C,, are different, then

O=f(+2")—f(+27F = (Ck—@)f(-%
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which contradicts (7.10).

Remark 7.4. In the case of stationary CN, where A, = A, for { € N, and

A%z €]0,1/2)
A= ;

Az e[1/2,1)

C% does not depend on L, and Ot = Cy = (A%) 71 AL(A%)

Proposition 7.12. For each vector f, € RW, there exists f € LY ([0, 1]) satisfying (7.9) and such

that

Jim If = follew oy = O
if and only if C,f’“ . Cfnm — Iy as k — o0, i.e HC,f’“ s Cfr{” —Iw|leo — 0.

Proof. <= Suppose Cy¥ -+ Com — Ty as k — oo. Let f(0) = fo, define a sequence { f*} of

piecewise constant vector functions on [0, 1) by

fk(')|[j27k’(j+1)2*k) - Ofl T ngf(0)>

where (j)o = d; - - - &, is the binary representation for j € {0,...,2" — 1}.
Then, { f*} is a Cauchy sequence. Letm € N,m > k, i € {0,...,2™ — 1}, (i) = & -+ - Opn.

Then,
(f™ = 1%

gy = O G (G -~ Tw ) £(0)

m

7
[2m7

N

This follows from the fact that for j = | 37— | and (j)2 = &1 - - - 6, one has [i2™™, (i + 1)27™) C

[727%,(j + 1)27%) and hence

k k

=Pl ).

[:2—™ (i4+1)2—™)

[12-k,(j+1)2-F)

88



Thus, settlng ¥ = sup HlaX HckkJrl . .CglmH ,

k k+1 7777 o0
1)
177 = ¥l oy < mass [l ||, max (et Gl =TIl foll
7777 k OOkJrl»'“:
1)
<y, max |G Ol —Tw|_ ol

Okt 1o

goes to 0 as k — oo. Therefore, { fk} is a Cauchy sequence and let f be its limit. Note that
v < 00, because HCkk“ o OO — HWHOO — 0 as k — oo.

Next, fix K, then it follows from the definition of f™, f™ (--- + 27%) = Cxg™(-) on [0,275),
m > K. Passing to the limit f™ — f, f satisfies (7.9) for K, and thus [ satisfies (7.9) for all
ke N.

To show that f is essentially continuous at the origin, fix ¢ > 0, select & such that || f —

kaLg([o,%k]) < e. Then,

1F = follzwqoe—ry = [IF = F* + 1* = foll Lw 0.2y
< Hf N fk”ng([o,sz]) + ka - fOHLg([o,rk])

<e+0.

Thus, limy, o+ | f — foll w go,n) = 0.
= Let m,k € Nym > k,j € {0,...,2" %1 — 1}, where (j)s = 00y, is its binary

representation. As f satisfies (7.9), on [0,27™),

JCe+527") = f(+ (0, 0m) 27™)
= (402 "4+ 5277

= C%f( 4 02 4 4 Gy 2757,

Continuing in this way, f(- + (0 - - - 6,,) 27™) = C% - .. C% f(-) on [0,27™).
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Forz € [0,27™),

fle+3727") = f(z) = (C,ik o OO ]IW) f(z). (7.11)

Then for z = 0, f(527™) — f(0) = (C’g’“ o COm — ]IW> f(0). Let f1,..., fV be a basis for RV,
For example, take F(0) :== Fy = (fa,...,f") = Iy Then, (7.11) implies F(j2~™) — F(0) =
<C,f’“ e OO — HW> F(0), where F(x) = (f*(z),..., fV(x)) and where f?is the function satis-

fying the periodicity condition corresponding to f¢, ¢ = 1,..., . Hence,

Cyr oo Com — Ty = (F (j27™) — Fy) F1(0)
=F (j27") —Iw

—0

because fi(j27™) — f1(0) = fiask — oo, giventhat j2~™ — Oask — oo, j € {0,...,2m FFl—

1. O

Corollary 7.5. Let W,k € N and C,, € R"V>*W_ Suppose that for each vector f, € R"Y, there

exists f € LY ([0,1]) satisfying (7.9) and such that

im || f = foll Lw o) = 0

t—0t

Let Sy (C), C = {C4,Cy, ...} be the set such that
FC+2) 021 = Cuf()lp2-+), forallk €N,

Then,
(a) Sw(C) is a linear space.

(b) f € Sw(C) is uniquely determined by its essential value fy at 0.
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(c) dim(Sw(C)) =W.
Proof. (a) is straightforward.

(b) Suppose that f,g € Sy/(C) are such that fo = go. Then, h = f — g € Sy (C) is such that
ho = 0. Lete > 0 and k € N be such that

HhHLg([o,rk]) = ||h — OHLg([O,Tk}) <eé€.
Thus,

4 s
HhHLQ([ﬂ*k,(jH)rk]) = HC’ll - CyFh

‘LXZ([OJ’“])

< HCfl . Cgk”oo 1Al L (0.2-4)

< e,

where (j)2 = 01---0 and v < oo follows from the proof of Proposition 7.12. Thus,

12|l Lw ((0,2-#)) < € and € can be made arbitrarily small so that A is 0.

(c) Fora € R, let f, denote the unique function in Sy (C) such that (f,)o = a. Let {ay, ..., aw}

form a basis of R". We will show that {f,,, ..., fa,, } forms a basis for Sy (C).

Clearly, dim(Sw (C)) < W. Forif f, ., € Sw(C),then (fa,,,,)o € span{(fa,)o,---, (fau)o}-
Then, i1 = fay,, (0) = ¢1fa, (0)+ - +cy fay, (0) implies that f, ., () = ¢ fo, ()4 - -+
Cuw fay () for almost every = because a = f(0) uniquely determines f(x). dim(Sw (C)) £
W, as it cannot happen that ¢, f,, +- - -+cy fa,, = 0 because then ¢ (fo, Jo+ - -+ cw (fay )o =

ciay + - -+ + cwaw = 0 which would imply ¢; = --- = ¢y = 0.

Example 7.13. Consider f(z) = (1,z). f can be generated by a stationary CN,

yL = AL (AL—l o} Oz) s (Al e} OéL_l) ())0 o O!L) s
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where Yy = (1,2)7, Ay = A, forl =1,..., L, and

1 0
. we0,3)
0 1 0 1/2
Alz) = A, xE[O,Z):
A,z e[3,1] 1 0
, xe[%,l}
(\1/2 172

Clearly, f satisfies the conditions of Theorem 7.11. Then, by Theorem 7.11 and Remark 7.4,

1 0
f satisfies (7.9), with C}, = , k € N. These matrices are consistent with f. Indeed, let
27k 1

keNandje€{0,...,28 —1},(j)2 = 61 - - - O, then, for x = j27% € [0, 1),

flz)=f(527")
:Cfl "'C;fkfo

1 0 1 0 1
| s 5
5o % 1) \o
1 0 1
N
12mk 1 0
1
J2z
1
x
Note also that for m > k and 6, ..., d,, € {0,1},
i [V O] [0 10
1)\ 1 1



approaches I; as £ goes to infinity.

2z, if x € 0,1/2)
Example 7.14. Consider f(z) = (1, ¢(z))", where ¢(z) =

2 — 2z, ifx € [1/2,1]

1 0 1 0
f satisfies (7.9), with C'} = and C), = , for £ > 2. One can verify that

1 -1 27k 1
forj € {0,...,28 1 —1}and (j)o =6y -+ 0 = 005+ - Op, w = j27F € [0, 1/2), it follows that

1
fla)=f(j27") = G- Cy" f(0) =
2z
and, for j € {2¥1 ... 2F — 1},
s 5 1
f(z) = CiC" -+ G5 f(0) =
2—2x
Also, for m > k > 1, the product
C’,f"---C’S;": 1 0 51 0 1 0
) OIm
N | AL ] e




approaches I, as k goes to infinity.

Example 7.15. Consider f(z) = x[0,1/2)- f can be generated by a CN,
Yp=AL(Ap10a)---(Ayoa”™),
where )y =1, Ay(z) = 1for¢ =1,...,L—1andall z € [0, 1], and

A}, ze0,3) 1, z€/0,3)
AL(.CE) = = .
A}, we[3,1] 0, =€ |[3,1]
Then, by Theorem 7.11, f satisfies (7.9), with C; = 0 and C;, = 1, for £ > 1. Hence,

C% ...0% — 1ask — oo is trivially true.

Theorem 7.16. Suppose that f € LY ([0, 1]) has the LUIC property, f is essentially continuous

at the origin with 1im+ 1f = follzwqo) = 0. fo € RY. Moreover, f is such that (7.9) holds for
t—0

matrices Cy, k € N. Then, f € (C([0,1))" if and only if Cy, fo = Ciiifo forallk € N.

Proof. = Assume f € (C ([0,1]))". Then fo = f(0) and by (7.9),

() =1 (04 5) - curo

and

1 1 1 1 1
f (ﬁ) =/ <W +W> = Ck1f (W) = Cry1f (O—l—ﬁ) = C.1f(0).

Therefore, Cy, f(0) = C7,, f(0) for all k.
< Consider a sequence {p*} of the piecewise linear interpolants to the values p* (&) =
O ... C% fy, for (j)y = &y - - - O, where j € {0,...,2% —1}. For j = 2%, p¥(1) = C%fy = Ci fo

by the condition on Cj.
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Letm € N, m > k, then

(0" =) |z = O O (C;f’ff O — Hw> fo.

s om

Thus,
1™ = 2|y oy < g ||CF - G| max (o Cor =Tw) )
<, max [ FC+ @G 0m) 277 = Ol wgoam
by Lemma 7.10. However,
Hf (k410 0m) 27) = ||LW ([0,2-m])) = Hf (Oks10m)27™) _fOHLQ([OQ—m])

+15C) = foll pw (jo.2-m))

< NFC) = follzw qoz—sp + 1F ) = foll Lw jo.2-5)) »

which goes to 0 as k — oc. Hence, {p"} is a Cauchy sequence and converges to g € (C([0, 1]))"
such that g(0) = f. As p* satisfies equation (7.9), it follows that g also satisfies equation (7.9).

As f, g satisfy equation (7.9), (f — g) (- +27%) = Cu(f — g)(-), thus h = f — g also satisfies
equation (7.9) and hy = fy — go = fo — fo = 0. Hence h = 0 by Corollary 7.5 (b), or f = g €
(C([0, )"

Corollary 7.6. Sy (C) C (C ([0,1]))" if and only if Cy, = C7., for all k € N.

Proof. Let {fi,..., fw} be abasis of Sy (C), then by Corollary 7.5 {(f1)o, - .., (fw)o} is a basis

for R". Hence the conditions Cy(f;)o = CZ,,(f;)o for all i implies Cj, = C7_;. O
Next, recall the following about the principal square root of a matrix.

Proposition 7.17. [58] Let A € C™*" have no eigenvalues on R™. There is a unique square root
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X of A, i.e such that X? = A, all of whose eigenvalues lie in the open right half-plane H, of C.

X is called the principal square root of A and write X = A2, If A is real, then AY/? is real.

Proposition 7.18. [58] Let A € C"*" have no eigenvalues on R™. There is a unique pth root X,
p > 2, of A all of whose eigenvalues lie in the segment {z| — 7/p < arg(z) < 7w/p} C C. X is

called the principal pth root of A and write X = A'/P_If A is real, then A'/? is real.

_ _ 1/2
The notation A2 " := <A2 k+1> , k € N, is used for the iterates of the principal square root

of a matrix. It is understood that A2’ = A.

Example 7.19. A matrix can have no square roots, finitely many square roots, or infinitely many

square roots:

1
1. The matrix A = does not have a square root.
00
10
2. The matrix A = has four square roots,
0 2
1 0 -1 0 10 -1 0

0\/570\/5’0—\/570—\/5

1 0
0 V2

The principal square root is A'/? =

3. All square roots of I, are

whenever a, b, ¢ € R are such that a® + bc = 1. However, the only principal square root of

I, in this case is H;ﬂ = Is.
Next, we present several useful facts pertaining to principal square roots.
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Proposition 7.20. Let A € R"*" be a nonsingular square matrix whose eigenvalues are not on the

negative real axis including the origin. Then

(a) A has a unique principal square root, A'/2.

(b) If \,..., A\, € C are eigenvalues of A (counting multiplicities), then the eigenvalues of
AY? are )\}/2, ..., \/2, the principal square roots of \j, ..., An.
(©) limy oo A2" =1,

(d) limy_oo 2"3(1427’9 —1I,,) = B, for some matrix B € C"*".
(e) Matrix B above is real if all eigenvalues of A are in H, .

Proof. Properties (a) and (b) are well known [58]. Property (c) follows from (d).
For (d), write A in Jordan canonical form as A = PJP~!, where P € R™*" is nonsingular,

and J is the Jordan matrix of the form

J 0 -+ 0 0
0 Jy 0 0
J=10 0 0 0|
Jm-1
0 O 0  Jn
where J, € R™"*™ (¢ =1,...,m,ny + -- -+ n, = n, are the usual Jordan block matrices of the
form
we 10 0
0 pe 1 0
Jo=10 0 1 0
pe 1
0 0 0 pu
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where the eigenvalues ); are ordered such that p; = Ay = -+ = Ay, o = A1 = -+

)\n1+n2; ey Bm = Anfnngl ==\

With this notation, one can show that A2™" = P.J? " P!, with

2750 o0 0

0o JZ' ... 0 0
=10 o . 0o o [,

T2
0 0 o Jx"
where
B
0 o o .,
0 0 a9,
2= |, keN,

0 0 0 a

with al) = 27", and o\ = (Qj)/ﬁefiﬂgfk, i=1,...,np—land (}) :=s(s—1)--- (s —j+1)/i,

seR,j5eN.

The above facts mean that to show that limy,_, 2’“(A27k — I,,) exists, we must prove that

(1) limg_oo Qk(a((f) — 1) exists for all £, and

(2) limg_oo 2’“@1@ exists forall fand alli = 1,...,n, — 1.

As for (1), setting 1, = |ug|e’, for some ¢, € [0, 27), and noting that i, € H,, and hence

e > 0, we have

t ity 1
lim 2(a® — 1) = tim LT+ e

k—o00 t—0+ t
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As for (2), it follows by direct computation that

k—o00 k—o0 ) 7

2—k o -1 i+1 )
lim 250! = lim 2’“( ) lim i v D T
(3 —00

Consequently, this proves the existence of a matrix B referred to in part (d).

Part (e) follows for Proposition 7.18. O
The next result expands on Corollary 7.6.

Theorem 7.21. Suppose that matrices C = {Cy,Cy,...} C RY*W are given such that for all
fo € R there exists a vector function f = f(C, fo) € Sw(C) satisfying (7.9) and whose essential

value at 0 is fy. The following are equivalent:
(a) Forall fo € RY, f(C, fo) € (C ([0,)";
(b) Cr=Cp 1,k eN;
(c) Cp = C’,fH, k € N, and there exists a K € N such that Cj, 1 = C’;/Q, forallk > K;
(d) Forall fy € RV, f(C, fo) € (C'([0,1]))".

Proof. By Corollary 7.6 (a) = (b).

To show that (b) = (c), note that the matrices C}, are eventually such that all their eigenvalues
are close to 1 given that C, — Iy as k — oo by Proposition 7.12. Thus, in particular, those
eigenvalues are all contained in H, for £ > K, for K large enough. This means that for £ > K,
Cy = C’,f 1 is equivalent to Cp4; = C’;/ ? since such matrices C’,i/ 2, whose eigenvalues are in H,,
are unique by Proposition 7.17.

As for the implication (c¢) = (d), first note that by Cy, = C7, | for k € N implies commutativity
C;C; = C;C;, for i, j € N. Then, (C; — Iy) C; = C; (C; — Lyy).

Define F : [0, 1] — R">*W a matrix function whose columns are individual f’s and such that

. . L—1
F(0) = F, is invertible. For ¢ € N, consider the sequence {F (L) — F () }j:o . Because of

99



(7.9) applied to the columns of F', F' satisfies F’ (2]7 + 2%) = C'F (i) As F (i) can be written

2 2t

as a product of C;’s, which then commute with C, — Iy, then

9¢—1 2t—1

() Gy - feemr ()

20—1

_ {F (1)} F1(0) (Cy — L) F(0) (7.12)

J=0

For ¢ € N, let G* : [0,1] — R">*W be the piecewise constant function defined as

G x) =2 (F (j;l) —F<2%)>,ifxe {%j;‘l)

To show that G — G, where G is continuous, let G := F D, where

D = lim F~(0)2 (C, — Iw) F(0)

{—00

= F(0) (lim 2" (C, — Tw) ) F(0),

which exists by Proposition 7.20 . By equation (7.12), G¢(z) = F (&) F~1(0)2° (C, — Iwr) F(0)

2t
if v € [2]—[, 32#) Fix z € [0,1) and let x = 0.01J5 - - - be its binary expansion and j, be such that

T E [ﬂ j”l). Then,

AR

< lim ‘F (%) F7H0)2(Cy — Tyy) F(0) — F (%) D‘

: Je
+ zlggo ‘F (?) D — F(:v)D‘

< 1Pl Jim |F71(0)2° (C, — Ty) F(0) — D|

100



| Dlloo

: Je
+}H§£ ’F (?) — F(x)

when:gg&|ﬁ“4(0ﬁ¥(CQ——LV)FKO)——[ﬂ = 0 by the definition of D, and by continuity of F,
Zli_}rgo |F (;—i) — F(x)‘ = 0. Hence G* converges to G and G is continuous as G = F'D.

Next, define H(z) = [ G(t)dt + F(O), z € [0,1]. As {G*} is uniformly bounded and G*
converges pointwise to G, it follows fo t)dt = hm fo G*(t)dt by the Dominated Convergence
Theorem [59].

Let 2 = £ be a dyadic pointin [0,1), j € {0,...,2° — 1}, ¢ € N. Then

,M@:H(é)zgéﬂyG@ﬁ+F@

] 1 k:+1

1 Z-i—m

= ngnooz / GH™(t)dt + F(0)
2mj 1 i

= lim Z G”m (t)dt + F(0)

2€+m

Qmj 1 .
1 —(I4+m) ~l+m ¢
— rignm Z; 2 G <_2l+Tn) + F(O)

gy i+1 i
T —(14m) [ o(l+m) B v
— i Y (w0 (p (D) (5)) )+ F0)

1=0
) 2my

- 'nlbl—{noo F (22+m>

_F (2€> — Fla).

Hence, H(z) = F(z) for all dyadic points in [0, 1), so they are equal on [0, 1] by continuity of

F and H. Therefore, F' = H' = G, or F € (C"[0,1]))""*"". Consequently, all columns of F are

also C'! vector functions. L]
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Example 7.22. Recall Example 3.2 and set

1 0 0 1 0 0
A=1o0 172 o |, A'=[1/2 172 0
0 0 1/4 1/4 1/2 1/4
Then,
1 00 1 0 0 1 0 0
Cr=AA" =112 10|, G=C"=|1/4 1 o, G=|L 1 0
1/4 1 1 1/16 1/2 1 =g
The Jordan form for C; is C; = PJP~', where
0 0 1 110
P=|o0o 12 0f, J=]0 11

—_

1/2 1/4 0 0 0

Note that C has a triple eigenvalue of 1, and J consists of a single Jordan block. Using Proposition

7.20, with ;11 = 1, we obtain

L (') (D) 1 1/2 —1/8
JP=1o 1 (M=o 1 12|,
0 O 1 0 0 1
and hence
1 0 O

Co=C?=PJ"?P = 1/4 1 o

1/16 1/2 1
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In general, we get

One can verify that C, A = A°Cy, = A°C? and that Cy,, = C,i/ ? k € N. Hence all cor-
responding functions f(C, fy) are not only continuous, but also smooth by Theorem 7.21. This
is consistent with what is already known about the “stationary” cascade network corresponding to

matrices A%, A! in this example since we know that such network generates quadratic polynomials.

However, Theorem 7.21 should not be construed as saying C° for a single f implies C"*. For

example, the vector function in Example 7.14 is clearly C° function, but is not C* on [0, 1].

Example 7.23. Let f be the scaling function with mask coefficients a

S

-

0 O
1 0
1

%g, az = %g. f can be generated by a “stationary” cascade network

YV =A(Aoa)...(Ao OéLil)(yo o aL>

where

Q2

Qo

as

a1

as
a1

0

0
ag

Qo

a2

Qo

0

as

a1

f satisfies conditions of Theorem 7.21 with matrices C}

T
<“—3 1 0) , the matrices Cy, satisfy Cp,, fo = Cyfo (Figure 7.1a). However, choosing a differ-

ag’ )
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4

AY(AYY=FFL . For f,




ent fo, say fo = (1,1,0)T yields f that is not continuous, and the matrices C}, do not satisfy

C%,., = Cy (Figure 7.1b).

0.8
100

0.6

50
0.4

0.2

o

-50
-0.2

-04 -100
0 5000 10000 15000 0 5000 10000 15000

(a) fO = (a3 1a0)T (b) fO = (17 1’0)T

ag”’

Figure 7.1: Scaling Function

The above results are concerned with conditions for general CN’s, guaranteeing convergence
to CY functions. Motivated by Example 7.22 and in light of the results of Daubechies and Lagarias
[47], discussed in Chapter 6, which are concerned with the “stationary” case, it would be interesting
to see the implications of Theorem 7.21 in the special case where the CN is stationary. Recall a
CN is referred to as stationary if A, = A, ¢ € N, where

A% ifze0,1/2)

Ax) =
A, ifa e [1/2,1),

and where A%, A! are fixed matrices in R">*W Thus, a stationary (matrix-valued) CN is given by

Vi=A(Aoa) - (Aoa" ") (Ypoak), LEeN,

where ) is a W x W matrix function, whose components are linear functions. For simplicity,
we will assume below that ), is a constant matrix, so that ), o a® = ). It should be noted that
although for a stationary CN’s, matrix functions A, do not depend on ¢, matrix ), that is used to

generate );, may in fact depend on L. In the considerations below, it will be convenient to assume
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that A° is invertible and to set Yy = V& = (A°)~LF, = ((A°)L)"1F,, where Fy; € RV*W isa

given matrix.

Lemma 7.24. Suppose that a stationary CN corresponding to matrices A°, A', where A° is in-
vertible, converges to a matrix-valued function F € LY >*W([0,1]). Then F satisfies (7.9), with

matrices C), given by

Cr = (AD1AY (A" F Lk eN. (7.13)

Moreover; if Y = (A°)"LE, Fy € RV*W then lim [[F() = Foll pwxwo,y = 0. ie Fis
h—0 o ’
essentially continuous at 0, with essential value Fy,.

Proof. With the above assumption that ), = yOL 1S a constant matrix, it follows that ); is the

piecewise constant matrix-valued function given by

- (+1
Vile) = 4 A0l ae | d VLD

), jefo,..., 2" 1}, (7.14)

where 41, ...,0;, € {0, 1} are the binary digits of j, i.e., (j)2 = 1 - - - 1. That is, values of Y, are
obtained as products of A° and A!, multiplied by V. The statement of the lemma is proved for
k = 1. The proof for £ > 1 is similar.

We first show that y; (x +1/2) = Ciy.(z),x € [0,1/2), where, consistently with (7.13), C} =

AY(AY)~L Thus, let x € [QLL, (j;)), where j € {0,...,2L71 — 1}, which guarantees that x €

[0,1/2). Clearly, (j)2 =: 61+, = 00y -+, i.e. & = 0, on account of j € {0,...,2E71 — 1}

Similarly, 7 +1/2 € [5_;7 (f;l)) _ [(Hgiﬂ)’ (j”;;l“)),hence ()2 = (j+251)y = 16, - - - 65,

Therefore,

Vi(x4+1/2) = A'A% ... ALYl and Yy (z) = A°A% ... A% YL

or

Vilw+1/2) = A'A% - AYE = ANAY) T AA% - ARV = OV (o).

Thus, since this is true for all j € {0,...,257t — 1}, it follows that Y (x + 1/2) = C, Y. (x), for
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all z € [0,1/2). By assumption, J;, — F € LW*W([0,1]), hence, we also have F(z + 1/2) =
Ci1F(z),z €10,1/2).
As for the essential continuity of £ at 0, note first that Y, (0) = (A°)tY} = F,, L € N.

Therefore, the convergence ), — F' implies

1" = Foll pyw o 21y < IE = Vellpwew o 027y + 12 = Foll pwxw o,5-19)
= 1F = Vel pwxw o2-)) + [[V(0) = Fol|s
=[|F - yLHLzXW([OQ—L])

O

Thus, the hypothesis of a stationary CN results in constraints (7.13). On the other hand, as
we have seen in Theorem 7.21, the requirement of continuity of F' implies yet another set of
constraints, namely

Cp=Cry, keN (7.15)

Combining the two families of constraints, (7.13) and (7.15), leads to the following necessary and

sufficient condition for a stationary CN to converge to a continuous matrix-valued function F'.

Theorem 7.25. Suppose that a stationary CN is associated with matrices A°, A' € R">*W where
A° is nonsingular, and with initial matrix Y = (A°)~LF,, where Fy € RYV*W is nonsingular.

Then the CN converges to a continuous matrix function F if an only if A°, A' are such that
AYAY)TTAN (AN = (A%t AT (7.16)

and such that all eigenvalues of A'(A°)~! are 1.

Proof. Let C; = A'(A%)~! and, more generally, C, = (A°)*1AY(A%)~* k € N, which is
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consistent with (7.13). With this notation, (7.16) is equivalent to
C? = (AN 101 A, (7.17)
To prove necessity, a stationary CN implies, by the Lemma 7.24, that F’ satisfies
F(x+1/2)=C\F(x),x € [0,1/2), F(x+1/4)=CyF(x),x €[0,1/4),

with Cy = A°AY(A%) =2 = A°C,(A°)~L. By Theorem 7.21, since Fy, the essential value of F at 0,

is nonsingular, continuity of £ implies C? = C or
Cp=C3 = A'C (A" 1A C (AN = A°C2 (AN,

which implies (7.17).

As for the eigenvalues of A; A;" or Cy, note first that (7.13) along with (7.15) imply
Cra1 = AFALATF Y = AgAETT A AR A = ACrAyY, keN.

Thus, for all k£, matrices C and C},; are similar and have the same eigenvalues. Let A :=
{A1,..., Aw} be the (multi)set of the eigenvalues of C, and therefore by the above, A are also
eigenvalues of Cy, k > 1. By assumption, F' is continuous, Fy invertible, and thus by Theorem
7.21, we also know that C}, = C,fl = ... = C%Kﬁk, k > K, for some K € N. This means that
the eigenvalues of C}, are equal to A, := {A2“ " ... A7 "}, k > K. However, at the same time,
Ay = A because of the similarity of Cy and C;. Consequently, A = limy oo Ay = {1,...,1}
because C}, — Iy by Proposition 7.12, i.e. A is the multiset of size W consisting of eigenvalues 1.

Conversely, suppose that A°, C} are two matrices satisfying CZ = (A%)~1C} A, and such that

all eigenvalues of C are equal to 1. We will show that the stationary CN corresponding to matrices

A% and A' := ()} A° converges to a continuous matrix function ' € (C([0, 1])"*W_ To this end,
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define Cj, := (A% LAY (A~ = (A*1C(A%) "1 k > 2. These matrices satisfy identity

Cy = C}, 1, k € N, because this is equivalent to

(AO)kflcfl(AO)karl — ((AO)kCI<AO)7k)2 — (AO)kCHZ(AO)fIi

which in turn is equivalent to assumption (7.17).

Given the identities C}, = C,ii 21 =...= C’f(K_k, k > K, itis not difficult to show that products

of C}, are bounded in the sense that

v = sup sup HC’fl OO o < 00, (7.18)
meN §1,...,6me{0,1}
and also that
sup sup ‘C’Z’“'--C’glm —]IWH — 0 as k— oo. (7.19)

m>k 8g,....6me{0,1}
In fact, the boundedness (7.18) readily follows from (7.19). To prove (7.19), it will be enough to

consider C,f’“ . Cfnm, where m > k > K. It follows that
K—k_ ... K—m
O ... OOm = OO T Hm2T

since 6,25 % 4 ... 46,2567 < 2K=k+1 5 0 as k — oo, and since the eigenvalues of C are all
equal to 1, and hence in H, .

It now follows from the above that there exists a matrix-valued function £ € (C([0,1]))"V*"W,
satisfying conditions (7.9), and such that its essential value if F{y. The proof proceeds along similar
lines as the proof of Theorem 7.16, where one defines a Cauchy sequence of continuous piecewise
linear functions {F k} en O [0, 1], with F*(0) = F,. More precisely, functions F'* are piecewise
linear interpolants such that F* (j27%) = Cf* ... C* Fy), where j € {0,...,2" — 1} and (j)» =
81 -+ - O, and where F*(1) = C’,fk = (?. In this case, the proof that the sequence is Cauchy relies

on the above-mentioned properties (7.18) and (7.19) of products of matrices CY.

We now show that the stationary CN corresponding to matrices A°, A' generates the above
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continuous matrix function F. Note first that convergence of the CN for matrices A%, A means
that the piecewise constant function )y, defined in (7.14), is convergent. We show that ), — F

as L — oo. Observe the identity

yL('T):Aél"'A(SLy(%:Cfl'”CiSLFbv ze[i <] )a jE{O,...,QL—l},LEN,

where, as before, (7)o =: 07 - - - 0. However, at the same time, by the definition of {F’“}, one has

B 1 ) o J U+1
FE(j27) =P O Ry = Vu(j270), w e [27’< 2 >>'

In fact, it is not difficult to show that F=™™ (j27L) = FL (j27%) ;m € N, hence

F(j27") = lim FM™ (j278) = lim F* (j27%) = F* (j27") =Y. (27 "),

m—00 m— 00

hence F' and );, agree on the mesh 2,\{1}. Since F is continuous on [0, 1], this implies that ),

converges to F' uniformly. This completes the proof. 0

The above result can be compared with the results of Daubechies and Lagarias [47], Theorems
6.15 and 6.16 with & = {A°, A'}, presented in Chapter 6. In particular, their result Theorem 6.16

is less explicit than Theorem 7.25.

7.3 Least Squares Objective Function

The following result shows that the least squares objective function has a unique global mini-

mum.

Theorem 7.26. Let f € LY ([0, 1]) be such that f satisfies

f(+ 27]6)‘[0,2%) = Crf()ljp2-#),
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forall k € N. Then, for all L € N, there exists a unique Y, € Sy, such that

1f = Yellew o = geigng 1f = gllzw 0.1
Moreover, Yy, satisfies
yL(. + Q_k)|[072_k) = Ck‘yL(')hO,Z_k)? k = 1, e ,L.

Proof. Fix L € N and construct Y, as follows. Define).|jo-z; € II1" ([0,27%]) to be the the best

L, approximation of f on [0,27%). Next, define J;, on [0,2751) by

yL(’ + 2_L>|[0727L+1) = OLyL(')’[072—L+1).

Since f satisfies the same equation, it is not difficult to show that ), is the best L, approximation

of f on [0,275%1). Now proceed inductively to find )z, on [0, 1] using
Ve(-+2o2r = Cede(oaw, k=L—1,...,1.

Such a function Y, will be the best L, approximation of f on [0, 1].

Corollary 7.7. Let Vi1 € Sw r+1 such that
Vi1 +2 Y020 = CLiVe(loa-o, €=1,...,L+1.
Let Y;, € Sw,1. be the best Ly approximation of Y1 from Sy, 1. Then Yy, satisfies
V(42020 = CLVL( o2ty €=1,....L,

where C§ = C§_, for{ =1,..., L.
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Proof. Set f = Y1 in Theorem 7.26. ]

Conjecture 7.8. Theorem 7.26 is true for all f € LY ([0, 1]) without the “periodicity” conditions

(7.9).
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Chapter 8

The space Sy

8.1 Definition and Properties

Loo

Definition 8.1. Define Sy = |J Swi.
L=1

This is equivalent to f € Sy if Vi, — f in Lo, for Vi, € Swr.
Theorem 8.2. f € Sy and satisfies (7.10) if and only if f satisfies (7.9).
Note that this is a restatement of Theorem 7.11.
Conjecture 8.1. For ),y € Sy, Y + Y € Sy

Conjecture 8.2. Sy is the set of all functions f such that for all fixed ¢ = 1,2, ...,

span{ f|pa-o} = span{f(- + j27)|02-1}

forallj=1,...,27¢t—1.

As seen in Chapter 4, f € Sy can be generated by a non-stationary subdivision scheme.
In the following, exponential functions are shown to be generated by cascade networks. More

generally, solutions of linear systems of differential equations belong to Syy.

Proposition 8.3. Consider the linear system of differential equations, F/ = DF, for F €

C([0,1)"W*W and D € RW*W. Then,

a) The solution of the system F’ = DF’ can be generated by a CN,

Yi(x) = Bo(z)By(a(z)) - - Br(a" (), 8.1)
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in the sense that | F' — YV;||co — 0. Here, Yo = Iy, By = e%, and

Bg(l’) =

forc=1,..., L.
b) If f(x) = eP%u, for x € [0,1], u € RY, then f can be generated by setting )y = u in (8.1).

Proof. Only the proof of part (a) is presented, the proof of part (b) is straightforward.
(a) As is well known, a general solution of the differential system F' = DF is F(z) =
eP*F(0) for initial condition F'(0).

For z = 5%, m € {1,...,2%™ — 1} odd, we will show that

Vi(z) = Bo(z)By(a(z)) - - - Br(o () Yy = P*

is a piecewise constant function, constant on the intervals [;”Lj, ;”Lﬂ) interpolating e?® at the

midpoints of those intervals. The proof will proceed by induction.

For L = 1,m = {1, 3}, and

y1 (I) = B()B1 (ZE)

e%e%, T € [0,%)
ege%, T € [%,1}
\

(

e%, T E [0,%)
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forz € [Z=4, Z4) and m € {1,...,25"" — 1} odd. Then,

Vi1(z) = Bo(x)Bi (o)) - - - Bp(e" ! (2)) Braa (" (2)) Vo

= V() Bri1 (o (x))

ex sl €[22
Dm D

2m—141 2m-—1+43

e2L+T @2l +2 xe[ et e L ]

k=1 ktl _
ez € (g%, 4is), k=2m—1

T3 k—1 k+1 —
etz Z'E[m,m],k—2m+1

is piecewise constant, and interpolates e”* at the midpoints of those intervals.

A+

Note that in the proof the identity, e“e? = eA*B was repeatedly used. In general, this identity

is not true. However, it is true if A, B are scalar multiples of the same matrix D. 0

Instead of piecewise constant approximation used in Proposition 8.3, one could also use piece-
wise linear approximation, by using an appropriate linear matrix function ), instead of I;;. The
end result would be a linear spline ), interpolating e”* at Q.

By Proposition 8.3, solutions of differential equations are elements of Sy, and in some sense,

these are the only smooth vector functions belonging to Syy .

Proposition 8.4. Let F' : [0, 1] — R">*W be a continuous matrix function satisfying F'(x + 2%) =

ChF(z),r € [0,27%],k € N, where F(0) is invertible. Then, F" = F'D for some D € RWV*W,

Proof. This follows from the Theorem 7.21.
O

Remark 8.3. The condition F(0) is invertible is not prohibiting, in the sense that Proposition 8.4

is still true if F'(0) not invertible.

Remark 8.4. Proposition 8.4 implies that Sy is closed under differentiation.
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Example 8.5. By Example 3.2 and Example 7.22,

Then
0 00 000
D=1m2"(C, —Iy)=1lm [ 1 0 ol=1|1 0 0
k—o0 k—o0
7 20 020

If f/ = Df,for f = (fi, fo, f3)T. Then f] = 0, f3 = f1 and f} = 2f,. Thus, f}’ =2f) =2f1 =0
and so f3 is quadratic, f5 is linear and f; is constant. Thus, a cascade network corresponding to

matrices C', can generate quadratic polynomials, as seen in Chapter 3, Example 3.2.

8.2 Approximation from Null Spaces of Linear Differential Operators

Results from the previous section suggest that solutions of systems of constant coefficient dif-
ferential equations play an important role in the analysis of CN’s. In this section, the question of
how well such functions approximate smooth functions is considered. This question was also con-
sidered by Vatchev [60] and we will provide a comparison with our results. First, a few auxiliary
results are presented.

A vector function f : [0, 1] — R" satisfies a linear, homogeneous, system of differential equa-
tions if and only if a linear combination of the components of f satisfy a homogeneous, constant
coefficient differential equation of order n. Therefore, one can consider a constant coefficient

differential operator of order n, instead of a system of first order differential equations.

Lemma 8.6. Let L be a constant coefficient differential operator of order 1, Lf = aif +

aof, ag,a1 € R, ay # 0. Let h € CY(R) be such that h(xy) = h(xy) = 0, o < xy, where
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if vy = x1 the equality is understood such that h(zy) = h'(zo) = 0. Then, (Lh)(&) = 0, for some
€ € [xo, x1).
Proof. 1f mg < 1, let A = 2. Then, a; (X f(2)) = e (Lf)(x), forall f € C'(R)and all . Let
g = eVh. Then, g(x) = g(z;) = 0. Thus, by Rolle’s Theorem, ¢'(£) = 0, for some & € (g, 71).
Therefore, Lh(§) = e a,¢'(€) = 0.

If xy = xy, then h(zg) = h'(xo) = 0. Thus, for £ = o, Lh(§) = Lh(xy) = 0.

A similar result holds for second order equations.

Lemma 8.7. Let L be the constant coefficient differential operator Lf = a1 f"+ 2f, A >0, a1 =
1. Let h € CY(R) be such that h(xg) = h(xy) = h(xy) = 0, g < 11 < X9, where an equality
means derivatives are set to zero (e.g if to = x1 < To, then h(xy) = h'(z¢) = 0orifry = 21 = X,

then h(xo) = W (x¢) = h"(x9) = 0). Then, (Lh)(&) = 0, for some £ € [z, x3].
Proof. Assume first 7y < x1 < @3, then h(zg) = h(xy) = h(z2) = 0.

/

Lh = m (COSQ(M ) (%)l)

— W'(z) + A2h.

!/ !/
As h(zg) = h(x1) = h(z2) =0, <COS}(‘$)+C)> ’ g =0, forsome &; € (z, 1) and <cosl(1§aac:)+c)>

=82

’ !
0, for some &, € (1, x2). Thus, (0052()\95 +¢) (cos?ii@) ) ‘ — 0, for some £ € (£1,&).
x=£

If 2o = 11 = x9, then h(xo) = h'(x9) = K" (x0). Thus, for £ = g, Lh(§) = Lh(xg) = 0.

If xp < 7 < 25 and at least one of the inequalities is an equality. Fix z(, and consider
sequences {z7}, {z4} such that 7 — z1, 2} — =z, xo,27 < 3. Define a sequence {h,}
by h,(x) = h(z) + a,(z — x0) + bu(x — 20)%, Where b, = ﬁ éh(xg) — ﬁh(aﬂf)] and
a, = ﬁ [%h(x’f) - %h(m?) , for % = 2% — xq and ¢ = x — xo. Then, {h,} satisfies
ho(2) = hp(28) = hy(z0) = 0 and {h,} is such that h,, — h in C? [z — &, 7 + €], where €

independent of n. Thus, Lh,, — Lh on [xg — €, ¢ + €]. O
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The above two lemmas can be generalized to n-th order equations.

Lemma 8.8. Let L be a constant coefficient differential operator of order n, Lf = a, f™ + - +

aof, ag,...,a, € R, a, # 0. Let xq, ..., x,, not necessarily distinct, and let h € C"(R) be such
that h(xy) = - -+ = h(x,) = 0, with the corresponding modification if some of the nodes coalesce.
Then, Lh(&) = 0, for some £ € conv{xy, ..., x,}, the convex hull of the points xy, . . . , T,.

Proof. L can be written as L = Ly --- Ly, where Lyf = f” + XN for Lif = f+ \ fori =

1,...,k, and the order of L adds up to n. Without loss of generality, assume xy < --- < x,, then
conv{zg,...,x,} = [To,2,). By Lemma 8.6 and 8.7, Lyh(z}) = -+ = Lyh(z]) = 0, for some
x) € (zo,x1),...,2, € (Tp_1,x,). The proof now proceeds by induction. The case of coalescent
nodes can be handled similarly. 0

The following result gives an error formula for approximating smooth functions by elements

of null spaces of the differential operators considered above.

Theorem 8.9. Let L be a constant coefficient differential operator of order n, Lf = a, f™ +-- -+
aof, ag,...,a, € R, a, # 0. Let f € C"(R), xg,...,T,—1 € R, not necessarily distinct, N (L)

be the null space of L and I,,f € N(L) a function such that I, f (z;) = f(x;), fori =0,...,n— 1.

Also, let g be a function such that Lg = 1 and g(z9) = -+ = g(x,_1) = 0. Then for all v € R,
there exists a § = £(x) € comv{x,xo, ..., xn_1} such that
f(@) = Inf(z) = g(x)Lf (&) (8.2)

Proof. Suppose first that the nodes are distinct and without loss of generality, assume 7o < - - - <
Tn_1, and that z ¢ {xo,..., 2,1} (if z € {x¢,...,2,_1}, then equation 8.2 holds trivially for all

&). Define
h(t) = (f(t) = Inf (1) g(x) = (f (x) — L f(x)) g(1).

Then, h(z;) = 0 fori = 0,...,n — 1, because f(x;) — I,f(z;) = 0 and g(x;) = 0 for
i=0,...,n — 1, by definition. Also, h(z) = 0.
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Thus, by Lemma 8.8, there exists a £ € conv{z, zo, ..., Z,_1} such that Lh(§) = 0. Therefore,

0=L(ft) = Lnf(t)) li=eg(x) = (f(x) = Inf(x)) Lg()
= (Lf(&) = LUnS)(€) 9(x) = (f(2) = L f(x))
= Lf(&)g(x) — (f(z) — LInf(x)),

which implies (8.2). [

The case where some of the nodes coalesce can be dealt with analogously. For example, if
xo = z, the interpretation of I, f and g is such that I,, f(zo) = f(z0), (Inf(x0)) = (f(x0))’, and
g(xo) = ¢'(x9) = 0. The definition of h remains the same. However, the equations h(xy) =
h(z1) = 0 are replaced with h(zg) = h'(x¢) = 0.

Concerning functions [, f and g in the above theorem, note that such functions are not always
guaranteed to exist. For example, if Lf = f” + f or N(L) = span{sin, cos}, and o = 0,z = T,
there is no ¢ such that Lg = 1 and ¢(0) = g(7) = 0. Similarly, there is no function Iof € N (L)
such that I, f(0) = f(0), Iof(w) = f(x) unless f(0) + f(w) = 0. On the other hand, it is a
well-known property of N (L) that [, f, g are guaranteed to exist, and uniquely so, provided that
the interval [z, z,,_1] is sufficiently small. For the above example, the unique existence of I, f, g
is guaranteed whenever x1 — zy < 7.

In the following, consider the special case of Theorem 8.9 where zp = x1 = - -+ = z,,_1, which

will be needed later.

Corollary 8.5. Let L be a constant coefficient differential operator of order n, Lf = a, f™ +
<o +aof, ag,...,a, € R, a, #0. Let f € C"(R), N(L) be the null space of L, and I, f be the
unique function in N (L) such that I, f (xq) = f@(z0), fori = 1,...,n — 1. Also, let g be the
unique function such that Lg = 1 and g(x¢) = g (x¢) - -+ = g™ Y(xo) = 0. Then for all v € R,

there exists a £ = £(x) € conv{xg, x} such that

f(@) = Inf(x) = g(x) Lf(E). (8.3)
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Example 8.10. Consider the operator Lf = f™. Let ; = cos (%W), fori =0,...,n—1,be
the Chebyshev nodes for [—1,1]. By Theorem 8.9, f(z) — I, f(x) = g(x)f™(€), for some ¢ €
—1,1. Here, g is the renormalized Chebyshev polynomial, g(z) = 52T, (), where T, (z) =
cos(n cos™! x) is the standard Chebyshev polynomial. In this case, ¢ (z) = 1,g(z;) = 0 and

T, (z;) =0,fori =0,...,n— 1. Moreover, by (8.2),

If = Lo fleeer < N9l zqerp ™ e qer

1 n
1™ o1,

~ on-1p]
Thus, the classical estimate for polynomial interpolation and Chebyshev nodes is recovered.

Let f be a function defined on a finite interval A. Consider the problem of approximating f

from the null space of a differential operator of the form L, f = Zn: arf®, a € R, ay, # 0. It
is known that N(L,) = span {e’\kx|k =1,... ,n}, where A arekt:}$e roots of the corresponding
characteristic polynomial P,(\) = zn: arp\F and where ), are assumed to be distinct.

The following result of Vatchev k[z(())] establishes Jackson type estimates for the error of approx-

imation from N (L,).

Theorem 8.11. [60] Let L,f = anf™ + --- + aof,ar, € R, fork = 0,....,n and a, # 0
with N(L,) = span {e**|k =1,...,n}, \; complex, distinct. Then, for each f € C"(A), Aa
finite interval, there is a selection of coefficients by, . . ., b, and corresponding linear combination

Spf(x) = 3 bpe® of functions in N(L,,) which satisfy
k=1

) . |A[VaehmllA
||f( ) _ (Snf<aj'))( )HLoo(A) S |a |2n—m—1/p|)\ |n_m_1 HLTLf”Lp(A)’ (84)

where |\,| = max |\, 0 <m < n— 1, p.g > Land}+1=1

Theorem 8.12. Let L, be a constant coefficient differential operator of order n, L, f = a, f™ +

-+ aof, where a,, = 1, ag # 0 with N(L,,) = span {e’\kx\k =1,... ,n}, where \;’s are real,
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distinct, and ordered \; < --- < \,.. For S, f(x) € N(L,),

1f = Suf (@)l eony S NI L) 1 Enf Nl Locirys (8.5)

where

( —

min {2_n6>‘/2,6_>‘17€)‘"} , ifa<n\ >-n

1
HgHOO S (n _ 1)' X e " (n//\1)n, lf/\l >n )

e (=n/\)", ifA\, < —n

\
and )\ := max{|\i], ..., | \a|} = max{|\i], [ M|}

Proof. Let L, be a constant coefficient differential operator of order n, L, f = a, f™ +---+aof,
where a,, = 1, ag # 0. The characteristic polynomial is A" +a, A" '+ +ag = (A=A;) -+ (A\—
An), hence ag = (—1)" A1 - -+ A\, # 0. As the \;’s are real, distinct, and ordered \; < --- < A, the
convex hull of the \;’s is [\, A,]. Set A := max{|\1], ..., | |} = max{|\], | \a|}.

For 7y € [0, 1], let g be such that Lg = 1 and ¢ (2¢) = 0 fori = 0,...,n — 1. Since ag # 0,
it follows that g(z) = % + Jé d;eM®. Fori > 1, g (z) = PO d;N.e**, and we would like to

find the coefficients d; such that g () = 0. This can be written as a system

1 e . 1 Mo 0o --- 0 dy ;_01
) VTR W 0 e ... 0 ds 0
= . (8.6)
0 :
VR 0 cee ... eMnT0 d, 0
~~ 7 ~~ N~—— Y——
v D d a

Note that V' is a Vandermonde matrix and is nonsingular for \; distinct. Thus, the system (8.6)
has a unique solution d = D'V ~'a. Due to the special structure of a, V"'a = —lv, where v is

the first column of V. Let v = (v, .. ., vn)T, then by [61, 62] and noting that a can be written
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as ap = (—1)" [] A;, it follows that
j=1

j=1 1
v = — 7 = (—1)"ap—; , i=1,...,n
H ()\] - /\z) Ai H O‘J /\z)
j=1 j=1
j#4 J#i
Thus
1 1 e*120
AL ﬁ (Aj—=A) A1 ﬁ (Ni=Xj) A ﬁ (A=)
j=1 j=1 j=1
i i i
Via=(—1)"* : = : , andd = :
1 1 e*no
A TT (=) A TT (u=2y) Ao TT (=)
Jj=1 j=1 =1
JF#i J#i J#i
Therefore,
1 n €>\i(x_$0)
! " =t N [T (i =)
j=1
J#i
Thus,
, . n e)xi(z—mo)
=1 [T = A)
j=1
J#i
= (=1)"[A1,. .., A e
d"=t M\(z—x0)
an—1€
— (_1)71 A=t
(n—1)!
= (_1)n€t(z_$0) ('r — x())n_l )
(n—1)!
for some ¢ € [A;, \,]. The notation [\, ..., \,]e*®%0) stands for the divided difference of func-
tion h(\) = e#=20)_corresponding to nodes Ay, . . ., A,. Itis a well known fact that[\, ..., \,|h =
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}2::1(;!) , for some ¢ € [A ..., \,;]. Thus, noting that

9(x) = g(xo) + ¢'(§(x)) (& — x0) = ¢'(§(2)) (& — o),

for some £(x) € [0, 1], we obtain

9l < I19/C)C = 20)lloo < sup { sup {salt,x—0)}},
z€[0,1] ~ tE[A1,An]

where s, (t, z) = e™|z|["/(n — 1)\
To obtain a bound for the right-hand side, note first that if £, z € R, then max{s, (¢, z), s,(t, —z)} =
sn(|t], |2]). Setting 5 = 1/2 and observing that sup,c(o 1 {SUDsep, 1, 16z — 20)|} = A/2, we

thus obtain

9w < sup { sup {sullt], o — 2]} |
z€[0,1] ~ tE[A1,An]
< 5,(N,1/2)
6?\/2
2n(n — 1)V

Next, set £y = 1. Using elementary calculus it can be shown that

sup {sup (g — )} } = suwp {sup {e!V(1 - @)}
z€[0,1] ~ te[A1,An] z€[0,1] ~ t€[A1,An]

e M, if A <n

n
e (Aﬂ) it A >,

and a similar result holds in the case o = 0:

Sup{ sup {et(“_”"“)|m—m0|”)}}: sup{ sup {emx")}}

z€[0,1] ~ te[A1,An] z€[0,1] ~ te[A1,An]

122



et if A\, > —n

e " (;—") , if A, < —n,
Combining these inequalities yields

min 2”)‘/2 M 6)‘}, if A\ <n,\,>-—n

19l o) < (n—1)! X m1n{2 " ’\/2 T (n/A)" e }, if A\, >\ >n

mln 272 oM e "(—n/)\n)n}, it A\ <\, <—n
min { 27 "eM?2 e~ ek}, it <n,\, > —n
1
R R it >

e (—n/A)", if \, < —n

]

Further, one can show that the condition that the \;’s be distinct can be dispensed with by
considering a sequence of distinct real exponents (Agk))?zl, converging to A\;, ¢ = 1,...,n, and
then obtain the above bounds by passing to the limit as k& — oco. The details of the straightforward
proof are omitted except for pointing out that one can also apply this limit argument to the case

where ag = 0, i.e. when one or more of the A;’s is zero. For this, one needs to observe that

if g, corresponds to exponents )\gk), e ,)\7(1]“), and hence is such that Lg, = 1 and g,(:) (xo) =
0,2 =0,...,n — 1, then the pointwise limit g := limy_.., g exists and is such that Lg = 1 and

g9 (x9) =0,5 =0,...,n— 1. This follows from the easy-to-verify fact that

n

g(x) = lim gi(e) = Hm [0, A7, ... AN = [0,Ar, ., A Je o).

The advantage of this divided difference identity for g is that, unlike identity (8.7), the divided

difference formula for g is well defined also in the case where the nodes are not distinct and, in
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particular, when some of the nodes are equal to 0. Note that divided differences with coalescent
nodes are well defined for smooth functions, including exponential functions. Based on these facts,
the proof then follows along the same lines as the proof for distinct nonzero \;’s.

Note that the above estimates are not optimal since an optimal value of zy may be different
from the values 0, 1/2, 1 used above. However, it is clear that the estimates in Theorem 8.12 are
generally better than those of Vatchev. With the conventions a,, = 1, m = 0, p = 0o, and where
it was assumed that the interval under consideration has length 1, Vatchev’s inequality in Theorem

8.4 becomes

A

1f = Su(D)llpwiy < ——

= WHLJCHLM(D,

In particular, Vatchev’s estimate does not contain the factor (n — 1)!. Moreover, the bounds in
Theorem 8.12 are smaller for “large” values of \. For example, for |\| << )\, the value e~ will

be much smaller than ¢* / A\". The same is also true for positive ;. Also, if A\; > n, then the bound

in Theorem 8.12 is not larger than -“—|| L f|| ... (1) whereas Vatchev’s is at least 5= || L f|| ... (1)-

(n—1)!
e™"V2mn

on—1lp

By Stirling’s formula, the ratio of the two expressions, an?nn / (S:Z)! ~ — 00, as L — Q.
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Chapter 9

Approximation Power of Cascade Networks

The goal of this chapter is to approximate univariate polynomials and smooth functions on
I = [0, 1] using cascade networks and investigate the complexity of the representation of these
functions relative to ReLU neural networks.

First, an analogous result to the result of Proposition 2.13 of Yarotsky [33] is given. If f € Il,,
then f can be approximated by a cascade network );, described in Definition 3.3 having depth,

number of weights, and units equal to O (In(1/¢)).
Proposition 9.1. Let f € II,, and || f||;. ) = 1. Lete > 0Oand Q;, = {0, Ay, ..., 1}, by = 2751

There exists a cascade network );, such that

If = Vil <e,
with depth
L) = O(In(1/e)),

number of weights

W) = O(In(1/e)),

number of units

UL) = OIn(1/e)),

and width

My = 3.

Proof. Set Yy, to be the piecewise linear interpolant of f on §2;.
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It is known, that for smooth f [63],

If = Yelleww < /DR F2 N e

< (/D) A/B3) ) (0 = DIl

where the second inequality follows from Markov’s Inequality [64].
If n = 2, then

1f = Vel < 16) ) fllLe)-

Let L be the smallest integer such that (16)(272%) < . Then L = [2 + (1/2)log(1/¢)] and
thus £(Y;,) = O(In(1/¢)) for ¢ sufficiently small.

As W) < 9L — 12, W(VL) = O(In(1/e)). AsUYL) = 3L — 2, U(Y1) = O(In(1/e)).
ML) = 3. O

Proposition 9.1 can be extended to hold for polynomials of degree n > 2.
Proposition 9.2. Let f € II,,, n» > 2 and || f||z_ ) = 1. Lete > 0and Q; = {0,hy,...,1},

(hy = 27L*1). There exists a cascade network )/, such that

1f = Vellrwn <€

with depth
L(Yr) = O(In(n) + In(1/¢)),

number of weights

W) = O(n?In(n) + n*In(1/¢)),

number of units

U(YL) = O(nin(n) +nlin(1/e)),
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and width

Proof. Set Yy, to be the piecewise linear interpolant of f on (2.

Then,

1f = Yellwiny < /RPN, o ©.1)
< (1/4)h7 (4/3)n* (0 = V)| fll e () 92)
< (1/3) 7)Y fll ey 9.3)

Let L be the smallest integer such that (1/3)(n*)(2724%2) < e. Then L = 5 log (%) and, thus,

L(Y1) = O(In(n) + In(1/¢)) for e sufficiently small.

AsW(Yr) <2(n+1)+ (n+1)%(L —2), it follows that W(Y;) = O(n?In(n) +n?(In(1/¢)).
AsUL) = (n+ 1)(L — 1) + 1, it follows that (V) = O(nIn(n) + nln(1/c)). In addition,
M) =n+1.

]

Remark 9.1. The result of Proposition 9.2 is similar to that of Proposition 2.16 with D = 1.
However, the requirement || f||._ () = 1 is stronger than the condition nax aj < A in Propo-
sition 2.16 for a fixed A. Also note that for the Chebyshev polynomials Y:n(_x), x € [—1,1], then
| Tl eowry = 1, and T, satisfies the results of Proposition 9.2. However, the constant A grows

exponentially with n, which would negatively impact the complexity estimates of Proposition 2.16

Remark 9.2. If the condition of Proposition 9.2 is strengthened to consider f € 11, and f €

Foq for n > 2 (F, q defined as in equation (2.14)), the dependency on n will disappear. As

Hf(2)||LOO(I) < 1, it follows that

I = Vel < /DR,
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< (1/4)(277).

Thus there exists a cascade network Yy, such that

1f = Vil <e,
with depth
L(Yr) = O(In(1/e)),

number of weights

W) = O(In(1/¢)),

number of units

UVL) = O(In(1/e)),

and width

The following is an analog of Theorem 2.17.

Theorem 9.3. Let f € F, for somen € N. Lete > 0and Q, = {0,275 ...}, then there

exists a cascade network Y;, such that

1f = Vellown <€ 9.4)

with depth
L(Yr) = O(in(1/e)),

number of weights

W) = O(ne™"(In(n) + In(1/¢)),
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number of units

UV = O Y(In(n) + In(1/¢)),

and width
M(Y)=N(n+1).

Proof. The proof will follow a similar outline as the proof of Theorem 2.17 in [33]. First f is
approximated by combination f; of piecewise linear functions and local Taylor polynomials. Then,
Corollary 3.3 and the remark after Proposition 9.2, is used to approximate f; by a cascade network.

Let N = 2™ M € N to be selected later, and let [, = [k/N, (k+1)/N]fork=0,..., N — 1.
Write

ZBk/N Py (), 9.5)

where Pg/Nl( x) are the (n — 1) degree Taylor polynomials of f centered at = k/N and By, are
k k+1

piecewise linear hat functions with knots %, > “a » hormalized to form a partition of unity over

I. Then, f; is a piecewise polynomial of degree n and, for x € I,

f(@) = fil@)| = |f §jmm )P ()
= ZBk/N — Py (@)
<2 max ‘ flw) = Py ()]

{z€l:||lz—k/N||<1/N}

1 n
_2GﬂwHﬂmMQD<N)

2 (1\"
< 2 (=
_n!<N)

since for a fixed k and x € I},

(@) = fi@)] = [Bun(@) (&) = Pt (@)) + Besnyw(@) (£(z) = Py (@)

< |f@) = PR @)| + |£() = Pty w()].
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Now, choose NN such that 2 (£)" <e/2,0r N = ((%)l/n]
Next, approximate f; by f,, which is the piecewise linear interpolant of f; on 2y, k1, for
some K to be chosen later. By Corollary 3.3, f5 can be realized by a cascade network )y, with

L =M + K + 1, where )Y, is the splicing of)/}<, o ,yﬁ.

Therefore,

1

Leo(D)

1 2
HyL — f1HLOO(I) < (1/4) <2M+K) ‘

1(2) , fix x in the interior of [, then

To find ‘
Loo(I)

£2(@) = NP @)+ NP ) (@) By (2) (P (@) Bty () (P ) 2 )

and

’ x —k/N)° (2) o BN
(P @) = f(k/N)(l! KN L )d (k/N);! k/N)
FO=D(k/N)(z — k/N)=2)
I (/(n)(_z)‘/ )
< N
< e.

Similarly, |(P}1) (x)| < e. Therefore, || £ (x) o S 2N +1) S 1IN,
Loo(I
Choose K such that (%)WIQK < /2, where N has already been selected.

Therefore,

Hf - yLHLoo(I) S Hf - leLoo(I) + ||f1 - yLHLoo(I)
<e/2+¢/2

=E.
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The depth of YV is L = M + K + 1, where

ot =t = (L) o (). 1= b (1),
L= <%> log (%) +1+ G) (1+ %)log G) + %log (%) .

L(Yr) = O(In(1/e)).

gives
Thus,

Then, by Proposition 9.2 and Corollary 3.3, );, has number of units

UVL) = O(NU))

_0 (n ((%) " eV (In(n) + 111(2/5)))

= O(e7V"(In(n) + In(1/¢)),
number of weights

W) = O(NW(Vx))

~0 (n2 (%) " i) + 1n(2/5)>

= O(ne"(In(n) + In(1/¢)),
and width
M) =0(n+1).
l

Remark 9.3. For any fixed n and for d = 1, the result of Theorem 9.3 is consistent with that

of Yarotsky. However, in Theorem 2.17 the constant is not explicit, whereas in Theorem 9.3 the
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dependency on n is explicit. In addition, it is not clear how fast Yarotsky’s constant grows with n.

Remark 9.4. In the proof of Theorem 9.3, equal contribution from the approximation of f by fi
and the approximation of f1 by YV was assumed. However, an alternate approach would be to
minimize L = M + K + 1 subject to the constraint >; (£)" + (A2 <& where N =2M. The

details are omitted, as the results were not significantly better and the rates were essentially the

same as found in Theorem 9.3 .

Remark 9.5. Just as is the case for neural networks, shallow cascade networks do not do as well as
deep cascade networks. In Theorem 9.3, the case where each of the N intervals of I is divided into
2 subintervals (i.e the case K = 1), then f, can be approximated by a cascade network )1, where
Yy is the “splicing” of the cascade networks YV, ...,V all with depth 2. Then, by Corollary
3.3, for shallow cascade networks U(Y;) = O(NU(V3)) = O(N) = O(c~Y/?), whereas for deep
networks U(Yr) = O(In(1/¢)).
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Chapter 10

Numerical Examples

In the following, the approximation power of cascade networks is illustrated with some numer-
ical examples. Several univariate functions were chosen to investigate how well they are approx-
imated by a CN of the form YV, = Aj, (A1 0a)--- (A 0 a?™t) (Vo o a*), for different values
of L (depth) and W (width).

All test were preformed with the software Matlab R2022a. The matrices A,, ¢/ =1, ... L, were
initialized using the Matlab function “randn(n,m)”, which returns an n X m matrix of normally
distributed random numbers. The minimum of the objective function (L, or L.,) was computed

using the Matlab function “fmincon”, which find the minimum of a constrained nonlinear function.

Example 10.1. Consider the analytic function f(z) = €** + ¢® (Figure 10.1).

0 0.2 0.4 0.6 0.8 1

Figure 10.1: Analytic Function f(z) = 2% + e*
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L | n° of Parameters Error L, Ratio Error L, Ratio
1 10 1.44949¢-01 3.21215e-01

2 14 3.78217e-02 | 3.83 || 9.99248e-02 | 3.21
3 18 9.87025e-03 | 3.83 || 2.80104e-02 | 3.57
4 22 3.47667e-03 | 2.84 || 7.42489¢-03 | 3.77
5 26 2.58779e-03 | 1.34 || 5.20243e-03 | 1.43
6 30 2.52067e-03 | 1.03 || 1.28274e-01 | 0.04

Table 10.1: Table of Errors, Analytic Function, W = 1

o ~ © ©

- N w ~ o
N w ~ o o

(@)L =2 (b) L=4

Figure 10.2: CN Approximation to Analytic Function, Ly Objective Function, W =1

N w ~ o o

(a) L=2 (b) L=4

Figure 10.3: CN Approximation to Analytic Function, L., Objective Function, W =1
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L | n° of Parameters Error L, Ratio Error L, Ratio
1 22 1.44949¢-01 3.21220e-01
2 34 3.77421e-02 | 3.84 || 9.99348e-02 | 3.21
3 46 9.53972e-03 | 3.96 || 2.80118e-02 | 3.57
4 58 2.39943e-03 | 3.98 || 7.42501e-03 | 3.77
5 70 5.98639e-04 | 4.01 || 1.88198e-03 | 3.95
6 82 1.57408e-04 | 3.80 || 9.46322e-04 | 1.99
7 94 7.59855e-05 | 2.07 || 1.39021e-03 | 0.68
8 106 5.15284e-05 | 1.47 || 6.33918e-02 | 0.02
Table 10.2: Table of Errors, Analytic Function, W = 2
(a) L=1 (b) L=2
(c)L=4 (d) L=8

Figure 10.4: CN Approximation to Analytic Function, Ly Objective Function, W = 2
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(a) L=1 (b) L=2

(c) L=4 (d)L=8

Figure 10.5: CN Approximation to Analytic Function, L, Objective Function, W = 2

Example 10.2. Consider the Weierstrass function f(z) = > a" cos (b"mz), where 0 < a < 1,

n=0

b a positive real number, and ab > 1 (Figure 10.6). The Weierstrass function is continuous and

nowhere differentiable on [0, 1].

Figure 10.6: Weierstrass Function with a = 0.5,b = 3

136



L | n° of Parameters Error L, Ratio Error L, Ratio
1 10 2.75487e-01 6.46546e-01

2 14 2.42169e-01 | 1.14 || 5.48770e-01 | 1.18
3 18 2.33813e-01 | 1.04 || 4.92697e-01 | 1.11
4 22 2.33558e-01 | 1.00 || 5.02062e-01 | 0.98

Table 10.3: Table of Errors, Weierstrass Function, W =1

1.5 1.5

1 1
0.5 0.5

0 0
0.5 0.5

1 1
15 15

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) L=1 (b) L=2

Figure 10.7: CN Approximation to Weierstrass Function, L, Objective Function, W =1

1.5 1.5

1 1
0.5 0.5

0 0
0.5 0.5

1 1
1.5 1.5

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) L=1 (b) L=2

Figure 10.8: CN Approximation to Weierstrass Function, L., Objective Function, W = 1
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L | n° of Parameters Error L, Ratio Error L, Ratio
1 22 2.75487e-01 6.83599¢-01

2 34 1.84684e-01 | 1.49 || 4.64780e-01 | 1.47
3 46 1.34510e-01 | 1.37 || 3.69778e-01 | 1.26
4 58 1.28606e-01 | 1.05 || 3.28335e-01 | 1.13
5 70 1.26367e-01 | 1.02 || 3.54893e-01 | 0.93
6 82 1.26191e-01 | 1.00 || 3.04675e-01 | 1.16

Table 10.4: Table of Errors, Weierstrass Function, W = 2

0 0.2

0.4

(a) L=2

0.6

0.8 1

(b) L=4

Figure 10.9: CN Approximation to Weierstrass Function, L, Objective Function, W = 2

0 0.2

0.4

(a) L=2

0.6

0.8 1

(b) L=4

Figure 10.10: CN Approximation to Weierstrass Function, L., Objective Function, W = 2
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L | n° of Parameters Error L, Ratio Error L, Ratio
1 38 2.75487e-01 6.46551e-01

2 62 1.84684e-01 | 1.49 || 4.64780e-01 | 1.39
3 86 1.21636e-01 | 1.52 || 3.26181e-01 | 1.42
4 110 8.88133e-02 | 1.37 || 2.9245%9¢-01 | 1.12
5 134 8.31038e-02 | 1.07 || 1.90689e-01 | 1.53
6 158 8.18399¢e-02 | 1.02 || 1.77913e-01 | 1.07

Table 10.5: Table of Errors, Weierstrass Function, W = 3

(a) L=4

(b) L=6

Figure 10.11: CN Approximation to Weierstrass Function, Ly Objective Function, W = 3

(a) L=4

(b) L=6

Figure 10.12: CN Approximation to Weierstrass Function, L., Objective Function, W = 3
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L | n° of Parameters Error L, Ratio Error L, Ratio
1 58 2.75487e-01 6.46548e-01

2 98 1.84684e-01 | 1.49 || 4.64782e-01 | 1.39
3 138 1.21636e-01 | 1.52 || 3.26181e-01 | 1.42
4 178 8.24624e-02 | 1.48 || 2.12589¢-01 | 1.53
5 218 5.50145e-02 | 1.50 || 1.50539¢-01 | 1.41
6 258 4.97521e-02 | 1.11 || 1.16694e-01 | 1.29
7 298 4.90660e-02 | 1.01 | 1.45062e-01 | 0.80
8 338 4.85139e-02 | 1.01 || 1.15275e-01 | 1.26

Table 10.6: Table of Errors, Weierstrass Function, W = 4

0 0.2 0.4 0.6

(a) L=6

Figure 10.13: CN Approximation to Weierstrass Function, L, Objective Function, W = 4

0.8 1

140

0.2 0.4

(b) L=8

0.6




0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a) L=6 (b) L=8

Figure 10.14: CN Approximation to Weierstrass Function, L., Objective Function, W = 4
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Chapter 11

Discussion

Generalized neural networks are functions resulting from repeatedly applying a fixed operator,
in general nonlinear, to an affine operator. Cascade networks are generalized neural networks.
The connection between cascade networks, subdivison algorithms, and the cascade algorithm was
investigated. Sequences of scalars or vectors obtained by subdivision can be viewed as restrictions
of functions generated by CN’s to dyadic meshes. Moreover, the cascade algorithm is a special
case of cascade networks.

The space of functions obtained by a CN of fixed width and linear input, Sy, 1, was character-
ized. Further, conditions for elements of Syy, 1, to converge to a C"Y function were established. It was
shown that the only smooth functions in Sy, the closure of | J LeN Sw, 1, are combinations of expo-
nential functions, or more generally, elements of the null space of constant coefficient differential
operators.

In terms of complexity, cascade networks were shown to approximate univariate polynomials
and smooth functions at similar rates when compared to known results for ReL.U neural networks.
It is currently being investigated whether the recent results of Daubechies et al. [37] and Yarotsky
[36] hold for cascade networks. We conjecture that cascade networks are also able to approximate

Lipschitz functions with error O ( ), instead of O (4), which is the error obtainable by

N S
Nlog(N)
linear splines with NV knots.

The study of cascade networks has lead to many interesting questions and possible areas of
further investigation. One such area is studying the numerical aspects of cascade networks. In
particular, investigating whether it is possible to find the weights of the network in an appropriate
manner. A major challenge with ReLU networks is finding an optimal solution to the minimization

problem.

Moreover, given the piecewise affine nature of the cascade network, another possible direction
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for future study includes obtaining explicit approximation schemes. One question is whether the
weights of the network can be expressed by appropriately defined “dual functionals” resembling
the dual functionals employed in quasi-interpolation spline methods. In addition, investigating
whether it is possible to move away from the uniform setting, and consider non-uniform and adap-

tive meshes.
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